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This report gives the result of running the computer algebra independent integration
test. Elementary Algebraic integrals version.

The download section below contains links to download the problems in plain text
format used for all CAS systems.

The number of integrals in this report is [ 44 ]. This is test number [ 33 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12.3.1 on windows 10.
3. Maple 2021.1 (64 bit) on windows 10.
Maxima 5.45 on Linux. (via sagemath 9.3)
Fricas 1.3.7 on Linux (via sagemath 9.3)
Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.

® N o G

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

9. IntegrateAlgebraic under Mathematica 12.3.1 on windows 10. https://github|
[com/stblake/algebraic_integration September 15, 2021 version.

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://github.com/stblake/algebraic_integration
https://github.com/stblake/algebraic_integration

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0f are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (44) | 0.00 (0)
Mathematica 100.00 (44 ) | 0.00(0)
Maple 100.00 (44) | 0.00 (0)
Mupad 100.00 (44) | 0.00 (0)
Fricas 95.45 (42) | 4.55(2)
Sympy 81.82 (36) | %18.18(8)
Giac 7273 (32) | 2727 (12)
Maxima 2727 (12) | 72.73(32)
IntegrateAlgebraic | 0.00 (0 ) 100.00 (44 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.

B Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Sympy 70.45 6.82 4.55 18.18
Giac 59.09 13.64 0.00 27.27
Mathematica 52.27 0.00 47.73 0.00
Maple 43.18 227 54.55 0.00
Maxima 27.27 0.00 0.00 72.73
Fricas 25.00 70.45 0.00 4.55
IntegrateAlgebraic 0.00 0.00 0.00 100.00
Mupad N/A 100.00 0.00 0.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.
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The figure below compares the CAS systems for each grade level.
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure

F.

The second is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %

Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 0 0.00 % 0.00 % 0.00 %

Fricas 2 0.00 % 100.00 % 0.00 %

IntegrateAl- | 44 100.00 % 0.00 % 0.00 %

gebraic

Giac 12 8.33 % 33.33 % 58.33 %

Maxima 32 96.88 % 0.00 % 3.12%

Sympy 8 0.00 % 75.00 % 25.00 %

Mupad 0 0.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median

Rubi 0.33 293.70 1.00 213.00 1.00
Mathematica | 0.11 143.20 0.67 87.00 0.74
Maple 0.03 100.00 0.57 55.00 0.35
Maxima 1.29 170.50 1.11 145.00 0.96
Fricas 1.48 1164.67 3.57 560.00 2.52
Sympy 4.86 442 .97 2.70 75.50 0.40
Giac 0.66 383.88 1.89 215.00 0.91
Mupad 2.60 3133.18 7.23 355.50 2.02
IntegrateAl- | 0.00 0.00 0.00 0.00 0.00
gebraic

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from
the above table.

Normalized mean size of antiderivative
Lower is better
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1.4 list of integrals that has no closed form antiderivative

{}
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1.5 list of integrals solved by CAS but has no known
antiderivative

Rubi {}
Mathematica {}
Maple {}

Maxima {}

Fricas {}

Sympy {}

Giac {}

Mupad {}
IntegrateAlgebraic {}
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1.6 list of integrals solved by CAS but failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {}

Mathematica

IntegrateAlgebraic {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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1.9.2 Important note about FriCAS and Giac/XCAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
rhnn
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, wvectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:

return 1 + sum(tree_size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 ts a fudge factor since it is low side from actual leaf count
leafCount = round(l.7*count_ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x"')
anti = int(integrand,the_variable)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script E

POST PROCESSOR PROGRAM
:Vl\
Test files from Maple script E Program that

Albert Rich Rubi generates the
webste = Latex epor
using input
Sam Blake g1inp
il from the
test file > | Matlab script for Mupad/Symbolic toolbox result tables
Waldek
Hebi:ﬁh test | Script to run IntegrateAlgebraic
ile
.
SageMath/Python
scr!pt to t?st SageMath —» Fricas
Maxima, Fricas,
Giac .
—» Maxima >

\

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
. integer, the problem number.
.integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.
. integer. Leaf size of the optimal antiderivative. High level overview of the CAS

1
2
3
4
. .CPU ti is i . 0 if failed. . . .
Z number. CPU time used to solve this integral. O if failed mdependent mtegratlon test
7
8
9

. string. The integral in Latex format
. string. The input used in CAS own syntax. build system
. string. The result (antiderivative) produced by CAS in Latex format
. string. The optimal antiderivative in Latex format.
10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables jrveirgror
13. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables
14. integer. Number of rules used.
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi
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2.1.1 Rubi

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { ()28, 4 LT} [13}[15) 16}[19) 22 24} 26, 27150} 34 85} 36} 371 B8} MO} (42 A3} 4]}

B grade: { }

C grade: {5,678} 1012} [14[17}[18 20} 21} 23} 25} 28, 29 BT} 32} B3] 9} 1]}

F grade: { }

2.1.3 Maple

A grade: {[1} 2}[T1}[12}[T5)[T6,[T% 22,23, 26} 2730} 34} 35 36} B8} 2} 43} 4]}

B grade: {37}

C grade: {[3} & 51[6) 7181110} [13} [14/[17}[18} 20} 21] 4] 25} ]28}[29} 31} 32, 33] B} A0} 4] }

F grade: { }

2.1.4 Maxima

A grade: {1 3{TT)T522 265 p6 P A A
B grade: { }

C grade: { }

F grade: {E@@@@l
63,3567} 59, B0/ 41])}

2.1.5 FriCAS

A grade: { 11121422 23][26,31}[32, 33435}

B grade: { [1}[2)3}4) 5}[6} 71 8}[9} L0} [13} 15} [16} 17} 18} 19} [20} 21} 24} 25} 27} 28, 2, 30} 36} 371 38,
[0/ A2 A3 4]}
C grade: { }

F grade: { }
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2.1.6 Sympy

g @E@@@@@l
6 A A A

B grade: {26,84,[35] }
C grade: {[12,[23]}
F grade: {[3/432,33/B7BIHOA1])

2.1.7 Giac
@ g}rade: {2 Bl[Io[11}[12}[13)[14[15,[16} 19} 21} 22} 23] 24} 25} 27} [0} 31} 32, 33} 34} 35} B¢} B8

B grade: {42637 [42 43} [44] }

C grade: { }

F grade: {5678} [17}[18 20} 28 29 BOI A1) )
2.1.8 Mupad

A grade: { }

SISt ot ol o

C grade: { }
F grade: { }

2.1.9 IntegrateAlgebraic
A grade: { }
B grade: { }
C grade: { }

F grade: ([12BAFH7E0

[13}[L4 15} 16}[17} [18} 19} 20} 21} 2] 23] P4} 25 6] 7]
829 B0, B1}52} 33,34 87

HOUT H2,43 44

EE
LE
=
=8
Isli=
RE
KIS
—
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2.2 Detailed conclusion table per each integral for all
CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the
time limit, then it is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is
erivetive lonf o
defined as ———cvANE e EE oy, help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size
viated to MMA and IntegrateAlgebraic to I.A.

Problem 1{ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A A A B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 305 305 334 329 282 3224 165 288 1331 0
N.S. 1 1.00 110 1.08 0.92 1057 054 094 4.36 0.00
time (sec) | N/A 0.249 0.100 0.115 1494  1.625 3111 0429 1.542  0.000
Problem 2| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A A A B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 323 323 337 386 313 3178 168 308 1293 0
N.S. 1 1.00 1.04 1.20 0.97 9.84 052 095 4.00 0.00
time (sec) | N/A 0.189 0.116  0.110 1.341 1943 3123 0379 2973 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A C F B F(-1) A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 754 754 534 34 0 3406 0 601 2510 0
N.S. 1 1.00 0.71 0.05 0.00 4.52 0.00  0.80 3.33 0.00
time (sec) | N/A 1.247 0.628 0.018 0.000 2406 0.000 0737 2780 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A C F B F(-1) B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 329 329 425 39 0 3385 0 633 2438 0
N.S. 1 1.00 129 0.12 0.00 1029  0.00 1.92 7.41 0.00
time (sec) | N/A 0.209 0.134 0.013 0.000 2.843 0.000 0753 2719 0.001
Problem 5/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 791 791 67 53 0 3059 136 0 10409 0
N.S. 1 1.00  0.08 0.07 0.00 3.87 017 000 1316  0.00
time (sec) | N/A 0.863 0.045 0.049 0.000  1.858 8503 0.000 3.825 0.001
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Problem 6{ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad ILA.
grade A A C C F B A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 791 791 67 53 0 3059 136 0 10411 0
N.S. 1 1.00  0.08 0.07 0.00 3.87 017  0.00 1316  0.00
time (sec) | N/A 0.805 0.035 0.049 0.000 1.798 7139 0.000 4.030 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 349 349 69 55 0 3048 136 0 10337 0
N.S. 1 1.00 0.20 0.16 0.00 8.73 0.39 0.00 29.62  0.00
time (sec) | N/A 0.422 0.045 0.033 0.000 1.706 8251 0.000 4.035 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 751 751 69 55 0 3051 136 0 10343 0
N.S. 1 1.00  0.09 0.07 0.00 4.06 0.18 0.00 13.77  0.00
time (sec) | N/A 0925 0.039 0.034 0.000 1.615 7255 0.000 4.204 0.001
Problem 9| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 411 411 55 42 0 1443 75 0 5341 0
N.S. 1 1.00 013 0.10 0.00 3.51 0.18 0.00  13.00  0.00
time (sec) | N/A 0.292 0.026  0.056 0.000 1.408 3.669 0.000 3.683  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A C C F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 451 451 55 42 0 951 24 239 459 0
N.S. 1 1.00 0.2 0.09 0.00 211 0.05 0.53 1.02 0.00
time (sec) | N/A 0.407 0.015 0.010 0.000 1243 1475 0931 0.176 0.001
oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
&
grade A A A A A A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 85 85 64 58 72 95 73 72 33 0
N.S. 1 1.00 0.75 0.68 0.85 1.12 0.86 0.85 0.39 0.00
time (sec) | N/A 0.045 0.020  0.003 1.587  1.010 0.154 0.388 1.562  0.000
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C A F A C A B F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD NO
size 140 140 135 109 0 211 190 108 95 0
N.S. 1 1.00 096 0.78 0.00 1.51 1.36 0.77 0.68 0.00
time (sec) | N/A 0.095 0.174 0.018 0.000 1461 0702 0420 0.144 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A C F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 347 347 258 27 0 991 19 247 311 0
N.S. 1 1.00 074 0.08 0.00 2.86 0.05 0.71 0.90 0.00
time (sec) | N/A 0.247 0.188  0.008 0.000 1342 2784 0875 2284 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A C C F A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 331 331 55 42 0 377 20 245 145 0
N.S. 1 1.00 017 0.13 0.00 1.14 0.06 0.74 0.44 0.00
time (sec) | N/A 0.235 0.016  0.013 0.000 1.321 3100 0.498 0.225 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A A B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 27 27 31 42 27 43 26 29 21 0
N.S. 1 1.00 115 1.56 1.00 1.59 0.96 1.07 0.78 0.00
time (sec) | N/A 0.008 0.013 0.012 1.326 1490 0.147 0.518 0.047 0.000

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 131 131 131 96 0 247 49 147 269 0
N.S. 1 1.00  1.00 0.73 0.00 1.89 0.37 1.12 2.05 0.00
time (sec) | N/A 0.086 0.077  0.040 0.000 1570 1189 0960 0.200 0.000

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 157 157 53 40 0 331 24 0 399 0
N.S. 1 1.00 0.34 0.25 0.00 211 0.15 0.00 2.54 0.00
time (sec) | N/A 0.087 0.013 0.013 0.000 1260 0192 0.000 1.721  0.000
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
18
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 171 171 55 42 0 574 24 0 483 0
N.S. 1 1.00 0.32 0.25 0.00 3.36 0.14 0.00 2.82 0.00
time (sec) | N/A 0.151 0.013 0.013 0.000 1.651  0.195 0.000 1.758  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
O
grade A A A A F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 117 117 111 78 0 181 49 123 233 0
N.S. 1 1.00 095 0.67 0.00 1.55 0.42 1.05 1.99 0.00
time (sec) | N/A 0.057 0.054 0.062 0.000 1233 1157 0907 0.190 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
Y
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 511 511 57 44 0 1443 76 0 5341 0
N.S. 1 1.00 0.11 0.09 0.00 2.82 0.15 0.00 1045  0.00
time (sec) | N/A 0.359 0.025 0.003 0.000 1.354 3.632 0.000 3.743 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A C C F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 411 411 57 44 0 894 26 223 447 0
N.S. 1 1.00 0.14 0.11 0.00 2.18 0.06 0.54 1.09 0.00
time (sec) | N/A 0.321 0.015 0.012 0.000 1.583 1455 0.685 1.677  0.000

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A A A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 97 97 90 68 82 126 82 82 44 0
N.S. 1 1.00 093 0.70 0.85 1.30 0.85 0.85 0.45 0.00
time (sec) | N/A 0.052 0.065 0.007 1.557 1230 0.176 0300 1.616  0.000

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
&
grade A A C A F A C A B F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD NO
size 140 140 129 109 0 137 148 108 109 0
N.S. 1 1.00 092 0.78 0.00 0.98 1.06 0.77 0.78 0.00
time (sec) | N/A 0.099 0173 0.013 0.000 1.161  0.621 0371 0.185 0.000
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A C F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 347 347 257 29 0 991 20 247 312 0
N.S. 1 1.00 0.74 0.08 0.00 2.86 0.06 0.71 0.90 0.00
time (sec) | N/A 0.270 0.164 0.008 0.000 1.556 2746 0.719 1956  0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 355 355 57 44 0 715 26 253 208 0
N.S. 1 1.00 0.16 0.12 0.00 2.01 0.07 0.71 0.59 0.00
time (sec) | N/A 0.277 0.016 0.009 0.000 1.627 3103 0462 1.666 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A A A B B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 13 13 25 10 17 17 17 19 9 0
N.S. 1 1.00 1.92 0.77 1.31 1.31 1.31 1.46 0.69 0.00
time (sec) | N/A 0.005 0.005 0.001 1.596 1420 0.130 0.449 0.025 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 129 129 129 110 0 255 51 147 269 0
N.S. 1 1.00 1.00 0.85 0.00 1.98 0.40 1.14 2.09 0.00
time (sec) | N/A 0.118 0.077  0.026 0.000 1.442 1.172  0.746 1.709 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD Yes
size 165 165 55 42 0 302 26 0 399 0
N.S. 1 1.00 0.33 0.25 0.00 1.83 0.16 0.00 242 0.00
time (sec) | N/A 0.104 0.013 0.010 0.000 1.579  0.198 0.000 0.181 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F B A F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 169 169 57 44 0 546 26 0 483 0
N.S. 1 1.00 0.34 0.26 0.00 3.23 0.15 0.00 2.86 0.00
time (sec) | N/A 0.142 0.014 0.012 0.000 1.809 0.194 0.000 1.787  0.000
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A A F B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 125 125 114 90 0 199 51 135 245 0
N.S. 1 1.00 091 0.72 0.00 1.59 0.41 1.08 1.96 0.00
time (sec) | N/A 0.067 0.054 0.031 0.000 1403 1.165 0.633 0.199 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A C C F A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 135 135 71 47 0 104 163 107 133 0
N.S. 1 1.00 053 0.35 0.00 0.77 1.21 0.79 0.99 0.00
time (sec) | N/A 0.124 0.034 0.056 0.000 0774 0904 0494 2235 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A C C F A F(-2) A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 164 164 72 62 0 111 0 123 1 0
N.S. 1 1.00 0.44 0.38 0.00 0.68 0.00 0.75 0.01 0.00
time (sec) | N/A 0.095 0.038  0.045 0.000 1229 0.000 0432 2190 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A C C F A F(-2) A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 180 180 89 62 0 141 0 131 1 0
N.S. 1 1.00 049 0.34 0.00 0.78 0.00 0.73 0.01 0.00
time (sec) | N/A 0.122 0.046 0.014 0.000 1.552 0.000 0.448 2230 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
grade A A A A A A B A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 49 49 49 43 42 108 112 43 39 0
N.S. 1 1.00  1.00 0.88 0.86 2.20 2.29 0.88 0.80 0.00
time (sec) | N/A 0.030 0.024 0.006 1619 0749 0283 0268 1594 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
grade A A A A F(-2) A B A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 86 86 86 161 0 291 423 85 127 0
N.S. 1 1.00  1.00 1.87 0.00 3.38 492 0.99 1.48 0.00
time (sec) | N/A 0.081 0.090 0.003 0.000 1200 1372 0324 1772 0.002
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
Fd
grade A A A A A B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 253 253 293 266 240 754 109 247 555 0
N.S. 1 1.00 1.16 1.05 0.95 2.98 0.43 0.98 2.19 0.00
time (sec) | N/A 0.211  0.096  0.006 1.298 1356  0.704 0352 0.313 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
BT
grade A A A B F B F(-1) B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 208 208 251 560 0 2540 0 3183 6366 0
N.S. 1 1.00 1.21 2.69 0.00 1221 0.00 1530 30.61  0.00
time (sec) | N/A 0.543 0173  0.027 0.000 1.672  0.000 3.756 2.854 0.002
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
F8
grade A A A A A B A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 311 311 346 334 295 3169 167 295 1308 0
N.S. 1 1.00 111 1.07 0.95 1019 054 095 421 0.00
time (sec) | N/A 0290 0.112 0.084 1.525 2134 2981 0534 3.100 0.001
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
£
grade A A C C F F(-1)  FE(-1) F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 716 716 88 67 0 0 0 0 11453 0
N.S. 1 1.00 0.2 0.09 0.00 0.00 0.00 0.00 16.00  0.00
time (sec) | N/A 1.634 0.054 0.016 0.000  0.000 0.000 0.000 29.420 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
Y
grade A A A C F B F(-1) A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 753 753 551 45 0 3378 0 647 2520 0
N.S. 1 1.00 073 0.06 0.00 4.49 0.00 0.86 3.35 0.00
time (sec) | N/A 1436 0903  0.004 0.000 2072 0.000 0.808 1.220 0.001

oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
w
grade A A C C F F(-1) F(-1) F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD Yes
size 433 433 88 67 0 0 0 0 50213 0
N.S. 1 1.00 020 0.15 0.00 0.00 0.00 0.00 11597  0.00
time (sec) | N/A 0.989 0.075  0.007 0.000  0.000 0.000 0.000 9.242 0.001
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oble Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
@
grade A A A A A B A B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 62 62 57 66 82 137 656 207 59 0
N.S. 1 1.00 092 1.06 1.32 221 10.58  3.34 0.95 0.00
time (sec) | N/A 0.039 0.152 0.013 0550 0938 1.320 0.351 1.662  0.068
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA.
B3
grade A A A A A B A B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 132 132 123 138 208 495 3128 828 131 0
N.S. 1 1.00 093 1.05 1.58 375 2370 627 0.99 0.00
time (sec) | N/A 0.102 0.248 0.015 0.695  0.766 10.968 0453 1711 0.663
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad LA
B4
grade A A A A A B A B B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD Yes
size 218 218 205 226 386 1209 9190 2134 227 0
N.S. 1 1.00 094 1.04 1.77 555 4216  9.79 1.04 0.00
time (sec) | N/A 0.201 0.426 0.020 0882  0.876 89.545 0.779 1.850  3.400




2.3 Detailed conclusion table specific for Rubi results

The following table is specific to Rubi. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the leaf

1
size of the integrand. Finally the ratio number of rules

integrand size
harder the integral was to solve. In this test, problem number [38] had the largest ratio

is given. The larger this ratio is, the

of [.5882]
Table 2.1: Rubi specific breakdown of results for each integral
number of number of normalized .
# | grade steps unique antiderivative mtegrfmd %‘ff‘fﬂ“
used rules leaf size leaf size e
1 A 12 8 1.00 17 0.471
2 A 13 7 1.00 18 0.389
3 A 19 6 1.00 17 0.353
4 A 13 10 1.00 18 0.556
5 A 19 6 1.00 26 0.231
6 A 19 6 1.00 26 0.231
7 A 7 4 1.00 27 0.148
8 A 19 6 1.00 27 0.222
9 A 19 6 1.00 18 0.333
10| A 19 7 1.00 18 0.389
11| A 10 7 1.00 18 0.389
12| A 19 6 1.00 16 0.375
13| A 19 6 1.00 13 0.462
14| A 19 6 1.00 18 0.333
15| A 5 5 1.00 18 0.278
16| A 7 4 1.00 18 0.222
17| A 7 4 1.00 18 0.222
18| A 7 4 1.00 18 0.222
19| A 7 4 1.00 18 0.222
20 A 19 6 1.00 20 0.300
21| A 19 7 1.00 20 0.350
22| A 11 8 1.00 20 0.400
23| A 19 6 1.00 18 0.333
24| A 19 6 1.00 15 0.400
25| A 19 6 1.00 20 0.300
26/ A 5 5 1.00 20 0.250
27| A 7 4 1.00 20 0.200
28| A 7 4 1.00 20 0.200
29| A 7 4 1.00 20 0.200
30| A 7 4 1.00 20 0.200
31| A 9 6 1.00 25 0.240
32| A 9 6 1.00 26 0.231
33| A 9 6 1.00 33 0.182
34| A 5 5 1.00 17 0.294
35| A 6 6 1.00 22 0.273
36/| A 11 8 1.00 17 0.471
37| A 5 4 1.00 22 0.182
38| A 14 10 1.00 17 0.588
39| A 15 9 1.00 22 0.409

Continued on next page




Table 2.1 — continued from previous page
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number of number of normalized .
. R integrand number of rules
# | grade steps unique antiderivative _ P —
) leaf size integrand leaf size
used rules leaf size
40 A 21 8 1.00 17 0471
41 A 9 6 1.00 22 0.273
42 A 2 1 1.00 22 0.045
43 A 2 1 1.00 24 0.042
44 A 2 1 1.00 24 0.042
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3
31 [Ty

a+cx®

Optimal. Leaf size=305

(VB VEd Ve log (V5 ¥ Yex + 4 + §e32) (Ve + V3 ed) log (V3 ¥ {ex-+ 4 + ) (
12457625 12457625

Rubi [A] time = 0.25, antiderivative size = 305, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 8§, integrand size = 17,

number ol 1W1e3 _ 0,471, Rules used = {1416, 635, 203, 260, 634, 617, 204, 628}

integrand size

_ 29ex _q (28Cx 1 [ Sex N
(V3ed - ae)log(~v3aex+ 3 + ¥6x2)  (vae+ V3yEd)log(V3aYex + ¥ + 6x2) (V3Vae+ yed)tan™ (\5 -5 ) (V-3 yae) ! (—v + \@) dtan”! (?) elog (Va + Ve
12a56¢23 * 124%6c23 N 6a5/6¢23 * 6a9/6¢23 * 3 6~/ac?

Antiderivative was successfully verified.
[In] Int[(d + exx"3)/(a + c*x76),x]

[Out] (dxArcTan[(c™(1/6)*x)/a~(1/6)]1)/(3*a~(5/6)*c~(1/6)) - ((Sqrtlcl*d + Sqrt[3]
xSqrt [a]l *e) *ArcTan [Sqrt [3] - (2xc~(1/6)*x)/a~(1/6)]1)/(6*xa~(5/6)*c~(2/3)) +
((Sqrtlcl*d - Sqrt[3]*Sqrt[a]l*e)*ArcTan[Sqrt[3] + (2%xc~(1/6)*x)/a~(1/6)]1)/(
6*a~(5/6)*c~(2/3)) - (exLogla~(1/3) + c~(1/3)*x72])/(6%a”~(1/3)*c~(2/3)) - (
(Sqrt [3]*Sqrt[c]l*d - Sqrtl[al*e)*Logla~(1/3) - Sqrt[3]*a~(1/6)*c~(1/6)*x + c
~(1/3)*x72])/(12%a~ (5/6)*c~(2/3)) + ((Sqrt[3]*Sqrtlcl*d + Sqrt[al*e)*Logla™

(1/3) + Sqrt[3]*a~(1/6)*c™(1/6)*x + c~(1/3)*x72])/(12*xa~(5/6)*c~(2/3))

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 01 || LtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[ql] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
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t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 635

Int[((d ) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] & 'NiceSqrtQ[-(a*c)]

Rule 1416

Int[((d) + (e_.)*x(x)"3)/((a_) + (c_.)*(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 6]}, Dist[1/(3*xa*q~2), Int[(q™2xd - e*x)/(1 + q~2*x"2), x], x] + (Dist
[1/(6%a*xq~2), Int[(2%q~2*d - (Sqrt[3]*q~3*d - e)*x)/(1 - Sqrt[3]*q*x + q~2%
x72), x], x] + Dist[1/(6*a*q~2), Int[(2%q~2*d + (Sqrt[3]1*q~3*d + e)*x)/(1 +
Sqrt [3]*q*x + q~2*x"2), x], x])] /; FreeQ[{a, c, d, e}, x] && NeQ[c*xd™2 +
axe”2, 0] && PosQ[c/al

Rubi steps
I Fem* I~ sewm® | m®
d+€x3d 1—%+% 1+%+% 1+%
——dx = + +
f a+ cx® 6a2/3\3/E 6112/3\3/5 3{12/3\3/5
‘/g% Z%x -
1 X - % + % -
df—%z dx ef—%z dx (ﬁ\/Ed—\/Ee)f—ﬁ% T (V3ved + Vae) [ —
1+ 1+ 1-——+ = 1+
3 3 6 3
_ W Vi “ %
3a 3a2/3+]c 1245/62/3

_ dtan”" (%) ) elog(\% + \B/Exz) ) (Vg\/zd—\/ﬁe)log(\% ~\Baex+ 3cxz) N (\[

3a5/6c 6a c¥? 12a5/6¢23
6 6
dtan™! (%) (Ved +V3+ae)tan™ (\/5 - 2\6\/?) (Ved - V3+ae)tan™ (\/5 +
R 6560273 + 656023

Mathematica [A] time = 0.10, size = 334, normalized size = 1.10

1 (283 G 1 (N3 {2 {ex 1 [ $fx
(VB e -] og (B 4 -+ 46 + 46) (2%~ VA {iyd)og (V3§ e+ G+ §62) (VB iRt (HEGEE) (VG- Bae)an” (SHEHE) atan (2) oo (45 + 46)
* 6ac?? * 6ac¥? * 3a55c - 63ac?3

12ac%? 12ac%3

Antiderivative was successfully verified.

[In] Integrate[(d + e*x”3)/(a + c*x76),x]

[Out] (dxArcTan[(c™(1/6)*x)/a~(1/6)]1)/(3*a~(5/6)*c~(1/6)) + ((a~(1/6)*Sqrtlcl=d +

Sqrt [3]*a~(2/3)*e)*ArcTan[(-(Sqrt[3]*a~(1/6)) + 2*xc~(1/6)*x)/a~(1/6)]1)/ (6%
axc~(2/3)) + ((a~(1/6)*Sqrtlcl*d - Sqrt[3]*a~(2/3)*e)*ArcTan[(Sqrt[3]*a~(1/
6) + 2xc”(1/6)*x)/a~(1/6)]1)/(6xa*xc™(2/3)) - (exLogla~(1/3) + c~(1/3)*x72])/
(6*a~(1/3)*c™(2/3)) - ((Sqrt[3]*a~(1/6)*Sqrtlcl*d - a~(2/3)*e)*Logla™(1/3)
- Sqrt[3]*a~(1/6)*c™(1/6)*x + c~(1/3)*x72])/(12%a*c™(2/3)) - ((-(Sqrt[3]*a”
(1/6)*Sqrt [cl*d) - a~(2/3)*e)*Logla~(1/3) + Sqrt[3]*a~(1/6)*c~(1/6)*x + c~(
1/3)*x72]) / (12%a*c~(2/3))

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

d+ exd
6dx
a+ cx
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Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*x"3)/(a + c*x76),x]
[Out] IntegrateAlgebraic[(d + e*x73)/(a + c*x76), x]
fricas [B] time = 1.62, size = 3224, normalized size = 10.57
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(c*x"6+a),x, algorithm="fricas")

[Out] 1/3%sqrt(3)*((a"2xc™2*sqrt(-(c™2*xd"6 - 6*axcxd~4*e”2 + 9*a~2*xd"2xe~4)/(a”bx
c7™3)) + 3xc*kd"2%e - a*xe”3)/(a"2%c”2)) 7 (1/3)*arctan(1/3*(2x(sqrt(3)*(a~4*c™4
*d"2 - a"bxc"3%e”2)*sqrt(-(c"2*xd"6 - 6Gkaxcxd"4*e”2 + 9%a”2xd"2xe"4)/(a"bxc”
3)) - 2xsqrt(3)*(a”2*c”3xd"4*xe - 3*a”~3xc”2xd"2%e”"3) ) *sqrt (((c™3*d~7 - axc”2
xd"b*e”2 - b*a"2%c*kd"3%e”4 - 3*a”3kxd*e”6)*x"2 + (2%xa”bkxc 3*dxexsqrt(-(cT2xd
76 - 6*akxcxd"4*e”2 + 9xa”2*d"2*xe"4)/(a"b*c”3)) + a"2xc”3*d”5 - 4*a”3*c"2xd”
3xe”2 + 3ka~4xckdxe”4)*((a"2xc”2xsqrt (-(c72*%d"6 - 6xakxckd"4*e”2 + 9*a~2xd"2
*xe"4)/(a"b*c”3)) + 3xckd"2%e - a*e”3)/(a"2%c”2))7(2/3) - ((a"4*c”3*d"2xe +
a~bxc”2xe”3) *x*xsqrt (-(c"2*d"6 - 6%akxcxd"4*xe”2 + 9*a~2xd"2xe”4)/(a"b*c”3)) +
(a*xc™3%d"6 - 2*%a”2*c"2xd"4*xe”2 - 3*a~3*ckxd"2*e"4)xx)*((a"2*c"2*sqrt (- (c"2x%
d™6 - 6xakxckd"4xe”2 + 9*xa~2xd"2%e”4)/(a"b*c”3)) + 3*ckd"2xe - axe”3)/(a”2x*c
"2))7(1/3))/(c™3*d™7 - axc™2*d"5*e”2 - bxa"2%cxd"3xe”4 - 3*a"3*xd*e”6))*((a”
2xc”2*xsqrt (-(c72+%d™6 - B*axc*d"4*e”2 + 9xa”2xd"2*e"4)/(a"5*c"3)) + 3kckd 2%
e — axe”3)/(a"2xc”2))7(2/3) - 2*(sqrt(3)*(a~4*c™4xd"2 - a~b*c”3*e”2)*x*sqrt
(=(c™2%d"6 - 6*axc*d"4*e”2 + 9*xa~2*xd"2*e”4)/(a"b*c”3)) - 2*sqrt(3)*(a~2*c”3
xd"4*xe - 3xa”3xcT2*xd"2*e”3)*x) *x ((a"2%c2xsqrt (- (c"2*d"6 - 6*akcxd"4*xe”2 + 9
*a~2+%d"2%e"4)/(a"5*c"3)) + 3kcxd"2xe - axe”3)/(a"2xc”2))7(2/3) - sqrt(3)x(c
"3*d77 - axcT2xd"b*e”2 - bka"2*xckd"3*e"4 - 3*a”~3*d*e”6))/(c”3xd”7 - axc”2xd
“b%e”2 - bxa"2%c*kd"3%e”4 - 3%a"3xd*e”6)) - 1/3*sqrt(3)*(-(a”2*xc 2*xsqrt(-(c”
2%d"6 - 6*akxckd"4xe”2 + 9xa~2+d"2%e”"4)/(a"b*c”3)) - 3*kcxd"2%e + axe”3)/(a”2
xc~2)) " (1/3)*arctan(1/3* (2% (sqrt (3) * (a~4xc~4*d"2 - a~bxc~3*e"2)*sqrt (-(c™2x%
d™6 - 6xakxckd"4xe”2 + 9*xa~2xd"2*e”4)/(a”b*c”3)) + 2*sqrt(3)*(a”2*c”3*d"4xe
- 3%a”3%c”2xd"2%e”3) ) ksqrt (((c™3*d”™7 - axc™2xd"b*e”2 - b¥a"2xc*d"3*e"4 - 3%
a~3xd*e”6)*x"2 - (2%a”bxc " 3xd*e*xsqrt(-(cT2*%d"6 - 6xakxckd"4*e”2 + 9xa”2xd"2x
e74)/(a"5%c”3)) - a”2xc”3*d"5 + 4*a”3xc”2xd"3*e”2 - 3*a"4xckxdxe”4)*(-(a"2xc
“2%sqrt (-(c72%d"6 - 6*xaxc*kd"4*e”2 + 9xa”2xd"2*e"4)/(a"b*c”3)) - 3*cxd"2*e +
a*e”3)/(a"2%c”2))7(2/3) + ((a”4*c™3*d"2%e + a~b*xc 2%e”3)*x*xsqrt (-(c”2*d"6
- B%axckxd"4*e”2 + 9%a”2%d"2xe"4)/(a"bxc”3)) - (axcT3xd"6 - 2%a"2%c”2*d"4xe”
2 - 3xa”3xc*kd"2xe"4) *xx) * (- (a"2xc"2*sqrt (-(c72*xd"6 - B*akcxd"4*xe”2 + 9xa”2*d
“2xe74)/(a”b%c”3)) - 3xckd"2%e + axe”3)/(a"2%c”2))7(1/3))/(c73%d"7 - axc”2x
d"b*e”2 - Bxa”2*xcxd"3*e”4 - 3*a~3*d*e”6))*(-(a"2xc”2*xsqrt(-(c"2*d"6 - 6xaxc
*xd"4*e”2 + 9xa”2*d"2*xe"4)/(a"5*c”3)) - 3kcxd"2xe + axe”3)/(a"2*xc”2))"(2/3)
- 2x(sqrt(3)*x(a”4xc™4*d”™2 - a~b*c 3*%e”2)*x*sqrt(-(c"2*d"6 - 6*a*xckd"4xe”2 +
9%a~2xd"2%e”4)/(a"b*c”3)) + 2*sqrt(3)*(a”2%c”3*d"4*e - 3*a~3*kcT2%d"2%e”3)*
x)*x(—(a”2xc™2*xsqrt (-(c72%d™6 - B*xaxckd™4*e”2 + 9xa~2xd"2*e"4)/(a"b*xc"3)) -
3xc*xd"2xe + axe”3)/(a"2%c”2))7(2/3) + sqrt(3)*(c”3*%d”~7 - axc”2xd"b*e”2 - bx
a~2xcxd"3%e”4 - 3xa”3*d*e”6))/(c”3*%d”7 - axc”2*d"5*xe”2 - 5ka"2xc*d"3*%e"4 -
3*a~3xd*e”6)) - 1/12x((a”2*%c™2xsqrt(-(c™2*d"6 - 6*a*xckxd"4xe”2 + 9*a~2xd"2x*e
"4)/(a”bxc™3)) + 3xcxd"2%e - a*e”3)/(a"2%c”2)) 7 (1/3)*log(-(c™3*d~7 - akxc”2x
d"b*e”2 - Bxa”2kxcxd"3*e”4 - 3*a"3*d*e”6)*x"2 - (2*%a~b*c”3*d*exsqrt(-(c”2*xd”
6 - 6xaxckd"4*e”2 + 9*a”"2xd"2%e"4)/(a"b*c”3)) + a"2%c”3*d"5 - 4*a”~3*%c72xd"3
xe”2 + 3ka~4xckxdxe”4)*((a"2xc”2*xsqrt (-(c72+%d"6 - Bxaxckd"4*e”2 + 9xa”2xd "2
e4)/(a"b*c”3)) + 3xckd"2%e - axe”3)/(a”2%c”2))7(2/3) + ((a"4*c”3*d"2%e + a
Tb*c72%e”3) *x*xsqrt (- (cT2xd"6 - 6kakckd"4xe”2 + 9*ka"2+d"2xe”4)/(a"b*c”3)) +
(a*c™3*%d"6 - 2%a”2*c”2*xd"4*xe”2 - 3*a”3*kcxd"2*e"4)*x)*((a"2xc " 2xsqrt (-(c"2*d
6 - 6xakxcxd"4*e”2 + 9*%a~2xd"2%e"4)/(a"5*c"3)) + 3*cxd"2%e - axe”3)/(a”2xc”
2))7(1/3)) - 1/12x(-(a"2xc"2*xsqrt (-(c™2*%d"6 - 6xa*xcxd™4*e”2 + 9*a~2xd"2*xe"4
)/(a"5%c”3)) - 3*ckd"2%e + axe”3)/(a"2%c”2)) 7 (1/3)*log(-(c™3*%d"7 - a*xc”™2*d”
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5%e”2 - b¥a"2xc*d"3%e”4 - 3*%a”3*kdxe”6)*x"2 + (2*xa~bkxc~3*d*exsqrt(-(c"2xd"6
- B*xaxcxd"4*e”2 + 9*a”2xd"2xe"4)/(a"bxc”3)) - a"2%c”3*%d"5 + 4*a”~3*c”2xd"3*e
T2 - 3%a”4xckdxe”4) * (- (a"2%c"2xsqrt (- (cT2xd"6 - 6kakckxd"4xe”2 + 9*ka~2xd"2xe
~4)/(a”b*c”3)) - 3*kcxd"2*xe + axe”3)/(a"2xc”2))7(2/3) - ((a74xc”3*d"2*e + a”
Bxc™2%e”3) xx*sqrt (- (c72%d”6 - 6*axckd"4*e”2 + 9xa~2xd"2*e"4)/(a"b*c"3)) - (
axc”3*d"6 - 2xa”2xc”2xd"4*e”2 - 3xa”3xckxd"2xe”4)*x)* (- (a”2*xc 2*sqrt (- (c"2xd
"6 - 6¥axckd"4¥xe”2 + 9*a”2+d"2*xe”4)/(a"b*c”3)) - 3*kckd"2xe + a*xe”3)/(a"2*c”
2))7(1/3)) + 1/6%((a”2*c™2*sqrt(-(c™2*d"6 - 6*axckd™4xe”2 + 9*ka~2*d"2%e”4)/
(a”b*c73)) + 3xcxd"2*xe - axe”3)/(a”2%c”2)) " (1/3)*log(-(c™2xd"5 - 2¥axc*xd”3x
e”2 - 3xa”2kxdxe”4)*x - (a”4xc"2*xexsqrt(-(c"2xd"6 - 6*axckd"4xe”2 + 9*ka~2*d”
2%e~4) /(a"b*c”3)) + axc”2*d"4 - 3xa”2xc*xd"2xe”2)* ((a"2xc"2*sqrt(-(c"2*%d"6 -
Bxaxcxd"4*e”2 + 9xa”~2+d"2xe”4)/(a”bxc"3)) + 3xcxd"2*e - axe”3)/(a"2xc”2))"
(1/3)) + 1/6%x(-(a"2%c ™ 2xsqrt(-(c™2*d"6 - 6*akxckxd"4*xe”2 + 9*a~2*d"2xe"4)/(a”
5%c73)) - 3*cxd"2%e + axe”3)/(a”2xc”2))"(1/3)*log(-(c™2%d™5 - 2xakc*d 3xe”2
- 3%a”2xd*e”4)*x + (a"4*c2xe*xsqrt(-(c72xd"6 - 6kaxckd"4*e”2 + 9xa~2%d"2x*e
~4)/(a”b*%c”3)) - axcT2*xd"4 + 3xa”2xcxd"2xe”2)*(-(a"2*c"2*sqrt(-(c"2xd"6 - 6
xaxcxd"4*e”2 + 9*a”2xd"2%e”4)/(a"5*c”3)) - 3*cxd"2%e + axe”3)/(a"2%c”2))" (1
/3))

giac [A] time = 0.43, size = 288, normalized size = 0.94

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(c*x"6+a),x, algorithm="giac")

[Out] -1/6%abs(c)*e*xlog(x~2 + (a/c)~(1/3))/(axc”5)~(1/3) + 1/3*(axc”5)~(1/6)*d*ar
ctan(x/(a/c)~(1/6))/(axc) + 1/6%((a*c™5)"(1/6)*c”3*d - sqrt(3)*(a*c™5)"(2/3
)*e)*arctan((2*x + sqrt(3)*(a/c)~(1/6))/(a/c)~(1/6))/(a*xc”4) + 1/6%((a*c”b)
“(1/6)*c”3*d + sqrt(3)*(axc”5)7(2/3)*e)*arctan((2*x - sqrt(3)*(a/c)~(1/6))/
(a/c)~(1/6))/(a*xc™4) + 1/12x(sqrt(3)*(a*xc”5)7(1/6)*c~3*d + (a*xc™5)~(2/3)*e)
xlog(x~2 + sqrt(3)*xx(a/c)~(1/6) + (a/c)~(1/3))/(axc™4) - 1/12*(sqrt(3)*(ax
c™5)7(1/6)*c”3*d - (a*xc”™5)7(2/3)*e)*log(x"2 - sqrt(3)*xx*x(a/c)~(1/6) + (a/c)
~(1/3))/(axc™4)

maple [A] time = 0.12, size = 329, normalized size = 1.08

(g)m.m“[%} ”“'[Try ()Hhsy 5 (el (e ) (—‘ﬁvs.»mm(ﬁw@y ()5«[[—\/3’ (Femfe (0F) Femfe s (0 ) (e s () (el 5 (0P (3)
3a + 6a * 6a - - 12a + 6a - 6a : - 6a * *

() .
20 20 22

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d)/(c*x"6+a),x)

[Out] 1/12*c*x(a/c)”~(7/6)/a"2*1n(x"2+3"(1/2)*(a/c)~(1/6)*x+(a/c)~(1/3))*37(1/2)*d+
1/12x(a/c)~(2/3) /a*x1n(x"2+37(1/2)*(a/c)~(1/6) *x+(a/c) ~(1/3) ) *e+1/6%x(a/c)~ (1
/6)/a*arctan(2*xx/(a/c)~(1/6)+37(1/2))*d-1/6*x(a/c)~(2/3)/a*arctan(2*x/(a/c)”
(1/6)+37(1/2))*37(1/2)*e+1/12/a*1n(x"2-37(1/2) *(a/c) " (1/6) *x+(a/c) ~(1/3) ) *(
a/c)”(2/3)*xe-1/12/a*1n(x"2-37(1/2)*(a/c) " (1/6)*x+(a/c)~(1/3))*37(1/2)*(a/c)
~(1/6)*d+1/6/a*x(a/c) " (2/3)*arctan(2*x/(a/c)~(1/6)-3"(1/2))*3"(1/2) *e+1/6/ax*
(a/c)~(1/6)*arctan(2*x/(a/c)~(1/6)-3"(1/2))*d-1/6*(a/c)~(2/3) /a*xe*x1ln(x"2+(a
/c)~(1/3))+1/3%(a/c)~(1/6) /axd*arctan(x/(a/c)~(1/6))

maxima [A] time = 1.49, size = 282, normalized size = 0.92

; ;
L S . : : L1 : : . T g1 12 ) 5
elog(cixuai) ‘“"““"[ T%] (ﬁaixﬁmm)log(c%xh mcsxwﬁ) (\/EaE\/Edﬂ'ﬁf)log(cixzf wc%“ai) (‘5““” asc3d)arctan T
+ Ly - - = +

51
Bascie+a
T2 7 7
Tz 2 [11 z z 2 [11 2 [11
3c3 211 3 3 ESY IR e
6aic 3a3Vaic3 12ac 12ac 6ac3\a3c3 6ac3Vasc3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/(c*x"6+a),x, algorithm="maxima"
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[Out] -1/6%exlog(c™(1/3)*x"2 + a~(1/3))/(a~(1/3)*c~(2/3)) + 1/3*d*arctan(c~(1/3)*

x/sqrt(a~(1/3)*c~(1/3)))/(a~(2/3)*sqrt(a~(1/3)*c~(1/3))) + 1/12*(sqrt(3)*a”
(1/6)*sqrt(c)*d + a~(2/3)*e)*log(c™(1/3)*x"2 + sqrt(3)*a”~(1/6)*c”(1/6)*x +
a~(1/3))/(axc™(2/3)) - 1/12*x(sqrt(3)*a~(1/6)*sqrt(c)*d - a~(2/3)*e)*log(c™(
1/3)*x72 - sqrt(3)*a”~(1/6)*c~(1/6)*x + a~(1/3))/(axc™(2/3)) - 1/6%(sqrt(3)*
a~(5/6)xc”(1/6)*e - a~(1/3)*c~(2/3)*d)*arctan((2*c~(1/3)*x + sqrt(3)*a~(1/6
)*c~(1/6))/sqrt(a”~(1/3)*c~(1/3)))/(axc™(2/3)*sqrt(a~(1/3)*c~(1/3))) + 1/6%(
sqrt(3)*a~(5/6)*c~(1/6)*e + a~(1/3)*c~(2/3)*d) *arctan((2*c~(1/3)*x - sqrt(3
)*xa”~(1/6)*c”(1/6))/sqrt(a~(1/3)*c~(1/3)))/(a*xc™(2/3)*sqrt(a~(1/3)*c~(1/3)))

mupad [B] time = 1.54, size = 1331, normalized size = 4.36

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx~3)/(a + c*x76),x)

[Out] log(a~™3*c~3*(-(a~4*c™2xe”3 + c*d™3x(-a~b*c™5)7(1/2) - 3*a~3*c~3xd"2%*e
*d*e" 2% (-a~5%c”5) " (1/2))/(a"5*%c"4) )~ (1/3) + exx*x(-a~5*c~5)"(1/2) + a~2%c” 3%
d*xx) * (-(a"4*c™2%e”3 + c*xd"3*(-a"bxc”5)7(1/2) - 3*a”~3*c”3*d"2*%e - 3kaxdxe 2%
(-a”5*c75)7(1/2))/(216%a"bxc"4))~(1/3) + log(a~3*c”™3*(-(a"4*c™2%xe”3 - c*d~3
*(-a"b*c75) 7 (1/2) - 3*a~3%c”3*%d"2*e + 3*kaxdxe"2x(-a~5*xc”5)7(1/2))/(a"5*%c"4)
)7 (1/3) - e*xx*(-a”5*xc”5)"(1/2) + a~2+c”3*d*x)*(-(a"4*xc"2*xe"3 - c*d"3*(-a"5*
c”5)7(1/2) - 3*a”3*c”"3*xd"2*e + 3*axd*e”2*(-a"5xc”~5)"(1/2))/(216*a"5%c"4)) " (
1/3) - log(a™3*c™3*(-(a"4*xc™2xe”3 + cxd"3*(-a"b*c™5) " (1/2) - 3%a”3%c”3%d"2%
e — 3*xaxd*e”2x(-a”"5*%c”5)7(1/2))/(a"5%c~4))"(1/3) - 2*xexx*x(-a~5*c~5)~(1/2) +
37(1/2)*a"3*%c"3*x (- (a"4*xc™2*e”3 + cxd~3*(-a~5*c”5)~(1/2) - 3*a~3*c”3*xd"2x*e
- 3xa*xd*e 2% (-a"b*xc”5)"(1/2))/(a"b5*c”4)) " (1/3)*1i - 2*a~2*c " 3*xd*xx)*((37(1/2
Y*x1i)/2 + 1/2)*(-(a"4*c™2*e”3 + c*d"3*(-a"5*c”5) " (1/2) - 3*a~3*%c~3*d"2*e -
3xaxd*xe” 2% (-a~bxc”5)~(1/2))/(216*%a~5*xc"4)) " (1/3) + log(e*xxx(-a~5*c~5)~(1/2)
- (a”3*%c73x(-(a"4*c"2*e”3 + cxd"3*(-a~5*c”5)7(1/2) - 3*a~3*c"3*%d"2*e - 3*a
*d*e” 2% (-a”5xc”5)"(1/2))/(a”5%c”4))~(1/3))/2 + (37 (1/2)*a"3*c " 3*(-(a~4*xc~2x
e”3 + c*d"3*(-a"b*xc”5) " (1/2) - 3*a"3*c " 3*d"2*e - 3*xaxdxe”2*(-a"5*c”5) " (1/2)
)/ (a”5%c™4)) " (1/3)*1i) /2 + a~2*c™3*d*x)*((37(1/2)*1i)/2 - 1/2)*(-(a"4*c"2*e
“3 + cxd"3*%(-a"5*xc”5)"(1/2) - 3%a”~3*%c”3*%d"2*e - 3*xaxd*e”2*x(-a"b*c”5)"(1/2))
/(216*%a~5%c~4))~(1/3) + log(a™3*c™3*(-(a"4*c”2*e”3 - c*d~3*(-a"5*c”5)~(1/2)
- 3*a”3*c"3*d"2*e + 3*axd*e”2*(-a"5*c”5)7(1/2))/(a"5*%c”4)) " (1/3) + 2*xexx*(
-a”"5%c”5) " (1/2) - 37(1/2)*a"3xc"3*(—(a~4*xc"2*%e”3 - c*d"3%(-a"bxc"5)"(1/2) -
3*%a”3*c"3*d"2*xe + 3xaxd*e”2*(-a"5xc”5)7(1/2))/(a"5%c”4)) " (1/3)*1i - 2*xa~2x*
c™3*dxx) * ((37(1/2)*1i) /2 - 1/2)*x(-(a~4*c™2%e”3 - c*d~3*(-a~5%c~5)~(1/2) - 3
*a”~3%c"3*%d"2%e + 3kaxd*e”2*(-a~b*c”5)7(1/2))/(216*a"5%c"4))"(1/3) - log(a~3
*c"3* (- (a"4*xc™2*xe”3 - cxd"3*(-a"5*c”5) " (1/2) - 3*a~3*c”3*d"2*e + 33*xaxdxe"2x
(-a”5*%c™5)7(1/2))/(a"5%c~4))~(1/3) + 2xexx*x(-a~5*c~5)~(1/2) + 37(1/2)*a"3*c
~3*%(-(a"4*xc"2*e”3 - cxd"3*(-a"5*c”5) " (1/2) - 3*a~3*%c”3*%d"2%e + 3*kaxdxe"2x (-
a~5*xc”5)"(1/2))/(a"5*c”4) )~ (1/3)*11i - 2*a~2*xc~3*xd*x)*((37(1/2)*11)/2 + 1/2)
x(-(a"4*xc™2xe”3 - c*d"3*%(-a"b*c"5)"(1/2) - 3*a~3*%c"3xd"2%e + 3xaxd*e”2*(-a”
5%c”5)7(1/2))/(216*a~5xc~4))~(1/3)

sympy [A] time = 3.11, size = 165, normalized size = 0.54

—1296t4a*c%e — 6ta>e* + 36ta®cd?e? — 6tactd
6,54 3 4253 _ 3342 3,6 242 ,4 2 44,2 316
RootSum (46656t a’ct + t (43211 c%e’ —1296a°c>d" e) + a°e® + 3accd“e* + 3ac*d*e” + c°d°, (t > tlog (x + 32det 1 2 — o )))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x*x3+d)/(cxx**6+a),x)

- 3*a

[Out] RootSum(46656% t**6*axxbkck*kd + txx3% (432ka**4xcxk2ke*x*3 — 1296%a**3*xcx*x3%

d*x*x2%e) + axk3kex*xB + IkakkDkckdkk2kex*kd + IkakckkQkdkkdkexk2 + C*x*x3%d**6,
Lambda(_t, _t*log(x + (-1296%_ txkdxa*xxdkck*k2xe — 6%_t*xax*3kexx4d + 36%_tra*x
2xCkA**2kexx2 — Bk _traxck*2xd**4) /[ (3kax*k2kdxe*x*4 + 2kxakckdxk3kex*2 — ck*k2xd

*x5))))
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3
32 [Ty

a—cx6

Optimal. Leaf size=323

6{1 ch
(Vae++ed)log (Vavex+/a + %xz)_(ﬁe +ed)log (Va - \6/Ex)+(‘/ae +/cd) tan™ ( \/_\/;2\6/\2_ )_£
12a5/6¢2/3 6a>/6c2/3 2+/3 a5/6¢2/3

Rubi [A] time = 0.19, antiderivative size = 323, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 7, integrand size = 18,

number o 1WIeS — 0.389, Rules used = {1417, 200, 31, 634, 617, 204, 628)

integrand size

$a §ex fae ae — —2§cx
Ao 5+ 462) (o o) (Ve (S (o a5 050 60) (- ol ) (1= o ()
12a5/6¢23 N 6a%/6c23 * 24/3 a56¢23 - 12a56c * 6a56c - 2v/3a503fc

Antiderivative was successfully verified.
[In] Int[(d + exx"3)/(a - c*x76),x]

[Out] -((d - (Sqrtlal*e)/Sqrtlcl)*ArcTan[(a~(1/6) - 2*c~(1/6)*x)/(Sqrt[3]*a~(1/6)
)1)/(2xSqrt [3]1*a~(56/6)*c~(1/6)) + ((Sqrtlcl*d + Sqrt[a]*e)*ArcTan[(a~(1/6)

+ 2%c”(1/6)*x) /(Sqrt [3]*a~(1/6))]1)/(2xSqrt [3]1*a~(5/6)*c~(2/3)) - ((Sqrtlclx*

d + Sqrt[al*e)*Logla~(1/6) - c~(1/6)*x])/(6%a”~(5/6)*c~(2/3)) + ((d - (Sqrt[
al*e)/Sqrt[c])*Logla~(1/6) + c~(1/6)*x])/(6*xa”(5/6)*c~(1/6)) - ((d - (Sqrtl
al*e)/Sqrt[c])*Logla™(1/3) - a~(1/6)*c™(1/6)*x + c~(1/3)*x72])/(12%a~(5/6)*
c™(1/6)) + ((Sqrtlcl*d + Sqrt[al*e)*Logla~(1/3) + a~(1/6)*c~(1/6)*x + c~(1/
3)*x72])/(12%xa~(5/6)*c~(2/3))

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]72), Int[1/(
Rtla, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(@Rtl[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]172xx"2), x], x] /; F
reeQ[{a, b}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[gq~2, 1] || !RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*cxd - bxe, 0]

Rule 634
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Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1417

Int[((d) + (e_)*x )" (n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rt[-(a/c), 2]}, Dist[(d + exq)/2, Int[1/(a + c*g*x"n), x], x] + Dist[(d
- exq)/2, Int[1/(a - cxq*x"n), x], x]] /; FreeQ[{a, c, d, e, n}, x] && EqQ
[n2, 2*n] && NeQ[c*d~2 + axe”2, 0] && NegQ[a*c] && IntegerQ([nl]

Rubi steps

3
a5 el ) s
(- L) oo (a- ) p I (g i) Ly
+ +

_ c ) Na+¥aex Ve ) 2B ya §ext Ya Yea? ve ) 3a-%a Gex
- 6a%3 6a2/3 6a2/3

a 6C
(Ve Vi og (§ - ) (4= 3F)log (Y + ) (Ved V) [ TR
T 6a>/6¢2/3 + 6a5/6/c * 1245/6c2/3
__(Ved+ yae)log (Y — {fx) | (4= ¥ ) 10g ({7 + §6) ) (4= ¥)t0g (3 - ¥ ¥
= 6a°/62/3 6a5/6\6/E 12”5/6\6/5

ae 1 (Na-2{ex 1 Ya+2¥cx

oo () (i () (e et
B 2+/3 a¥/6c 2+/3 a5/6¢2/3 625/602/3

Mathematica [A] time = 0.12, size = 337, normalized size = 1.04

128 oy,
23 (Ved - yae) tan ‘[%]+2\/§(\/ﬁy+ Ved) tan ’[Tlf Vedlog (~3 ¥ex + a + Jex?) + Vedlog (Ya ¥ex + i + e x2) - 2yCdlog (§a = §ex) + 2vEdlog (V7 + §ex) + Vaelog (~{a ¥ex + ¥a + Jex2) + aclog (Va ¥ex + Va + Ve2) - 2yaelog (Va - ¥x) - 2yaelog (¥a + §ex)

Antiderivative was successfully verified.

[In] Integrate[(d + exx"3)/(a - c*x76),x]

[Out] (-2*Sqrt[3]*(Sqrtlcl*d - Sqrtlal*e)*ArcTan[(1 - (2*c~(1/6)*x)/a~(1/6))/Sqrt
[3]1] + 2*xSqrt[3]*(Sqrtlcl*d + Sqrtl[al*e)*ArcTan[(1 + (2xc~(1/6)*x)/a~(1/6))
/Sqrt[3]] - 2xSqrt[cl*d*Logla~(1/6) - c~(1/6)*x] - 2*Sqrt[al]*exLogla”(1/6)

- ¢~ (1/6)*x] + 2xSqrt[cl*d*Logla~(1/6) + c~(1/6)*x] - 2*Sqrt[a]l*exLogla~(1/

6) + c~(1/6)*x] - Sqrtlcl*d*Logla~(1/3) - a~(1/6)*c”(1/6)*x + c~(1/3)*x"2]

+ Sqrtlal*exLogla~(1/3) - a~(1/6)*c~(1/6)*x + c~(1/3)*x"2] + Sqrt[c]l*dx*Logl
a~(1/3) + a~(1/6)*c~(1/6)*x + c~(1/3)*x~2] + Sqrt[al*exLogla”™(1/3) + a~(1/6
)xc™(1/6)*x + c~(1/3)*x72])/(12%a”~(5/6)*c~(2/3))

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00
d+exd
f ex6 i
a—cx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*x73)/(a - c*x76),x]

[Out] IntegrateAlgebraic[(d + e*x"3)/(a - c*x76), x]
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fricas [B] time = 1.94, size = 3178, normalized size = 9.84
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(-c*x"6+a),x, algorithm="fricas")

[Out] 1/3%sqrt(3)*(-(a~2*c™2xsqrt((c™2*xd"6 + G*xaxcxd~4*e”2 + 9*a~2xd"2xe~4)/(a”b*
c73)) + 3xc*d"2%e + a*e”3)/(a”2*c”2)) " (1/3)*arctan(1/3*(2x(sqrt(3)*(a~4*c~4
*d~"2 + a”bxc”3%e”2)*sqrt((c72%d"6 + 6xaxckxd"4*e”2 + 9*a~2xd"2*xe"4)/(a"5*xc”3
)) - 2xsqrt(3)*(a”2xc”3*d"4*e + 3*xa”3*kc"2*d"2%e”3))*sqrt (((c™3*d”7 + axc”2x
d75%e”2 - Bxa"2*xcxd"3*e”4 + 3*a~3*d*e”6)*x”"2 - (2*%a~b*c~3*d*exsqrt((cT2xd"6
+ Bxaxckxd"4*e”2 + 9*a”~2xd"2xe"4)/(a"bxc”3)) - a"2%c”3*%d"5 - 4*a”~3*xc”2xd"3x
€72 - 3xa"4dkxcxdke"4)x(-(a"2xc”2xsqrt ((c™2xd"6 + 6kakckxd"4xe”2 + 9*ka~2%d"2xe
~4)/(a”bxc”3)) + 3xcxd"2%e + axe”3)/(a"2%c”2))7(2/3) + ((a"4*c”3*d"2xe - a”
Bxc™2%e”3) xx*sqrt ((c™2*%d"6 + 6xa*xcxd™4*e”2 + 9*a~2xd"2*xe"4)/(a"5*c"3)) - (a
*xC7"3%d76 + 2%a”2%c”2xd"4*e”2 - 3*a”~3xckd"2%e”4)*x) *x (- (a"2xc"2*xsqrt ((c"2*xd"6
+ Bxaxckxd"4*xe”2 + 9*a”2+d"2*xe”4)/(a"b*c”3)) + 3xckxd"2%e + axe”3)/(a"2*c”2)
)7(1/3))/(c™3*%d™7 + a*xc”2*%d"5xe”2 - b*a~2xc*d"3*%e"4 + 3*a~3xdxe”6))*(-(a"2x%
c"2%sqrt ((c™2%d"6 + 6xaxcxd”4xe”2 + 9xa~2xd"2xe”4)/(a”5*c”3)) + 3xcxd 2*e +
axe”3)/(a"2xc”2))7(2/3) - 2x(sqrt(3)*(a~4*xc™4*d"2 + a~bkxc~3*e”2)*x*sqrt((c
“2%d76 + 6xaxckxd"4*e”2 + 9*a”2xd"2*xe”4)/(a”5*c”3)) - 2xsqrt(3)*(a"2xc”3*d"4
*xe + 3%a~3xcT2xd"2%e”3)*x)* (- (a"2*%c"2xsqrt ((c72xd"6 + 6xaxckxd"4*e”2 + 9*a”2
xd"2%e74)/(a"b*c”3)) + 3*cxd"2%e + axe”3)/(a"2%c”2))"(2/3) - sqrt(3)*(c”3xd
“7 + axc"2xd"b*e”2 - bxa”2*c*kd"3xe”4 + 3xa~3xd*e”6))/(c"3xd"7 + axc”2xd”b*e
T2 - bxa”2xc*d"3%e”4 + 3*%a"3*d*e”6)) - 1/3*sqrt(3)*((a"2*c2xsqrt((c"2*d"6
+ 6*akxcxd"4*xe”2 + 9*ka~2xd"2xe”4)/(a"5*c”3)) - 3*ckd"2%e - a*xe”3)/(a"2%c”2))
~(1/3)*arctan(1/3*x(2x(sqrt (3) *(a~4*c™4*d"2 + a~b*xc™3*e”2)*sqrt((c™2*xd"6 + 6
xaxckxd~4*xe”2 + 9*a”~2xd"2xe"4)/(a"5*c”3)) + 2xsqrt(3)*(a"2xc”3*xd"4*e + 3*a”3
*xc"2xd"2%e73) ) *sqrt (((c™3*d~7 + axc™2xd"5*e”2 - b*a~2xc*d"3*e”4 + 3xa~3*dxe
T6)*x”2 + (2%a”"b*c”3xd*exsqrt((cT2xd"6 + 6*akxckd"4xe”2 + 9*ka~2xd"2xe”4)/(a”
5kc~3)) + a"2xc”3%d"5 + 4*a~3*c”"2xd"3*%e”2 + 3*a~4xckdxe”4)*((a"2xc”2*xsqrt ((
c"2xd"6 + 6*axckd"4xe”2 + 9*%a~2*xd"2xe”4)/(a"5*c”3)) - 3*xc*kd"2*e - a*xe”3)/(a
"2xc”2))7(2/3) - ((a”4*c™3*d"2*e - a"bxc"2*xe”3)*x*sqrt((c”2+%d"6 + 6xaxcxd”4
*xe”2 + 9*%a~2xd"2*e"4)/(a"b*c”3)) + (axc”3*d"6 + 2%a”2*%c"2xd"4*e”2 - 3xa”3*c
*d"2xe”4) *x) * ((a”2*xc™2*sqrt ((c™2*d™6 + 6*axcxd™4*e”2 + 9*a~2xd"2*e”4)/(a”bx*
c"3)) - 3xc*xd"2xe - axe”3)/(a"2xc”2))7(1/3))/(c73*%d"7 + axc”2+xd"5*e”2 - bxa
“2%cxd"3%e"4 + 3*a”3xd*e”6))*((a"2xc"2*sqrt ((cT2*d"6 + 6xakxcxd"4*e”2 + 9*a”
2*%d"2%e"4)/(a”5*c”3)) - 3*c*xd"2xe - axe”3)/(a”2%c”2))"(2/3) - 2x(sqrt(3)*(a
T4xcT4%d72 + a"b*cT3%e”2) *x*xsqrt ((cT2xd"6 + 6*akckd"4xe”2 + 9ka~2*d"2%e”4)/
(a”5%c™3)) + 2*sqrt(3)*x(a”2xc”3*d"4*e + 3*a”3*kc"2xd"2*e”3)*x) * ((a"2*c"2*sqr
t((c™2*%d"6 + 6*akxcxd"4*xe”2 + 9*a~2xd"2xe"4)/(a"bxc”3)) - 3xc*d"2%e - axe”3)
/(a”2%c”2))7(2/3) + sqrt(3)*(c™3*d”~7 + axc”™2xd"5*e”2 - b*a~2xc*d"3*e”4 + 3%
a~3*%d*e”6))/(c”3*%d”~7 + axc"2*d"5xe”2 - bxa~2%c*d"3*e"4 + 3*%a~3xdxe”6)) - 1/
12x (- (a"2xc"2*xsqrt ((c™2*d"6 + 6%akxcxd"4*xe”2 + 9*a~2xd"2xe”4)/(a"bxc”3)) + 3
*xckd"2%e + a*xe”3)/(a"2%c”2))7(1/3)*1log((c™3%d~7 + a*xc™2xd"5*e”2 - bka~2*cx*d
“3%e74 + 3*a”3kxd*e”6)*x"2 - (2%xa”bkxc 3*kdxe*xsqrt((cT2+%d"6 + 6Gxaxckd"4*e”2 +
9%a~2*d"2%e"4)/(a"b*c”3)) - a"2xc”3*d"5 - 4%a”3xc”2xd"3*%e"2 - 3*a”4xc*d*xe”4
)*(-(a”2*c™2+sqrt ((c™2+%d™6 + 6*xa*xc*kd~4*e”2 + 9xa~2xd"2*e~4)/(a"b*xc~3)) + 3x
cxd"2*%e + axe”3)/(a"2%c”2))7(2/3) + ((a"4xc”3*d"2xe - a~bkc"2xe”3)*x*sqrt ((
cT2xd"6 + 6xaxckd"4*e”2 + 9*a"2xd"2%e”4)/(a"b*c”3)) - (axcT3*d"6 + 2%xa"2%c”
2xd"4*e”2 - 3xa”3xckxd"2xe”4)*x)* (- (a"2*%c"2*sqrt ((c72*%d"6 + 6xaxckxd"4*e”2 +
9*xa~2xd"2%e”"4) /(a"5*c"3)) + 3*cxd"2%e + axe”3)/(a”"2%c”2))7(1/3)) - 1/12x((a
“2%c”72xsqrt ((c72+%d™6 + 6*axckd"4*e”2 + 9xa~2xd"2*e”"4)/(a"5*c73)) - 3*kckxd 2%
e — axe”3)/(a"2xc”2)) "~ (1/3)*1og((c™3*d”7 + a*xc™2*d"5xe”2 - 5*xa~2xc*d”~3*e"4
+ 3%a"3xd*e”6)*x"2 + (2*a"bxc”3*d*e*xsqrt((cT2*d"6 + 6xakcxd"4*e”2 + 9xa”2xd
“2*%e74)/(a"b*c73)) + a"2*c”3xd"5 + 4*a"3*cT2*d"3xe”2 + 3xa~4kckxdxe”4)*((a”2
xc"2xsqrt ((c™2%d"6 + 6*axckxd"4xe”2 + 9*ka~2*xd"2%e”4)/(a"b*c”3)) - 3*ckxd"2%*e
- axe”3)/(a"2xc”2))"(2/3) - ((a"4xc”3*d"2*%e - a~b*xc"2xe”3)*x*sqrt((c"2xd"6
+ 6xaxc*xd”"4*e”2 + 9*a”~2xd"2xe"4)/(a"5xc”3)) + (axc”3xd"6 + 2xa~2%c”2*d"4xe”
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2 - 3*a”3xckd"2*e”4) xx) * ((a”2%c"2xsqrt ((c™2%d"6 + B*axc*d"4*e”2 + 9*a~2*xd"2
xe~4)/(a"bxc”3)) - 3xcxd"2*e - axe”3)/(a"2xc”2))7(1/3)) + 1/6*(-(a”2*c"2xsq
rt((c™2*%d™6 + 6*axckxd”4*e”2 + 9*xa~2xd"2*xe"4)/(a"5*c”3)) + 3xckd"2*e + a*xe”3
)/ (@”2*%c™2)) " (1/3)*Llog(~(c™2*d™5 + 2*a*xc*d"3*e”2 - 3*a”"2*xd*e”4)*x + (a”4*c”
2xexsqrt ((c72xd"6 + 6*axc*d™4*e”2 + 9*a~2xd"2*e”"4)/(a"b*c”3)) - a*c™2xd"4 -
3xa"2kxcxd"2xe”2) * (- (a"2%c " 2xsqrt ((c™2xd"6 + 6*axc*d"4*e”2 + 9*xa~2*d"2%e”4)
/(a"bxc”3)) + 3xcxd"2*e + axe”3)/(a"2xc”2))"(1/3)) + 1/6x((a"2xc”2*sqrt((c”
2%d”"6 + 6xakxckd"4xe”2 + 9xa~2+d"2*e"4)/(a"b*c"3)) - 3*kcxd"2xe - axe”3)/(a”2
*xc72)) " (1/3) *1log(-(c™2*%d”"5 + 2xa*xcxd"3*%e”2 - 3*a”"2xd*e”"4)*x - (a"4*c”2xex*sq
rt((c72xd”6 + 6*axcxd”4*xe”2 + 9*a~2*xd"2*e"4)/(a"5*c”3)) + axc”"2xd"4 + 3*a"2
xcxd"2xe72) * ((a"2xc™2xsqrt ((c™2*d"6 + 6*akxcxd™4*e”2 + 9*a~2xd"2xe”4)/(a"b*c
~3)) - 3*cxd”"2xe - axe”3)/(a”2xc”2))”"(1/3))

giac [A] time = 0.38, size = 308, normalized size = 0.95

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~3+d)/(-c*x~6+a),x, algorithm="giac")

[Out] 1/6%abs(c)*e*xlog(x™2 + (-a/c)~(1/3))/(-a*c™5)7(1/3) + 1/3*(-axc”5)~(1/6)*d*
arctan(x/(-a/c)~(1/6))/(a*xc) + 1/6%x((-a*xc”™5)7(1/6)*c~3*d - sqrt(3)*(-axc”5)
~(2/3)*e)*arctan((2*x + sqrt(3)*(-a/c)~(1/6))/(-a/c)~(1/6))/(axc”4) + 1/6%(
(maxc™5)~(1/6)*c™3*d + sqrt(3)*(-a*xc~5)~(2/3)*e)*arctan((2*x - sqrt(3)*(-a/
c)~(1/6))/(-a/c)~(1/6))/(a*c™4) + 1/12%(sqrt(3)*(-axc™5)7(1/6)*c™3*d + (-ax*
c75)7(2/3)*e)*log(x72 + sqrt(3)*x*(-a/c)”~(1/6) + (-a/c)~(1/3))/(axc™4) - 1/
12x(sqrt (3) *(-a*xc™5) " (1/6)*c™3*d - (-a*c”5)7(2/3)*e)*log(x~2 - sqrt(3)*xx*(-
a/c)~(1/6) + (-a/c)~(1/3))/(a*xc™4)

maple [A] time = 0.11, size = 386, normalized size = 1.20

¢y f’k[% *7] ) ¢y f’k[% - 7’ ) @)+ (x4 ) 7 (@ am{-+ (< 1) ) e \5‘1%* *‘] ) @ ﬁ‘[‘f * T] ) @einfe+ ()7 () ) (@ em{- (- 2Y) ) i () am{er () etn(-c0 @) em{e ()
6a 6a 12a 12a 6a 6a 12a 12a e + = N 1 N L

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d)/(-c*x"6+a),x)

[Out] -1/6/c/(a/c)~(1/3)*1n(x+(a/c)~(1/6))*e+1/6/c/(a/c)”(5/6)*1n(x+(a/c)~(1/6))*
d+1/12x(a/c)~(2/3)/a*1ln((a/c) " (1/6)*x-x"2-(a/c)~(1/3))*e-1/12*%(a/c)~(1/6)/a
*In((a/c)~(1/6)*x-x"2-(a/c)~(1/3))*d-1/6*(a/c) ~(2/3) /ax3~(1/2) *e*arctan(-1/
3*37(1/2)+2/3*x*x37(1/2)/(a/c)~(1/6))+1/6*x(a/c)~(1/6) /ax3~(1/2)*d*arctan(-1/
3%37(1/2)+2/3*xx37(1/2)/(a/c)~(1/6))-1/6/c/(a/c)~(1/3)*1n(-x+(a/c) ~(1/6) ) *e
-1/6/c/(a/c)~(56/6)*1n(-x+(a/c)~(1/6))*d+1/12/a*x(a/c)~(2/3)*ex1ln(x"2+(a/c)~(
1/6)*x+(a/c)~(1/3))+1/6/ax(a/c) " (2/3) *ex3~(1/2)*arctan(2/3*xx*x3"(1/2)/(a/c)”
(1/6)+1/3%37(1/2))+1/12/a*d*(a/c)~(1/6)*1n(x~2+(a/c)~(1/6) *x+(a/c) ~(1/3))+1
/6/axd*x(a/c)”~(1/6)*3~(1/2)*arctan(2/3*x*3~(1/2)/(a/c)~(1/6)+1/3*x3~(1/2))

maxima [A] time = 1.34, size = 313, normalized size = 0.97

8
| s vaos[tox() ()] (a2 () ()] (a-vioosls (£ ] (s vaehos[s- ()

T * T - t B T
e e il il e e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/(-c*x~6+a),x, algorithm="maxima"

[Out] 1/6*sqrt(3)*(sqrt(c)*d + sqrt(a)*e)*arctan(1/3*sqrt(3)*(2*x + (sqrt(a)/sqrt
(c))~(1/3))/(sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*x(sqrt(a)/sqrt(c))~(2/3)) +
1/6%sqrt (3) *(sqrt(c)*d - sqrt(a)*e)*arctan(1/3*sqrt(3)*(2*x - (sqrt(a)/sqrt
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(c))~(1/3))/(sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*x(sqrt(a)/sqrt(c))~(2/3)) +

1/12x(sqrt(c)*d + sqrt(a)*e)*log(x~2 + x*(sqrt(a)/sqrt(c))~(1/3) + (sqrt(a)
/sqrt(c))~(2/3))/(sqrt(a)*cx(sqrt(a)/sqrt(c))~(2/3)) - 1/12+(sqrt(c)*d - sq
rt(a)*e)*log(x~2 - x*(sqrt(a)/sqrt(c))~(1/3) + (sqrt(a)/sqrt(c))~(2/3))/(sq
rt(a)*cx(sqrt(a)/sqrt(c))~(2/3)) + 1/6*x(sqrt(c)*d - sqrt(a)*e)*log(x + (sqr
t(a)/sqrt(c))~(1/3))/(sqrt(a)*cx(sqrt(a)/sqrt(c))~(2/3)) - 1/6%(sqrt(c)*d +
sqrt(a)*e)*log(x - (sqrt(a)/sqrt(c))~(1/3))/(sqrt(a)*c*(sqrt(a)/sqrt(c))(
2/3))

mupad [B] time = 2.97, size = 1293, normalized size = 4.00

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e*xx~3)/(a - c*x76),x)

[Out] log(a™3*c™3x(-(a"4xc™2*%xe”3 + c*d"3*(a"b*c™5)~(1/2) + 3*a”3*c”3*d"2%e + 3*ax
dxe~2%(a”"5*%c”5)"(1/2))/(a"5*xc™4)) " (1/3) + exx*x(a~5*%c”5)7(1/2) + a~2xc 3*d*x
Yx(—(a~4*c™2%e”3 + cxd"3*(a"5xc”5)7(1/2) + 3*a"3*c"3*d"2xe + 3*axd*e”2*x(a”5
*xc75)7(1/2))/(216%a"5*c~4))~(1/3) + log(a~3xc~3*(-(a"4*c™2*e”3 - c*xd~3x(a"b
*c~5) " (1/2) + 3*a”3*%c”3*d"2xe - 3*axd*e”2x(a”~5*c”5)7(1/2))/(a"5%c"4))~(1/3)
- exx*(a”b*c”5) 7 (1/2) + a2xc”3*xd*x)*(-(a"4*c"2xe”3 - c*d"3*(a"5xc”5)"(1/2
) + 3*%a"3xc”3*%d"2*xe - 3*axdxe”2x(a"b*xc”5)"(1/2))/(216%a"5*c"4))~(1/3) - log
(a”3*c73*(-(a"4*xc™2*e”3 + cxd~3*(a”5*c™5) " (1/2) + 3*a~3xc~3*d"2%e + 3*axd*e
~2x(a”5*%c”5)"(1/2))/(a"5%c”4)) " (1/3) - 2*xexx*(a~5*xc~5)"(1/2) + 37(1/2)*a"3*
c"3x(-(a"4*c™2*%e”3 + cxd"3*x(a~5*c”5) " (1/2) + 3*a"3*c"3*xd"2xe + 3*xaxd*e”2x*(a
“5xc”5)7(1/2))/(a"5%c74)) " (1/3)*1i - 2*%a"2xc”3xd*xx)*((37(1/2)*1i)/2 + 1/2)*
(-(a"4*xc™2*e”3 + c*xd~3*(a~5*c”5)~(1/2) + 3*a~3*c”3*d"2*e + 3*axdxe " 2*x(a~5*c
~5)7(1/2))/(216*%a"5*xc"4))~(1/3) + log(e*x*(a~b*c™5)7(1/2) - (a~3*c~3*x(-(a"4
*c72%e73 + cxd"3*x(a"5*c”5) 7 (1/2) + 3*a”"3*c"3*xd"2xe + 3*axd*e”2*x(a"5*xc”5) (1
/2))/(a"5%c”4))"(1/3))/2 + (37(1/2)*a"3*%c™3x(-(a~4*c™2%e"3 + c*xd~3*x(a~b*xc”5
)7 (1/2) + 3*a~3*%c”3xd"2*e + 3*axd¥xe”2*x(a"5*c”5)7(1/2))/(a"5%c”4))~(1/3)*11)
/2 + a~2*xc”3xd*x)*((37(1/2)*11) /2 - 1/2)*(-(a"4*c"2%e"3 + c*xd"3*(a"5*c”5) " (
1/2) + 3*a~3%c”3*%d"2*e + 3*xaxdxe"2x(a~5xc”5)7(1/2))/(216*%a"5xc~4))~(1/3) +
log(a~3*c™3*%(-(a~4*c™2%e”3 - cxd~3*(a"b*c”™5)7(1/2) + 3*%a~3*c~3*d"2%e - 3*ax
d*e”2*x(a"5*xc”5)"(1/2))/(a"5%c”4)) " (1/3) + 2*xexx*(a~5*xc”5)"(1/2) - 37(1/2)*a
“3xc" 3% (- (a"4xc”2%e”3 - cxd"3*(a"5*c”5) " (1/2) + 3*a~3*c”"3*d"2%e - 3*axdxe”2
*x(a”bxc75)7(1/2))/(a”b*c™4)) " (1/3)*1i - 2%xa”2*c™3*xd*x)*((37(1/2)*1i)/2 - 1/
2)%(-(a"4*xc™2*e”3 - cxd~3*(a”5*c”5) " (1/2) + 3*a~3xc”3*%d"2*e - 3*axdxe"2x(a”
5xc~5)~(1/2))/(216*%a~5*xc"4))~(1/3) - log(a~3*c~3*(-(a~4*c™2%e”3 - c*xd~3*(a”
5%c”5)~(1/2) + 3*%a~3*c”3*xd"2*e - 3*axdxe " 2x(a~5*c”5)"(1/2))/(a"b*xc"4))~(1/3
) + 2*xexx*(a”5%c”5)7(1/2) + 37(1/2)*a"3%c”3*x(-(a"4*c"2*e”3 - c*xd~3*(a~5%c”5
)7 (1/2) + 3*xa”3*%c”3*d"2xe - 3*axd*e”2x(a”"5*c”5)7(1/2))/(a"5%c”4)) " (1/3)*1i
- 2%a”2*xc73xd*x) * ((37(1/2)*11) /2 + 1/2)*(-(a"4*c"2xe”3 - c*d"3*(a"5*c”5) " (1
/2) + 3*%a”"3%c"3xd"2%xe — 3xaxdxe”2*(a~5xc”5)~(1/2))/(216xa~5xc"4))"(1/3)

sympy [A] time = 3.12, size = 168, normalized size = 0.52

—1296t4a*c%e + 6tae* + 36ta’cd?e? + 6tac?d*
— RootSum (46656t"a504 +1 (—432a4c2e3 - 12%a3c3dze) + a3e — 3a%cd?e* + 3ac2d*e® — 3dS, (t - tlog (x + )))

3ade* - 2acd3e? - c2d®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx**3+d)/(-c*xx**6+a),x)

[Out] -RootSum(46656* t**6kaxxbkck*4d + txx3k (-432%a*xx4xCk*2xe*x*3 — 1296*a**3*xcxx*
3xd*x*k2%e) + ax*k3kex*kB6 — Ikaxk2kckdkk2kexkd + Jkakckkkdkkdkekxkx2 — ck*k3kd*k*6

, Lambda(_t, _txlog(x + (-1296% tkx*4ka*xxd*ck*2ke + 6x_txa*x*3*kex*x4d + 36% t*xa

*k 2k CkARk 2Kk k2 + 6% trakcxk2kdxx4) / (Zkax*2kd*rex*kd — 2kakxckd *k3ke*x*2 — C**2
*d**5))))
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4
33 [T i

6I+CX8

Optimal. Leaf size=754

((1_‘/5)‘/251—\/5@)1055(—\/2—\/5 Nafcx++a +{*/Ex2) ((1—\/5)\/551_\/53)10(%(,/2_\/5%;

84/2 (2 - \/E) 27/8c5/8 8. /2 (2 2 ) 27/8¢5/8

Rubi [A] time = 1.25, antiderivative size = 754, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 17,

number of rules _ ) 353, Rules used = {1415, 1169, 634, 618, 204, 628}

integrand size

Antiderivative was successfully verified.
[In] Int[(d + e*x"4)/(a + c*x78),x]

[Out] -(Sqrt[2 - Sqrt[2]]1*((1 + Sqrt[2])=*Sqrtlcl*d - Sqrt[a]*e)*ArcTan[(Sqrt[2 -
Sqrt[2]]1*a~(1/8) - 2xc~(1/8)*x)/(Sqrt[2 + Sqrt([2]]*a~(1/8))]1)/(8xa~(7/8)*c”
(6/8)) + (Sqrt[2 + Sqrt[2]1]1*((1 - Sqrt[2])*Sqrt[cl*d - Sqrt[al*e)*ArcTan[(S
qrt[2 + Sqrt[2]1*a~(1/8) - 2xc~(1/8)*x)/(Sqrt[2 - Sqrt[2]]1*a~(1/8))]1)/(8*a”
(7/8)*%c™(5/8)) + (Sqrt[2 - Sqrt[2]]1*((1 + Sqrt[2])*Sqrtlcl*d - Sqrt[a]*e)*A
rcTan[(Sqrt[2 - Sqrt[2]]*a~(1/8) + 2*c~(1/8)*x)/(Sqrt[2 + Sqrt[2]]1*a~(1/8))
1)/(8xa~(7/8)*c~(5/8)) - (Sqrt[2 + Sqrt[2]1]1*((1 - Sqrt[2])*Sqrt[cl*d - Sqrt
[al*e)*ArcTan[(Sqrt[2 + Sqrt[2]]1*a~(1/8) + 2*c~(1/8)*x)/(Sqrt[2 - Sqrt[2]]*
a~(1/8))1)/(8xa~(7/8)*c~(5/8)) + (((1 - Sqrt[2])*Sqrtlcl*d - Sqrt[al*e)*Log
[a~(1/4) - Sqrt[2 - Sqrt[2]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x"2])/(8*Sqrt[2x(2
- Sqrt[2])]1*a~(7/8)*c~(5/8)) - (((1 - Sqrt[2])*Sqrtlcl*d - Sqrt[a]*e)*Logl
a~(1/4) + Sqrt[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x"2])/(8*Sqrt [2*(2
- Sqrt[2])]1*a~(7/8)*c~(5/8)) - (((1 + Sqrt[2])*Sqgrtlcl*d - Sqrt[a]*e)*Logla
~(1/4) - Sqrt[2 + Sqrt[2]1]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x~2])/(8*Sqrt[2*(2 +
Sqrt [2]1)1*a~(7/8)*c~(5/8)) + ((d + Sqrt[2]*d - (Sqrtl[alxe)/Sqrt[c])*Logla”
(1/4) + Sqrt[2 + Sqrt[2]1*a~(1/8)*c”~(1/8)*x + c~(1/4)*x"2])/(8*Sqrt[2*(2 +
Sqrt [2])1*a~(7/8)*c™(1/8))

Rule 204

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d) + (e_)*x(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*d - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4x*axc]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*qg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 1415

Int[((d) + (e_)*x )" (n))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rtla/c, 41}, Dist[1/(2*Sqrt[2]*c*q~3), Int[(Sqrt[2]*d*q - (d - exq~2)*x
~(n/2))/(q"2 - Sqrt[2]*q*x~(n/2) + x"n), x], x] + Dist[1/(2*Sqrt[2]*c*q~3),
Int [(Sqrt[2]*d*q + (d - exq~2)*x~(n/2))/(q"2 + Sqrt[2]*g*x~(n/2) + x"n), x
1, x]1]1 /; FreeQ[{a, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + axe™2, 0] &
& NeQ[c*xd™2 - axe”2, 0] && IGtQ[n/2, 0] && PosQ[a*c]

Rubi steps
\frvﬁd Vae V2 Yad Vae
o AP B 2
i_‘f%x2+ 4 i (%ﬁ
d+ ex N T N
[lret, ;
a+cx 2v2 a344c 2\/§a3/4\/—
o) (g ) e (a0 ~
B - ‘\% ‘\% X 378 + ‘\% - i X -
v f dx \S/Ef dx \S/Ef—
\/_ %E 2-2 %Ex 2 %E 2-42 %EX 2
%— %fc +x 4—\/24- %/E +Xx
= + +
44/2(2-V2)a% 442(2-V2)a%

(1) VEd ae) [ ——ds ((1-2) Ve~ ) [ e

4 \ Sax 4n Sax
%;— ZMSf; va +x2 %+ 2+\8f\; va +x2
T 82 d3/Ac3A - 82 d3/Ac3A

(0~ V2) ed - Vae) o4 - 2 VB 4 462) (1~ V2) vEd - Vae)bog
8/2(2 - V2)a7Bco 8y2(2-

+ cd— n! \/27‘/_ 2\/Ex) _ cd—Jae an_1(\/2+7\/§%—2‘
(1+V2)Ved - vae)ta ( T (1-V2) yed - ae)t T

+
44022+ N2) a7Bc58 4,J2(2 - V2) a7lcsss

Mathematica [A] time = 0.63, size = 534, normalized size = 0.71

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx"4)/(a + c*x78),x]
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[Out] (-2*a”~(1/8)*ArcTan[Cot[Pi/8] - (c~(1/8)*x*xCsc[Pi/8])/a~(1/8)]1*(Sqrt[a]*e*Co
s[Pi/8] + Sqrtlc]*d*Sin[Pi/8]) + 2*a~(1/8)*ArcTan[Cot[Pi/8] + (c~(1/8)*x*Cs
c[Pi/8])/a~(1/8)]1*(Sqrt[al*exCos[Pi/8] + Sqrt[c]l*d*Sin[Pi/8]) - a~(1/8)*Log
[a=(1/4) + c~(1/4)*x"2 - 2*a”~(1/8)*c~(1/8)*x*xSin[Pi/8]]1*(Sqrt [a]*e*Cos[Pi/8
] + Sqrtlcl*d*Sin[Pi/8]) + a~(1/8)x*Logla~(1/4) + c~(1/4)*x"2 + 2%a~(1/8)*c”
(1/8) *x*Sin[Pi/8]]1*(Sqrt [al *exCos[P1/8] + Sqrt[c]*d*Sin[Pi/8]) + a~(1/8)*Lo
gla™(1/4) + c~(1/4)*x~2 - 2%a~(1/8)*c~(1/8)*x*Cos [Pi/8]]1* (- (Sqrt [c]*d*Cos [P
i/8]) + Sqrtlal*exSin[Pi/8]) - a~(1/8)*Logla~(1/4) + c~(1/4)*x"2 + 2*a”~(1/8
)*c”(1/8) *x*Cos [Pi/8]1* (- (Sqrt [c]*d*Cos[Pi/8]) + Sqrt[a]l*exSin[Pi/8]) + 2xA
rcTan[(c™(1/8)*x*Sec[Pi/8])/a~(1/8) - Tan[Pi/8]]1*(a~(1/8)*Sqrt[c]*d*Cos[Pi/
8] - a~(5/8)*e*x3in[Pi/8]) + 2*ArcTan[(c~(1/8)*x*Sec[Pi/8])/a~(1/8) + Tan[Pi
/8]11*(a~(1/8)*Sqrt [c]*d*Cos [Pi/8] - a~(5/8)*e*xSin[Pi/8]))/(8*a*xc~(5/8))

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00
d + ex*
f 5 dx
a+cx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + exx74)/(a + c*x78),x]
[Out] IntegrateAlgebraic[(d + exx"4)/(a + c*x78), x]
fricas [B] time = 2.41, size = 3406, normalized size = 4.52
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~4+d)/(c*x~8+a),x, algorithm="fricas")

[Out] -1/2%((a"3*c™2*sqrt(-(c™4*d"8 - 12*a*xc”3*d"6%e”2 + 38xa~2xc™2*d"4*e”4 - 12x%
a~3%cxd"2%e”6 + a"4%e”8)/(a"7*c”5)) - 4xc*d"3*%e + 4*xaxdxe”3)/(a"3*c”2))"(1/
4)*arctan(-((3*a~3*xc"5*xd"6*e — 19%a~4*c~4*xd"4*xe”3 + 9*a~b*xc~3*xd"2%e”5 - a”6
xC"2%e”7 + (a"6*c”6+d"3 - 3*a~7*xc b*xd*e”2)*sqrt(-(cT4xd"8 - 12%axc”3*d"6*e”
2 + 38%a”2xc”2*d"4xe"4 - 12*%a”3%cxd"2*e”6 + a~4*e”8)/(a"7*c”5)))*sqrt(((c"4
*d"8 - 4*axc”3xd"6*e”2 - 10*a”2*c”2*xd"4*e”4 - 4*a~3xckd"2*e”6 + a~4*e”8)*x”
2 - (2%a”6xc”4xd*e*xsqrt (-(c™4*d™8 - 12*axc”3*d"6*%e”2 + 38*a”2xc"2*d"4*e”4 -
12%a”3%cxd"2%e”6 + a”4%e78)/(a”"7*c”h)) - a"2xc”4*d"6 + T*a"3xc”"3*xd"4*e”2 -
Txa~4*xc"2*xd"2%e”4 + a~bxc*xe”6)*sqrt((a”3xc"2xsqrt(-(cT4*d"8 - 12*%a*xc”3xd"6
xe"2 + 38*a”2xc"2xd"4*e”4 - 12*%a”3*c*xd"2*xe”6 + a~4xe”8)/(a”7*c”5)) - 4xcxd”
3xe + 4xaxd*e”3)/(a”3*%c”2)))/(c™4*d"8 - 4*axc”3xd"6*e”2 - 10*a~2%c”2*%d"4xe”
4 - 4*%a~3*xc*d"2*%e”6 + a~4*e”8))*sqrt((a”3*xc2xsqrt(-(c"4*d"8 - 12%a*xc”3xd”6
*xe”2 + 38%a”2kc72xd"4*e”4 - 12%a"3*c*d"2%xe”6 + a"4*e”8)/(a7*xc”5)) - 4xcxd”
3xe + 4xaxdxe”3)/(a"3*c”2)) - ((a"6*c”6*d"3 - 3xa”T*xc bkdxe”2)*x*sqrt(-(c”4
*d"8 - 12%axc”3*%d"6*e”2 + 38*%a”2xc”2xd"4*e"4 - 12*a~3*xc*d"2*e”6 + a~4*e”8)/
(a”7*c7b)) + (3*%a”3*c”bxd"6%e - 19%a~4*c"4*d"4*e”3 + 9*%a~bkc"3*d"2%e”5 - a”
6xc™2xe”7) *x) *sqrt ((a"3*%c™2xsqrt (- (c74*d™8 - 12%axc”3*d"6*e”2 + 38*a”2%c72%
d"4xe”4 - 12%a”3*%cxd"2%e”6 + a~4%e”8)/(a”7*c”5)) - 4*c*d"3*xe + 4xaxdxe”3)/(
a~3xc”2)))*x((a"3*c™2xsqrt (- (c™4*d"8 - 12xa*c”3*d"6%e”2 + 38*a”~2xc”2xd"4*e"4
- 12*%a”3%cxd"2*%e”6 + a~4*e”8)/(a"7*c"5)) - 4xc*xd"3xe + 4*axdxe”3)/(a”3xc”2
))7(1/4)/(c”5*d"10 - 3*a*xc™4*d"8%e”2 - 14*a”2%c”"3xd"6%e”4 - 14xa”3xc”2%xd 4
e”6 - 3*%a"4xc*xd"2*e”8 + a~bxe”10)) + 1/2%(-(a"3xc"2xsqrt(-(c”4xd"8 - 12*axc
“3%d"6*xe”2 + 38*a”"2*c"2*xd"4*e”4 - 12xa”3*cxd"2%e”6 + a”4xe78)/(a"7*c”"h)) +
4xcxd”3%e - 4xaxd*e”3)/(a"3%c”2)) " (1/4)*arctan(((3*xa~3*c~5*d"6*e - 19%a~4x*c
“4xd"4*e”3 + 9*xa”bxc"3*%d"2xe”5 - a"6xc”2xe”7 - (a"6xc"6*d”"3 - 3*xa”7*c 5xdxe
~2)*sqrt (-(c74*d™8 - 12%axc”3*xd"6%e”2 + 38xa”2*c”"2xd"4*e”4 - 12%a”~3xcxd”2*e
"6 + a"4*e”8)/(a"7*xc”5)))*sqrt (((c™4*d"8 - 4*xaxc”3*d"6%e”2 - 10%a"2%c"2xd"4
xe”4 - 4*xa”3*ckxd"2%e”6 + a"4*e"8)*x"2 + (2%a~6xc”4xd*exsqrt(-(cT4*d"8 - 12%
axc~3xd"6%e”2 + 38*a"2xc”2xd"4*e"4 - 12*a"3*xc*d"2*e”6 + a~4*e”8)/(a"7*c”5))
+ a”2%cT4*d"6 - Txa"3*c”3*xd"4*e”2 + Txa"4xc”2xd"2*e"4 - a~bkcxe”6)*sqrt(—(
a”~3*%c72xsqrt (- (c74*d"8 - 12xa*xc”3*%d"6xe”2 + 38*a”2xc”2xd"4*e"4 - 12xa~3*c*d
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“2%e”6 + a~4*e”8)/(a”7*xc”5)) + 4xc*d"3*e - 4*xaxd*xe”3)/(a”3*c”2)))/(c"4*d"8

- 4xa*xc”3*%d"6xe”2 - 10*a~2+c”2xd"4*e”4 - 4*a~3*ckd"2*e”6 + a~4*e”8))*(-(a"3
xc”2xsqrt (—(c74*d™8 - 12%axc”3xd"6%e”2 + 38%a”2xc”2xd"4*e"4 - 12%a"3kcxd 2%
e"6 + a~4xe”8)/(a”7*c”b)) + 4xc*d"3*xe - 4*axdxe”3)/(a"3*c”2))"(3/4) + ((a76
*xCT6*d"3 - 3*a”T7xc”bxd*e”2)*xx*sqrt (- (cT4*xd"8 - 12%axc”3*d"6*e”2 + 38*%a~2*c”
2xd"4xe”4 - 12%a”3*xc*d"2*e”6 + a~4*e”8)/(a”7*xc”5)) - (3*a"3*xc”bxd"6%e - 19x%
a~4xcT4xd"4*e”3 + 9*a”bkcT3xd"2%e”5 - a"6xc”2%e”7)*x)*(-(a~3*kc 2xsqrt(-(c”4
*d"8 - 12*a*xc”3*d"6xe”2 + 38*a"2*c”2*xd"4*e"4 - 12xa~3*c*d"2*e”6 + a~4*e”8)/
(a"7*c™5)) + 4*c*d"3*xe - 4*axdxe”3)/(a"3xc”2))7(3/4))/(c75%d"10 - 3*axc”4x*d
T8%xe”2 - 14%a”2*xcT3xd"6*xe”4 - 14%a”3*cT2xd"4*xe”6 - 3xa"4xckxd"2*%e”8 + a~bxe”
10)) + 1/8*%(-(a~3*c™2*sqrt(-(c™4xd™8 - 12%a*xc”3*d"6*e”2 + 38*a~2*c~2*xd"4xe”
4 - 12%a"3%c*xd"2%e”6 + a"4%xe”8)/(a”7*c"5)) + 4xcxd"3xe - 4xaxdxe”3)/(a"3*xc”
2))7(1/4)*1log((c™3*%d™6 - b*akxc™2xd"4*e”2 - b¥a"2*ckd"2%e”4 + a"3*e”6)*x + (
a~b*xc"3*%exsqrt (-(c74*d"8 - 12*axc”3*d"6*e”2 + 38*a"2xc"2+xd"4*e"4 - 12%a"3*c
*d"2*e”"6 + a~4xe”8)/(a”T7*c”5)) + a*c”3xd"5 - 6*a"2xc”2*d"3*e”2 + a”~3*c*dxe”
4)x(-(a~3*xc™2*xsqrt (-(c74%d™8 - 12*a*xc™3*d"6*e”2 + 38*a~2*c"2*xd"4*xe”4 - 12*a
“3*xcxd"2*%e”6 + a~4*e”8)/(a”7*c"h)) + 4*xcxd"3xe - 4xaxdxe”3)/(a"3*c”2))"(1/4
)) - 1/8%(-(a”3*%c™2xsqrt (- (c4*d"8 - 12xaxc”3*d"6*e”2 + 38*a~2%c~2xd"4*e”4

- 12%a”3%cxd"2%e”6 + a"4%e”8)/(a"7*c”5)) + 4*c*d"3*%e - 4*axdxe”3)/(a"3*c”2)
)" (1/4)*1og((c™3%d"6 - Bkaxc ™ 2xd"4*e”2 - bxa~2xc*d"2%e”4 + a"3xe”6)*x - (a”
Bkc~3*exsqrt (—(c™4*d™8 - 12%a*xc”3xd"6%e”2 + 38%a”2xc”2xd"4*e"4 - 12*%a"3*cxd
“2%e”6 + a~4*e”8)/(a”7*xc”5)) + axc”3*d"5 - 6*a”2xc”2xd"3*e”2 + a”~3*cxd*e”4)
*x(—(a™3xc"2*xsqrt (-(c™4xd"8 - 12*a*xc~3xd"6*e”2 + 38*%a~2xc”2*d"4*e"4 - 12%a”3
xcxd"2%e"6 + a"4*e”8)/(a"T*c”"b)) + 4*xckxd"3*e - 4xaxd*e”3)/(a"3*c”2))"(1/4))
- 1/8%((a”3*c™2*xsqrt (-(c74*d™8 - 12%a*xc”3*d"6%e”2 + 38xa”2xc"2*xd"4*e"4 - 1
2xa~3*c*d"2%e"6 + a~4%e”8)/(a"7*c”5)) - 4xcxd"3*e + 4xaxd*e”3)/(a"3*c”2)) " (
1/4)*1log((c™3*d"6 - b*xakxc™2*d"4*e”2 - bxa~2kxcxd"2xe”4 + a~3xe”6)*x + (a”b*c
“3xexsqrt (-(cT4*d"8 - 12*%axc”3xd"6*%e”2 + 38xa”2xc”2xd"4*e"4 - 12*%a”3*cxd 2%
e"6 + a"4%xe78)/(a”7*c”5)) - axc”3xd”5 + 6*%a"2*c"2+xd"3xe”2 - a”~3xckxdxe”4)*((
a~3*%c”2xsqrt (- (c74*d"8 - 12%a*xc”3*d"6xe”2 + 38*a~2*c"2xd"4xe”4 - 12%a”3*cxd
“2xe”6 + a"4xe”8)/(a”7*c”5)) - 4*xc*d"3xe + 4xaxd*e”3)/(a"3*%c”2))7(1/4)) + 1
/8% ((a~3*%c™2*sqrt (-(c™4*d™8 - 12*a*xc™3*d"6*e”2 + 38*a~2*c"2*xd"4*e”4 - 12*a”
3xc*xd"2%e”6 + a"4xe”8)/(a"7*c”5)) - 4xc*d"3*e + 4d*xaxd*e”3)/(a"3*c”2))"(1/4)
*1og((c™3*%d™6 - b¥a*xc™2*d"4*e”2 - bxa"2%c*kd"2%e”4 + a"3*%e"6)*x - (a"b*c 3*e
*sqrt (-(c™4*d™8 - 12%a*xc”3xd"6%e”2 + 38*a~2xc"2xd"4xe"4 - 12*a~3*xc*d"2*e”6

+ a~4xe”8)/(a”7*c”5)) - a*c”3xd"5 + 6*a"2xc”2*d"3*e”2 - a”~3*c*xd¥xe”4)*((a”3*
c"2xsqrt (-(c™4*d"8 - 12*%a*xc”3xd"6*%e”2 + 38*a”2xc”2*xd"4*e"4 - 12%a"3*cxd"2*e
6 + a"4%e”8)/(a"7*c”5)) - 4xcxd"3xe + 4xaxd*e”3)/(a"3*c”2))~(1/4))

giac [A] time = 0.74, size = 601, normalized size = 0.80

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(c*x"8+a),x, algorithm="giac")

[Out] -1/8*(sqrt(-sqrt(2) + 2)*(a/c)~(5/8)*e - d*xsqrt(sqrt(2) + 2)*(a/c)~(1/8))*a
rctan((2*x + sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(a/c)~(1/8)
))/a - 1/8*%(sqrt(-sqrt(2) + 2)*(a/c)”(5/8)*e - d*sqrt(sqrt(2) + 2)*(a/c)” (1
/8))*arctan((2*xx - sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(a/c)
~(1/8)))/a + 1/8%(sqrt(sqrt(2) + 2)*(a/c)~(5/8)*e + dxsqrt(-sqrt(2) + 2)*(a
/c)~(1/8))*arctan((2xx + sqrt(sqrt(2) + 2)*(a/c)”(1/8))/(sqrt(-sqrt(2) + 2)
x(a/c)~(1/8)))/a + 1/8*(sqrt(sqrt(2) + 2)*(a/c)~(5/8)*e + d*sqrt(-sqrt(2) +
2)*(a/c)”(1/8))*arctan((2*x - sqrt(sqrt(2) + 2)x(a/c)~(1/8))/(sqrt(-sqrt(2
) + 2)*x(a/c)”(1/8)))/a - 1/16x(sqrt(-sqrt(2) + 2)*(a/c)~(5/8)*e - d*xsqrt(sq
rt(2) + 2)x(a/c)~(1/8))*log(x"2 + x*sqrt(sqrt(2) + 2)*(a/c)~(1/8) + (a/c)(
1/4))/a + 1/16*(sqrt(-sqrt(2) + 2)*(a/c)”(5/8)*e - dxsqrt(sqrt(2) + 2)*(a/c
)~ (1/8))*log(x"2 - x*sqrt(sqrt(2) + 2)*(a/c)~(1/8) + (a/c)~(1/4))/a + 1/16%
(sqrt(sqrt(2) + 2)*(a/c)”(5/8)*e + dxsqrt(-sqrt(2) + 2)*(a/c)~(1/8))*log(x”
2 + xxsqrt(-sqrt(2) + 2)*x(a/c)~(1/8) + (a/c)~(1/4))/a - 1/16%(sqrt(sqrt(2)
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+ 2)x(a/c)~(5/8)*e + d*xsqrt(-sqrt(2) + 2)x(a/c)~(1/8))*log(x"2 - x*sqrt(-sq
rt(2) + 2)*(a/c)”(1/8) + (a/c)~(1/4))/a

maple [C] time = 0.02, size = 34, normalized size = 0.05

(RootOf (_Z8c + a)4 e+ d) In (— RootOf (_ZSC + a) + x)

8c RootOf (_ch + a)7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x"4+d)/(c*x"8+a),x)
[Out] 1/8/cxsum(( _R"~4*e+d)/ R™7*1n(- R+x), R=Root0f( Z 8*c+a))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
ttd
f ex8 dx
cx8+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~4+d)/(c*x"8+a),x, algorithm="maxima")
[Out] integrate((exx~4 + d)/(c*x"8 + a), x)
mupad [B] time = 2.78, size = 2510, normalized size = 3.33

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e*x"4)/(a + c*x~8),x)

[Out] (atan((c™3*d"6xx - a~3*e”6*x + axc™2xd"4*xe"2xx - a~2%c*d”"2*e 4x*xx + (2xd*exx
*(a"2%e”4*x(—a”~7*c”5) " (1/2) + c72%d"4*(-a”7*c”5)"(1/2) - 4*a~4*c”4*d"3*e + 4
*a " 5*c73*kd*e”3 - Bxaxcxd"2*xe” 2% (-a”7*c”5)7(1/2)))/(a"3%c"2))/(axc”3*d"5*x((a
“2%e”"4x (—a”7*c”5) " (1/2) + c”2xd"4*x(—a~T7*c”5)"(1/2) - 4*xa~4*xc”4xd"3*xe + 4x*xa”
5%c”3*d*e”3 - 6*xaxckxd"2xe” 2% (-a”7*c”5)"(1/2))/(a"7*c"5)) " (1/4) + a~b*xc"3*ex
((@™2xe”4x(-a"7xc™5)~(1/2) + c™2xd"4x(-a"7xc"5)7(1/2) - 4xa~4*c"4*d"3*e + 4
*a”5*xc”3*d*e”3 - Bxaxcxd"2*e” 2% (-a”7*c”5)7(1/2))/(a"7*c”5)) " (5/4) - 2*xa~2*c
~2xd"3%xe” 2% ((a"2*xe"4*x (—a~T7*c”5) " (1/2) + c"2xd"4x(-a"7*c~5)"(1/2) - 4xa~4xc”
4xd"3%e + 4xa~b*xc"3*d*e”3 - 6xaxcxd"2xe” 2% (-a"7*c”5)"(1/2))/(a"T*c"5))"(1/4
) — 3*a”3kxckd*e”4x((a"2xe"4x(-a~7*c”5) " (1/2) + c"2xd"4x(-a~T7*c"5)"(1/2) - 4
*a~4*xc"4*d"3%e + 4*xa~bkc " 3xd*e”3 - 6Gxakckxd 2xe”2x(-a~7*xc”5)"(1/2))/(a~7*c”b
)" (1/4)))*x((a~2xe”4*x(-a~7*c”5) " (1/2) + c”~2*d"4*(-a”~7*c”5) " (1/2) - 4*a~4x*c”
4xd"3xe + 4xa~b*xc”3*d*e”3 - 6xaxcxd"2xe” 2% (-a”7*c”5)7(1/2))/(a"7*c"5))"(1/4
))/4 - (atan((a™3*e”6*x — c~3*d"6%x - axc " 2xd"4*xe”2xx + a~2%ckxd"2xe"4dx*xx + (
2*d*e*xx*k (a"2%e"4*x (-a~7*c"5) " (1/2) + c"2xd"4*x(-a~T7*c~5)"(1/2) + 4*a~4*xc~4*xd”
3xe - 4xa”b*xc"3*d*xe”3 - 6*axckd"2xe 2% (-a"~7xc”5)"(1/2)))/(a”3*c"2))/(axc"3*
d~5x(-(a~2%e~4*x(-a”~7*c~5) " (1/2) + c~2%d~4*(-a~7*c~5) " (1/2) + 4*xa~4*xc~4*xd"3*
e - 4xa”bxc"3*d*e”3 - 6xakxckd"2xe 2% (-a"7*xc~5)"(1/2))/(a"7*c”5))"(1/4) + a~
5xc”3*ex (-(a"2%xe"4x(-a~7*c”5) " (1/2) + c"2xd"4*x(-a~7*c”5) " (1/2) + 4*a~4*xc™4x
d~3%e - 4*a~b*c~3%d*e”3 - 6xakxcxd"2ke 2% (-a"7*xc~5)~(1/2))/(a"7*c~5))"~(5/4)
- 2*%a”2%c”2xd"3*e" 2% (- (a"2%e"4x (-a”~7*c"5) " (1/2) + c”2*d"4x(-a"7xc”5)"(1/2)
+ 4*%a~4xc”4*d"3*e - 4¥a~bkc"3kd*e”3 - Bxaxcxd"2xe”2*(-a~7*c”5) " (1/2))/(a”7*
c75))"(1/4) - 3*a”3xckxdxe”4x(-(a~2*%e”4x(-a~7xc”5)"(1/2) + c~2xd"4*(-a"7*c"5
)7 (1/2) + 4*a~4*xc”4*xd"3xe — 4xa~b*xc"3*d*e”3 - Gkraxcxd"2xe” 2% (-a~7*c”5) " (1/2
))/ (@~ 7xc™5)) " (1/4))) *(-(a~2*e”4*x(-a~7*c”5) " (1/2) + c~2*d"4*(-a~7*c~5)~(1/2
) + 4*xa~4*xc”4xd"3*%e - 4*a~5*c”3xd*e”3 - 6B*axcxd"2*xe" 2% (-a~7*c”5)"(1/2))/(a”
7%c~5))"(1/4))/4 - atan((c™3*d"6*x*1i - a~3*e " 6*x*1i + axc™2*d 4*e”2xx*1i -
a~2*xckd"2xe"4xxx1i + (d¥exx*(a”2*%e”4*x(-a”~7xc”5)7(1/2) + c”2*d"4*x(-a"~7*c”5)
“(1/2) - 4*a"4*xc”4xd"3xe + 4*a~b*xc”3*d*e”3 - 6xaxcxd"2xe” 2% (-a”7*c”5) " (1/2)
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)*x2i)/(a”3%c”2))/(axc™3*xd"5x((a~2*%e”4*(-a”7*c”5) " (1/2) + c~2*xd"4*(-a"7*c”5)
~(1/2) - 4*a"4*xc”4*xd"3xe + 4*a~5*xc 3*kd*e”3 - 6xaxckxd"2xe” 2% (-a"7*c”5) " (1/2)
)/ (@~ 7xc”5)) " (1/4) + a~b5xc”3*xex((a"2*e"4*x(-a~7+c”5)"(1/2) + c~2xd"4*x(-a~T*c
“B5)7(1/2) - 4%a"4xc”4*xd"3%e + 4*a~5xc"3*d*e”3 - 6xakxckxd"2%xe”2x(-a"7*xc”5) " (1
/2))/(a"7*c~5)) " (5/4) - 2¥a~2xc”2*xd"3*e"2x((a"2*e"4*x(-a~7*c”5)~(1/2) + c 2%
d"4*x(-a”~7*c"5) " (1/2) - 4*a~4*c”4*xd"3*%e + 4*xa~5xc"3*d*e”3 - 6G*axckxd"2xe"2x (-
a~7xc”5)7(1/2))/(a~7xc"5)) " (1/4) - 3*a~3kcxdxe”4x*((a"2xe”4*(-a~7xc~5)~(1/2)
+ c72%d74*x(-a"7*xc”5) " (1/2) - 4%a"4xc"4*d"3xe + 4xa~5kc"3*d*e”3 - 6*xaxckd”2
xe”2x(—a”~7xc”5) " (1/2))/(a”7xc”5))~(1/4)))*x((a"2xe~4*x(-a~7xc~5) " (1/2) + c™2x%
d"4*x(-a”~7*c"5) " (1/2) - 4*xa~4*c”4*xd"3*%e + 4*xa~bxcT3*d*e”3 - 6G*akxckxd"2xe"2x (-
a”~7xc”5)"(1/2))/(4096*%a"7*c"5)) " (1/4)*21 + atan((a~3*e”"6xx*1i — c 3*xd " 6*x*1
i — a*c™2+xd"4*e”2kx*1i + a"2xcxd"2%e"4*x*1i + (dxexx*x(a~2xe”4*(-a"7*c”5)" (1
/2) + c”2xd"4*(-a~7*c”5)7(1/2) + 4*a~4*c”4*xd"3*e - 4*a~bxc”"3xdxe”3 - Bkaxcxk
d~2*xe"2x(-a~7*c”5)"(1/2))*21i)/(a~3*c"2) )/ (axc™3*d"5* (- (a"2xe 4% (-a~7*c”5) " (
1/2) + c72%d74*(-a"7*c”5) " (1/2) + 4xa~4*c”4+d"3*e - 4*a”bxc~3xd*xe”3 - B axc
*Q"2xe 2% (—a~7*c”5)"(1/2))/(a"7*c”5)) " (1/4) + a~bxc " 3*xex(-(a"2xe"4x(-a~T7*xc”
5)7(1/2) + c™2%d"4x(-a"~7xc"5)"(1/2) + 4*a~4xc"4*xd"3*e — 4*a”bxc " 3*xd*xe”3 - 6
xaxcxd"2*xe 2% (-a”~7*xc”5) " (1/2))/(a”7*c"5)) " (5/4) - 2xa”~2*c”2+xd"3xe”"2*x (- (a"2x*
e”4*x(-a”~7*c”5) " (1/2) + c 2xd"4x(-a"7*c”5) " (1/2) + 4%a~4*xc"4*d"3*e - 4*a”5*xc
“3*xd*e”3 - 6xakxckxd"2*xe”2x(-a”~7*xc”5)7"(1/2))/(a"7*c”5)) " (1/4) - 3xa"3*xcxd*e”4
*(-(a™2*%e"4*x(-a”~7xc"5) " (1/2) + c”2*d"4*x(-a"~7*c"5)"(1/2) + 4*a"4*xc”4*xd"3*xe -
4*xa~5xc"3xd*xe”3 - 6Bkakxckd"2xe"2x(-a~7xc”5)7(1/2))/(a”"7*c”5))"(1/4)))*(-(a”
2%e" 4% (—a”~7*c"5) " (1/2) + c”2*%d"4*(-a"7*c”5)"(1/2) + 4*a~4*c”4*xd"3*e - 4*a”5
*C"3*d*e”3 - 6*axckd"2xe 2% (-a"7xc”5)"(1/2))/(4096*a~7*xc"5)) "~ (1/4)*2i

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/(c*xx**8+a),x)

[Out] Timed out
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4
34 [T dx

ﬂ—CX8

Optimal. Leaf size=329

(Ve + ved)tan™ () (\/Ee+\/2d)tanh_1(%)_(d——)l g(- \/_\/_\/Ex+\/ﬁ+\/zx)+( _

+
44718508 4a7/8¢5/8 8V2 a78c

Rubi [A] time = 0.21, antiderivative size = 329, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 10, integrand size = 18,

numberofrules _ 556, Rules used = {1417, 212, 208, 205, 211, 1165, 628, 1162, 617, 204}

integrand size

( +fd) (%) (\/’ +fd)t nh™ (‘fT) (d %)lﬂg(“ﬁ\%\%?ﬂ-W-#\%xz)+(d—%)108(‘/§‘%\%X+\‘/E+\%xz) (d*%)tan’lﬁf%)+(d*%)tan’1(%+l)

I -
478518 44718¢" 8\5447/8\5/? 3\5”7/8\&/; 4\/§a7/8{’fc 4\/§H7{8%

Antiderivative was successfully verified.
[In] Int[(d + exx"4)/(a - c*x78),x]

[Out] ((Sqrtlcl*d + Sqrtl[al*e)*ArcTan[(c~(1/8)*x)/a~(1/8)])/(4*a~(7/8)*c~(5/8)) -
((d - (Sqrtlal*e)/Sqrtlc])*ArcTan[1 - (Sqrt[2]*c~(1/8)*x)/a~(1/8)]1)/(4*Sqr
t[2]*a~(7/8)*c~(1/8)) + ((d - (Sqrtlal*xe)/Sqrtlcl)*ArcTan[1 + (Sqrt[2]*c~(1
/8)xx)/a~(1/8)]1)/(4xSqrt [2]1*a~(7/8)*c~(1/8)) + ((Sqrtlcl*d + Sqrt[al*e)*Arc
Tanh[(c™(1/8)*x)/a~(1/8)])/(4*a~(7/8)*c~(5/8)) - ((d - (Sqrtlal*e)/Sqrt(c])
xLog[a~(1/4) - Sqrt[2]*a~(1/8)*c~(1/8)*x + c~(1/4)*x~2])/(8%Sqrt[2]*a~(7/8)
xc~(1/8)) + ((d - (Sqrtlalx*e)/Sqrtlc]l)*Logla~(1/4) + Sqrt[2]*a~(1/8)*c~(1/8
)*¥x + c~(1/4)*x72])/(8*%Sqrt[2]*a~(7/8)*c~(1/8))

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 211

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + bxx~4), x], x]] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 212

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/Db),

211, s = Denominator[Rt[-(a/b), 2]1}, Dist[r/(2*a), Int[1/(r - s*x72), x],
x] + Dist[r/(2*a), Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] && !GtQ
[a/b, 0]

Rule 617
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || 'RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 2]}, Distl[e/(2xc), Int[1/Simp[d/e + g*x + x72, x], x], x] + Distl[e
/(2xc), Int[1/Simp[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, ¢, 4, e}, x] &
& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd)/e, 2]}, Distle/(2*cxq), Int[(q - 2*x)/Simpld/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d"2 - axe”2, 0] && NegQ[dx*e]

Rule 1417

Int[((d) + (e_)*(x )" (n))/((a_) + (c_)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rt[-(a/c), 2]}, Dist[(d + exq)/2, Int[1/(a + c*g*x"n), x], x] + Dist[(d
- exq)/2, Int[1/(a - cxq*x"n), x], x]] /; FreeQ[{a, c, d, e, n}, x] && EqQ
[n2, 2#n] && NeQ[c*d~2 + axe”2, 0] && NegQ[a*c] && IntegerQ[n]

Rubi steps
d + ex* 1 Vae
fa—cxgd E(d_ \/_)fa+\/_\/zx4dx+ ( )fa—\/_\/zx‘l
Vae\ ¢ Ya-{ex {Ya+{ex Vae Vae
( ‘7)fa+vwzx4dx+( )fa+«/+'«fx4 +(d+ k= wxzdx+(d+7)f
4+Ja 4~Ja 403/ 4
Vae 1
d-—| | ———14 d
(\/Ed+\/ae)tan‘1 (%) (\/Ed+\/ze)tanh_1 (%) ( ‘/E)fi—‘\/;—‘/i;c/;ﬁxz i (
- 4a7/8¢5/8 i 4a7/8¢5/8 ’ 8a3/4+/c T
(\/Ed+\/ﬁe)tan‘1(%) (\/Ed+\/ﬁe)tanh_1(%) (d—%)log((‘/ﬁ—\/z%\%x+

+
447/805/8 44718508 8v2a783c

G % G

\/5

(e () (1 (18 (a4 2
4a”/8c58 AN2 a783c 4N2 a7Be

Mathematica [A] time = 0.13, size = 425, normalized size = 1.29

(6% ~ 37 vEd) log (VB A Yex + 47 + 4E22)  (1%e Y VEd) log (VI ¥ + ¥ + V) (ae+ e 1) (1~ §F3) (e i Ed)og (1 + 4Ex) (%% Yaved)tan () (%= favea)an (BEE) - (@ve- Yavea)ant (E2E
8VZach . svZaos  ses s * e . 2k B 2k

Antiderivative was successfully verified.
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[In] Integrate[(d + exx"4)/(a - c*x78),x]

[Out] ((a~(1/8)*Sqrtlcl*d + a~(5/8)*e)*ArcTan[(c”~(1/8)*x)/a~(1/8)])/(4xaxc~(5/8))
- ((-(a~(1/8)*Sqrt[cl*d) + a~(5/8)*e)*ArcTan[(-(Sqrt[2]*a~(1/8)) + 2xc~(1/
8)*x)/(Sqrt[2]*a~(1/8))])/(4xSqrt[2]*axc~(5/8)) - ((-(a~(1/8)*Sqrtlcl*d) +
a~(5/8)*e)*ArcTan[(Sqrt[2]*a~(1/8) + 2xc™(1/8)*x)/(Sqrt[2]*a~(1/8))]1)/(4*Sq
rt[2]*axc”™(5/8)) - ((a~(1/8)*Sqrtlcl*d + a~(5/8)*e)*Logla~(1/8) - c~(1/8)*x

1)/ (8*axc™(56/8)) - ((-(a~(1/8)*Sqrtl[cl*d) - a~(5/8)*e)*Logla~(1/8) + c~(1/8
)xx])/(8xaxc™(5/8)) + ((-(a~(1/8)*Sqrtlcl*d) + a~(5/8)*e)*Logla~(1/4) - Sqr
t[2]*a~(1/8)*c™(1/8)*x + c~(1/4)*x72])/(8xSqrt [2]*axc™(5/8)) - ((-(a~(1/8)*
Sqrt[c]l*d) + a~(5/8)*e)*Logla~(1/4) + Sqrt[2]*a~(1/8)*c~(1/8)*x + c~(1/4)*x
~2])/(8x3qrt [2] *axc™(5/8))

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00
d + ex*
f ex8 i
a-cx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*x74)/(a - c*x78),x]
[Out] IntegrateAlgebraic[(d + exx"4)/(a - c*x78), x]
fricas [B] time = 2.84, size = 3385, normalized size = 10.29
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~4+d)/(-c*x~8+a),x, algorithm="fricas")

[Out] 1/2*%((a”"3*c™2*sqrt((c™4*d™8 + 12%a*xc~3*d"6xe”2 + 38*a”~2*c~2*d"4*xe”4 + 12xa”
3kckd"2*e”6 + a~4*e”8)/(a”T*c"5)) + 4*xckd"3*e + 4d*xaxd*e”3)/(a~3*c”2)) " (1/4)
xarctan(((3*a~3*c"5*d"6*e + 19*%a~4*c”4xd"4*e”3 + 9*a~bxc~3*d"2%e”5 + a~6*c”
2%e~7 - (a”6*c”6%d”"3 + 3*xa~7*c bkxd*e”2)*sqrt((c"4*d"8 + 12*axc”3*d"6*e”2 +
38xa”~2*c"2xd"4*e”4 + 12%a"3xckd"2%e”6 + a~4*e”8)/(a”7*c"5)))*sqrt(((c"4*d"8
+ 4dxaxc”3xd"6xe”2 - 10%a"2%c”2*%d"4*e”4 + 4xa~3xc*xd"2%e”6 + a"4*e”8)*x"2 -
(2%a~6xc”4xd*xexsqrt ((c™4*d™8 + 12xa*c~3*xd"6xe”2 + 38%a”2%c”2xd"4*e”4 + 12xa
“3xcxd"2%e”6 + a~4*e”8)/(a"7*c”b)) - a"2xcT4*d"6 - 7*xa"3*c"3*xd"4*e”2 - Txa”
4xc”2xd"2%e"4 - a~bkxcxe”6)*sqrt((a”3*c"2*sqrt((c™4*d"8 + 12%axc”3*d"6*%e”2 +
38%a”2*xc"2xd"4*e”4 + 12*a"3*c*d"2*e”6 + a"4*e”8)/(a”T*c"5)) + 4xcxd"3xe +
4xaxd*e~3)/(a"3*%c”2)))/(c™4*d"8 + 4xa*xc”3*d"6xe”2 - 10%a”2*c”2xd"4xe”4 + 4%
a~3xc*d"2%e”6 + a~4xe”8))*sqrt((a”3*c"2*sqrt((c"4%d™8 + 12*axc”3*d"6*e”2 +
38*a”2xc"2*xd"4*e"4 + 12xa”3*cxd"2xe”6 + a~4xe”8)/(a”7*c”"h)) + 4xcxd"3xe + 4
xaxdxe~3)/(a"3*%c”2)) + ((a"6*c”6+xd"3 + 3*a~7*xc bkdxe”2)*x*sqrt((c™4*d"8 + 1
2xa*xc”3*d"6xe”2 + 38*a"2*c"2xd"4*xe”4 + 12%a”3*cxd"2%e”6 + a”~4%e”8)/(a”7*c”b
)) - (3*a”3*c”b*xd"6xe + 19*%a”4*xc”4*d"4*e”3 + 9*ka~5kc"3*d"2*e”5 + a”6*c 2*e”
7)*x)*sqrt ((a~3*c™2*sqrt ((c74*d"8 + 12*%a*xc”3*xd"6*e”2 + 38xa~2xc~2*d"4*e”4 +
12*%a~3*cxd"2*e”6 + a~4*e”8)/(a”7xc”5)) + 4xcxd"3*xe + 4xaxdxe”3)/(a”3%c”2))
)*((a~3*%c™2*sqrt ((c™4*d"8 + 12%a*xc”3*d"6%e”2 + 38*a~2xc~2*xd"4*e”4 + 12%a~3x
cxd"2xe”6 + a~4xe”8)/(a”Txc”5)) + 4xcxd"3xe + 4xaxdxe”3)/(a”3%c”2))"(1/4)/(
c"5*%d"10 + 3%axc”4xd"8%e”2 - 14xa”"2*xc " 3*%d"6xe"4 + 14*xa”3*c”2xd"4*e”6 - 3xa”
dxcxd"2*%e”8 - a”b*e”10)) - 1/2%(-(a"3*c"2*sqrt((c™4*d"8 + 12%a*c”~3*d"6xe”2
+ 38*a”2xc"2+xd"4*e"4 + 12xa”3*c*d"2xe”6 + a"4xe”8)/(a"7xc"5)) - 4xcxd"3*e -
4xaxdxe”~3)/(a”3%c"2)) " (1/4) *arctan(-((3*a~3*c"5*d"6*e + 19*a~4*c~4xd"4*e”3
+ 9%a”bxc”3%d"2%e”5 + a"6*xcT2*e”7 + (a"6%c”6%d"3 + 3*a~7*c 5xd*e”2)*sqrt ((
cT4*d"8 + 12%axc”3*xd"6%e”2 + 38%a”2*xc " 2*%d"4xe"4 + 12*%a”3*c*d"2*%e”6 + a~4dxe”
8)/(a”7*c”5)))*xsqrt (((c74*d™8 + 4*a*xc”3*d"6%e”2 - 10%a~2xc"2xd"4*e"4 + 4xa”
3xckd"2%xe”6 + a"4xe”8)*xx”2 + (2*a~6*c 4xd*exsqrt((cT4xd"8 + 12%axc”3*d"6*e”
2 + 38*%a”2%c”2xd"4*e”4 + 12xa”3*xc*d"2%e"6 + a~4%e”8)/(a”"7*c”5)) + a"2*c”4xd
"6 + Txa”"3xc”3xd"4*e”2 + Txa"4xcT2xd"2*e"4 + a~bkcxe”6)*sqrt(-(a~3xc " 2*sqrt
((c™4%d™8 + 12*xa*xc™3*d"6*xe”2 + 38*a~2xc”2*d"4*e”4 + 12*a”3*cxd"2*e”6 + a~4x
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e”8)/(a”7*c”5)) - 4xcxd"3*e - 4*xaxd*e”3)/(a”3%c”2)))/(c™4*d"8 + 4d*axc”3*d"6
*xe”2 - 10%a”2*xc"2xd"4*e”4 + 4xa”3kcxd"2%e”6 + a~4xe”8))*(-(a"3xc”2*sqrt((c”
4%d78 + 12%a*xc”3*d"6*%e”2 + 38xa”"2%c"2*d"4*e”4 + 12xa”3*cxd"2%e”6 + a”4x*e”8)
/(@~T*c™5)) - 4*cxd"3%e - 4xaxd*e”3)/(a"3%c72))"(3/4) - ((a"6%c™6%d"3 + 3xa
“T*c"bxd*e”2) xx*sqrt ((c74*d"8 + 12%a*xc”3xd"6*%e”2 + 38%a”2xc”2xd"4*e"4 + 12%
a~3xc*d"2%e”6 + a"4%e78)/(a”7*c”5)) + (3*xa”3*c”bkd"6*e + 19%a~4xc”4xd"4*e”3
+ 9%a~b*xc”3*%d"2xe”5 + a~6xc”2*e”7)*x)* (- (a”3*%c"2xsqrt ((cT4*d"8 + 12%axc”3x
d"6*e”2 + 38%a”2*%c"2xd"4*e”4 + 12*a~3xc*d"2*%e”6 + a~4*e~8)/(a”7*c”5)) - 4x*c
*d"3xe - 4xaxdxe”3)/(a"3%c”2))7(3/4))/(c”5%d"10 + 3%axc”"4*d"8*e”2 - 14%a”2x
c"3xd"6*%e"4 + 14xa”3xc"2*d"4*e”6 - 3*xa"4xcxd"2xe”8 - a“bxe”10)) + 1/8x((a”3
xc2xsqrt ((c™4*d™8 + 12xa*c”3*%d"6%e”2 + 38*a”2xc”2xd"4*xe”4 + 12%a”3xc*xd"2xe
"6 + a~4%e”8)/(a”T7*c”5)) + 4xcxd"3%e + 4xaxd¥e”3)/(a~3%c”2)) " (1/4)*log(-(c”
3*%d"6 + bkaxc"2xd"4*e”2 - b¥a"2xc*d"2%e”4 - a"3%e”6)*x + (a"bxc " 3*xexsqrt((c
T4xd”8 + 12xa*xc”3xd"6*e”2 + 38xa"2%c"2xd"4*e"4 + 12%a"3xcxd"2%e”6 + a"4*e”8
)/ (@ 7xc”B)) - axc”3*d"5 - 6*a"2%c”2xd"3*%e”2 - a”3kxckdke”4)*((a"3*c"2*sqrt(
(c™4%d™8 + 12*axc”3*d"6*e”2 + 38*a~2xc " 2xd"4*e”4 + 12*a”3xc*xd"2*xe”6 + a~4dxe
~8)/(a”7*c”h)) + 4*xcxd"3*xe + 4xaxdxe”3)/(a”3*c”2))7(1/4)) - 1/8x((a”3*c”2xs
qrt ((c™4*d~8 + 12%a*c”™3*d"6%e”2 + 38*a~2xc”2*d"4*e"4 + 12xa”3*c*d"2xe”6 + a
~4xe”8)/(a”T*c"b)) + 4xckxd"3xe + 4d*xaxdxe”3)/(a”3%c”2))"(1/4)*log(-(c"3xd"6
+ b¥axcT2*%d"4*e”2 - Bxa"2kxcxd"2xe”4 - a”3*%e”6)*x - (a”bkc"3*exsqrt((c"4*d"8
+ 12%a*c”™3*d"6%e”2 + 38%a”2xc”2xd"4*e"4 + 12xa"3kcxd"2xe”6 + a4xe”8)/(a”7
*xC7B5)) - axc”3*d"5 - 6*a”2xc”2xd"3*%e”2 - a~3kcxd*e”4)x((a"3*c"2xsqrt((cT4xd
78 + 12xa*xc”3*%d"6%e”2 + 38*a"2xc"2xd"4*e"4 + 12xa”3*ckd"2xe”6 + a"4xe”8)/(a
“Txc75)) + 4xcxd"3*e + 4xaxdxe”3)/(a"3*c”2))7(1/4)) - 1/8%(-(a"3*c"2*xsqrt ((
cT4*d™8 + 12%a*xc”3xd"6*e”2 + 38%a"2*c"2xd"4*e"4 + 12%a”3kcxd"2%e”6 + a"4*e”
8)/(a"7*c”5)) - 4xc*d"3%e - 4*axd*e”3)/(a”3*c”2)) " (1/4)*1log(-(c~3*d"6 + b*a
*xCT2xd"4*e"2 - b¥xa”2xc*d"2%e”4 - a"3%e”6)*x + (a"bxc " 3*xexsqrt((c”4xd"8 + 12
*xaxc”3*%d"6%e”2 + 38*a”2kc"2xd"4*e”4 + 12xa"3*c*d"2*e”6 + a~4*e”8)/(a”7*c”5)
) + axc”3%d”5 + 6%a"2%c"2%d"3%e”2 + a"3xckdxe”4)*(-(a"3*c"2xsqrt((c74*d"8 +
12%a*c™3*d"6%e”2 + 38*a"2*xc"2*xd"4*e”4 + 12%a"3%c*xd"2%e”6 + a~4xe”8)/(a"Txc
7B)) - 4*cxd"3*xe - 4xaxdxe”3)/(a”3*%c”2))7(1/4)) + 1/8x(-(a”"3xc”2*xsqrt((c 4x*
d"8 + 12%axc”3xd"6*%e”2 + 38xa”2xc”2xd"4*e"4 + 12*%a"3*cxd"2*xe”6 + a~4*xe”8)/(
a~7*c”b)) - 4xc*xd”3%e - 4xaxd*e”3)/(a"3%c”2)) " (1/4)*1log(-(c"3%d"6 + b¥axc™2
xd~4*xe”2 - b*a"2%c*kd"2%e"4 - a"3%e”76)*x - (a"b*c"3xe*xsqrt((cT4*d"8 + 12%axc
"3xd76*e”2 + 38%a”2%c”2+d"4*e”4 + 12*%a”3*kckd"2*e”6 + a"4*e”8)/(a”7*c”5)) +
axc”3*%d"5 + 6%a”2xc”2xd"3*%e”2 + a~3*cxd*e”4)*(-(a"3*%c"2*sqrt ((cT4*d"8 + 12x%
axc~3*d"6%e”2 + 38*%a"2*c"2xd"4xe”4 + 12%a”3xc*kd"2%e”6 + a"4*e”8)/(a”7*c”5))
- 4xcxd"3%e - 4xaxd*e”3)/(a”3%c”2))"(1/4))

giac [B] time = 0.75, size = 633, normalized size = 1.92

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(-c*x"8+a),x, algorithm="giac")

[Out] -1/8*(sqrt(-sqrt(2) + 2)*(-a/c)~(5/8)*e - d*sqrt(sqrt(2) + 2)*(-a/c)~(1/8))
xarctan((2xx + sqrt(-sqrt(2) + 2)*x(-a/c)~(1/8))/(sqrt(sqrt(2) + 2)*(-a/c)~(
1/8)))/a - 1/8*(sqrt(-sqrt(2) + 2)*(-a/c)~(5/8)*e - d*xsqrt(sqrt(2) + 2)*(-a
/c)”(1/8))*arctan((2*xx - sqrt(-sqrt(2) + 2)*(-a/c)~(1/8))/(sqrt(sqrt(2) + 2
)*(-a/c)~(1/8)))/a + 1/8*%(sqrt(sqrt(2) + 2)*x(-a/c)”~(5/8)*e + d*sqrt(-sqrt(2
) + 2)x(-a/c)”(1/8))*arctan((2*x + sqrt(sqrt(2) + 2)*(-a/c)~(1/8))/(sqrt(-s
qrt(2) + 2)x(-a/c)~(1/8)))/a + 1/8x(sqrt(sqrt(2) + 2)*(-a/c)~(5/8)*e + d*sq
rt(-sqrt(2) + 2)*(-a/c)~(1/8))*arctan((2*x - sqrt(sqrt(2) + 2)*(-a/c)~(1/8)
)/ (sqrt(-sqrt(2) + 2)x(-a/c)~(1/8)))/a - 1/16%(sqrt(-sqrt(2) + 2)*(-a/c)~(5
/8)*e — dxsqrt(sqrt(2) + 2)*x(-a/c)”(1/8))*log(x~2 + x*sqrt(sqrt(2) + 2)*(-a
/c)~(1/8) + (-a/c)~(1/4))/a + 1/16*(sqrt(-sqrt(2) + 2)*(-a/c)~(5/8)xe - dx*s
qrt(sqrt(2) + 2)*(-a/c)~(1/8))*log(x"2 - x*sqrt(sqrt(2) + 2)*(-a/c)~(1/8) +
(-a/c)~(1/4))/a + 1/16%(sqrt(sqrt(2) + 2)*(-a/c)~(5/8)*e + d*xsqrt(-sqrt(2)
+ 2)*(-a/c)”(1/8))*log(x"2 + xxsqrt(-sqrt(2) + 2)*(-a/c)~(1/8) + (-a/c)~(1
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/4))/a - 1/16x(sqrt(sqrt(2) + 2)*(-a/c)~(5/8)*e + d*xsqrt(-sqrt(2) + 2)x(-a/
c)~(1/8))*1log(x~2 - x*sqrt(-sqrt(2) + 2)*(-a/c)~(1/8) + (-a/c)~(1/4))/a

maple [C] time = 0.01, size = 39, normalized size = 0.12

(— RootOf (_Zsc - a)4 e— d) In (— RootOf (_Z8c - a) + x)

8c RootOf (_ZSC - a)7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x"4+d)/(-c*x"8+a),x)
[Out] 1/8/c*sum((-_R74*e-d)/ R™7*1n(- R+x), R=Root0f( Z"8%c-a))

maxima [F] time = 0.00, size = 0, normalized size = 0.00
t4d
~ f ex8 x
cx8—a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”4+d)/(-c*x"8+a),x, algorithm="maxima")
[Out] -integrate((e*xx”4 + d)/(c*xx"™8 - a), x)

mupad [B] time = 2.72, size = 2438, normalized size = 7.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e*x"4)/(a - c*x78),x)

[Out] (atan((a”3*e"6xx + c~3*d"6*x - a*c™2xd"4*xe"2xx - a~2%c*d”"2*e 4x*xx + (2xdxexx
*(a”2*%e”4*x(a”~7*xc"5) " (1/2) + c”2%d74*x(a”7*c"5)"(1/2) + 4xa~4*c”4*xd"3*%e + 4*a
“B*xc73*d*e”3 + B6xaxcxd"2*xe” 2+ (a”7*c”5)7(1/2)))/(a"3%c"2))/(a*c”3*d"5x ((a~2*
e”4x(a”7*c”5) " (1/2) + c”2xd"4*(a"7*c”5)"(1/2) + 4*xa~4xc”4+%d"3*e + 4*a”~5*xc”3
*d*e”3 + 6B*xaxckxd"2xe"2x(a~7*c”5) " (1/2))/(a"7*c"5)) " (1/4) + a~b*xc " 3*xex((a~2*
e”4x(a”7*c”5) " (1/2) + c™2xd"4*x(a”7*c”5)7(1/2) + 4*a~4xc”4*d"3*e + 4*a~b*c”3
*d*e”3 + G*axcxd"2xe"2x(a~7*c”5) " (1/2))/(a”7*c"5))~(5/4) + 2*a”2*xc”2xd"3*xe”
2% ((a™2*%e”4*x(a~7xc"5) " (1/2) + c~2%d"4*(a"7*c"5)"(1/2) + 4*a~4*c”4*d"3*e + 4
*a"5*c73*kd*e”3 + B6xaxcxd"2%e”2*(a”"7*xc”5)"(1/2))/(a”T*c"5)) " (1/4) - 3*a”"3*cx
d*e”4x*x((a"2*xe~4*x(a~7*c~5) " (1/2) + c™2xd"4*x(a~7*c~5)"(1/2) + 4*a~4*xc~4*xd"3*e
+ 4*a~bxc " 3xd*e”3 + 6Gxakc*xd"2xe”2x(a”7xc”5)"(1/2))/(a”7*c”5)) " (1/4)))*((a”
2%e”4x (a"7xc”5) " (1/2) + c”2xd"4*x(a”7xc”5)"(1/2) + 4*a~4xc”4*xd"3%e + 4*a”5x*xc
“3xd*e”3 + 6xakxcxd " 2*xe”2x(a”"7xc”5)"(1/2))/(a”7*c"5))"(1/4))/4 - (atan((axc”
2%d"4*e”2*%x — c73*d"6*x - a~3*%e”6*x + a"2kckd"2xe"4xx + (2+d*e*xx*k(a"2%xe 4% (
a~7xc”5)"(1/2) + c”2x%d"4x(a”7*c"5)"(1/2) - 4xa"4dxc"4*xd"3%e - 4xa”5xc"3*dxe”
3 + 6*xaxckd"2*e”2x(a”7*c"5)"(1/2)))/(a"3%c”2))/(a*c”3*d"5* (- (a"2%e"4x(a~T*c
“5)7(1/2) + c72%d”74*(a”"7*c75) " (1/2) - 4*a~4*xcT4xd"3%e - 4xa”bxc"3*d*e”3 + 6
xaxcxd"2xe 2% (a”7xc”5) " (1/2))/(a”7*c”5)) " (1/4) + a~5*xc 3xex(—(a"2*e"4x(a”7x*
c”5)7(1/2) + c”2%d"4x(a"7xc”5) " (1/2) - 4xa"4xc”4*xd"3*e — 4*a"5xc"3*d*e”3 +
B6xaxckxd"2%e”2x(a"7*c”5) " (1/2))/(a”7*c~5))"(5/4) + 2*xa”~2*c”2+d"3*xe”"2* (- (a~2x*
e"4x(a~7*c”5)"(1/2) + c72%d"4*x(a~7*c”5)"(1/2) - 4xa~4*c”4xd"3*e - 4*a~5%c”3
xd*e”3 + 6xaxc*xd"2*xe”2x(a~7xc”5)7(1/2))/(a"7*c"5)) " (1/4) - 3*a~3kckdxe”4x (-
(a™2*e"4*(a”~7*c”5) " (1/2) + c~2xd"4*(a"7*c”5)"(1/2) - 4*a~4xc”4*xd"3*e — 4*a”
5%c”3*d*e”3 + 6*xaxcxd"2xe” 2% (a”7*c”5)7(1/2))/(a"7*c”5)) " (1/4)))*(-(a"2xe " 4x*
(a”7xc™5)"(1/2) + c™2*%d"4x(a"7xc~5)"(1/2) - 4xa"4*xc~4*d"3xe - 4xa~5*xc~3*d*e
"3 + 6*akxckd"2xe"2x(a”7xc”5)"(1/2))/(a”"7*c”5))"(1/4))/4 - atan((a"3*e " 6*kx*1
i+ ¢c73%d76*xxx11 — axc”2xd"4*xe”2xx*1i - a"2*xcxd"2*xe"4*x*1i + (dxexx*k(a~2xe”
4x(a~7*c"5)"(1/2) + c”2%d"4*x(a”7*c"5)"(1/2) + 4*xa~4*c”4*xd"3*xe + 4*xa~5xc”3*d
*e73 + G*axckd"2xe"2x(a~7T*c”5) " (1/2))*21i)/(a"3*c”2) )/ (a*xc”3*d"5*x ((a~2xe " 4x*(
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a~7*c”B) " (1/2) + c”2xd"4*x(a”7*c”5) " (1/2) + 4*xa~4xc”4+d"3*e + 4*a”~5xc”3xdxe”
3 + 6*axckd"2xe”2x(a”7xc”5)"(1/2))/(a”7*c”5)) " (1/4) + a~b*xc"3*xex((a"2xe”4*(
a~7*c”5)"(1/2) + c72xd74*(a"7*c"5)"(1/2) + 4*xa~4xc”4xd"3*e + 4xa”b*xcT3*xdxe”
3 + 6*xaxcxd"2xe"2x(a~7*c”5) " (1/2))/(a~7*c"5)) " (5/4) + 2*a”2*c”2*xd"3*e"2*x((a
“2%e7 4% (a"7*c”5) T (1/2) + c72%d74*x(a”7*c”5) " (1/2) + 4*a~4*c”4*d"3*xe + 4*xa”~bx
c"3xd*e”3 + 6*axckxd"2xe"2x(a~7*c”5)"(1/2))/(a"7*c"5))"(1/4) - 3*a"3*cxd*e”4
*((a™2%e”4*x(a”~7*c”5) " (1/2) + ¢ 2%d"4*x(a"7*c"5) " (1/2) + 4*a~4*c 4*xd"3*e + 4x
a~bxc"3*xd*e”3 + 6kxaxckxd 2xe”2x(a”~7*c”5)"(1/2))/(a”7*c~5)) " (1/4)))*((a"2*e"4
x(2”7*xc75)7(1/2) + c72xd"4x(a"T7*xc”5) " (1/2) + 4xa”4*c”4*d"3*xe + 4*xa~bxcT3xdx*
e”3 + B*axcxd"2xe" 2% (a~7xc”5)"(1/2))/(4096*a~7*c"5)) " (1/4)*2i + atan((a*c™2
*d"4xe " 2kx*1i — c73*%d76xx*1i — a"3ke"6kx*k1i + a"2xckd"2xe 4dkxx1i + (dxexxk(
a"2xe~4x(a"7*c”5) " (1/2) + c”2xd"4*x(a~7*c”5)"(1/2) - 4*xa~4*c”4xd"3*e - 4*a”h
*xCc"3*d*e”3 + 6kaxckd"2xe”2x(a”7xc”5)7(1/2))*21)/(a"3*c”2))/(a*xc”3*d"5x (- (a”
2xe”4x (2" 7*c”5) " (1/2) + c”2xd"4x(a”7*c”5) " (1/2) - 4%a”4*xc”4*xd"3*e - 4*a”5xc
“3*xd*e”3 + 6xakxcxd"2*xe”2x(a”"7xc”5)7(1/2))/(a"7*c”5)) " (1/4) + a~5*c " 3xex(-(a
“2%e7 4% (a"7*c”5) " (1/2) + c72+%d74*(a”7*c”5)"(1/2) - 4*a~4*c”4*d"3*e - 4*xa”~bx
c"3*d*e”3 + 6*axckxd"2xe"2x(a~7*c”5)"(1/2))/(a”7*c"5)) " (5/4) + 2*a”2*c”2*d"3
xe" 2% (- (a”2%e”4*x(a~7*c”5) " (1/2) + c 2xd"4*x(a~7xc"5)"(1/2) - 4*a”4*xc~4*xd"3*e
- 4*a~bxc 3xd*e”3 + 6Gxakcxd"2xe”2x(a”7xc”5)"(1/2))/(a”7*c”5)) " (1/4) - 3*a”
3xcxd*e"dx (- (a"2xe"4*x(a~7*c”5) " (1/2) + c™2xd"4*x(a~7*c”5)"(1/2) - 4*xa~4*c”4x
d"3*e - 4*a”~bxc"3xd*e”3 + 6*akckd"2xe”2x(a~7xc”5)7(1/2))/(a”"7*c”5))"(1/4)))
*(-(a~2%e”4x(a”7xc”5) " (1/2) + c™2%d"4x(a"7xc~5)"(1/2) - 4xa"4*xc~4*d"3xe - 4
*xa”~5%c"3*%d*e”3 + 6kxaxckxd 2xe”2%(a”~7*c”5) " (1/2))/(4096%a"7xc"5)) " (1/4)*2i

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/(-c*xx**8+a),x)

[Out] Timed out



55

4
3.5 f _ v dx

d2+bx4+e2x8

Optimal. Leaf size=791

1og (_x\/szz \ade—b +a + exz) log (x\/zﬁz@ \3de—b +a + exz)_log (_N

8\/3\/2\/3\/_ —V2de-b 8Vd \/2\/21\[ —\2de-b 8V

Rubi [A] time = 0.86, antiderivative size = 791, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 26,

number of rules _ ) 231, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

N - r—
h.,,v(frvzﬁ\ﬁfvmfn + VA +E?) log(xy2VAVE = V2Ae = b + VA +VEx?| log|-xy[V2de—b +2VAE + Vi + Vx| log|xy V2
+ -
8V ‘/z‘ﬂ Ve - V2de-b s«/i\/zyﬁ Ve - V2de—b

Antiderivative was successfully verified.
[In] Int[(d + exx"4)/(d"2 + b*x"4 + e72%x78),x]

[Out] -ArcTan[(Sqrt[2*Sqrt[d]*Sqrtle] - Sqrt[-b + 2xd*e]] - 2*Sqrt[el]*x)/Sqrt[2*S
qrt[d]*Sqrt[e] + Sqrtl[-b + 2xdxell]/(4*Sqrt[d]*Sqrt[2*Sqrt[d]*Sqrtle] + Sqr
t[-b + 2xd*el]) - ArcTan[(Sqrt[2*Sqrt[d]*Sqrt[e] + Sqrt[-b + 2*xd*e]] - 2%Sq
rt[e]*x)/Sqrt [2*Sqrt [d]*Sqrt[e] - Sqrt[-b + 2*d*el]]/(4*Sqrt[d]*Sqrt[2*Sqrt
[d]*Sqrt[e] - Sqrt[-b + 2*xdxe]]) + ArcTan[(Sqrt[2*Sqrt[d]*Sqrtl[e] - Sqrt[-b
+ 2xd*xe]] + 2xSqrtlel]*x)/Sqrt[2*Sqrt[d]*Sqrtle] + Sqrt[-b + 2*xdxe]]l]/(4%*Sq
rt [d]*Sqrt [2#Sqrt [d]*Sqrt[e] + Sqrt[-b + 2xd*e]]) + ArcTan[(Sqrt[2*Sqrt[d]=*
Sqrt[e] + Sqrt[-b + 2*xdxe]] + 2*xSqrtle]*x)/Sqrt[2*Sqrt[d]*Sqrtle] - Sqrt([-b
+ 2*xd*e]]]/(4*Sqrt [d] *Sqrt [2xSqrt [d]*Sqrt[e] - Sqrt[-b + 2xd*el]) - Logl[Sq
rt[d] - Sqrt[2xSqrt[d]*Sqrtle] - Sqrt[-b + 2xd*e]]l*x + Sqrtle]l*x~2]/(8*Sqrt
[d] *Sqrt [2*#Sqrt [d]*Sqrt[e] - Sqrt[-b + 2xd*el]) + Log[Sqrt[d] + Sqrt[2*Sqrt
[d]1*Sqrtle] - Sqrt[-b + 2*d*e]l*x + Sqrt[el*x"2]/(8*Sqrt[d]*Sqrt [2xSqrt [d]*
Sqrt[e] - Sqrt[-b + 2*xd*el]) - Logl[Sqrt[d] - Sqrt[2*Sqrt[d]*Sqrtle] + Sqrt[
-b + 2*d*e]]xx + Sqrtle]*x"2]/(8xSqrt[d]*Sqrt[2*Sqrt[d]*Sqrt[e] + Sqrt[-b +
2xd*e]]) + Logl[Sqrt[d] + Sqrt[2*Sqrt[d]*Sqrtle] + Sqrt[-b + 2*xd*e]]l*x + Sq
rt[e]l*x~2]/(8%Sqrt [d] *Sqrt [2*xSqrt [d] *Sqrt[e] + Sqrt[-b + 2xdxe]])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1l/(a + bxx + c*xx"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ



56

[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4x*axc]

Rule 1094

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc*qg*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xqg*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4x*axc]

Rule 1419

Int[((d) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*%c), Int[1/Simpl[d/e - g*x~(n/2) + x
“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 2]11))

Rubi steps
1 1
d+ ext f d_Nbeade:? |y dx f d Nbak? dx
d_x = ¢ e + e e
f d% + bx* + e2x8 2¢ 2%
\/m ZVE\/E—\/W . \/m
v w7 — 7
dx dx
fﬁ_me+2 fﬁ+\/mx+2 fﬁ_mx
Ve Ve ! Ve Ve X Ve Ve

i 4«/3\/2«/3\/5 —\=b +2de +4«/3\/2«/3\/E —\-b +2de +4x/3\/2x/3\/2 +V-b

1 1 1
d d
f @_,/wa Ve -V-b+2de 5, * f Vi 2V \/E—\/—b+2dex+ * f Vi \2Vd \/E+\/—b+2dex+

NN © vt w L Ve ©

8vVd e 8vVd e 8Vd e
log (\/E - \/2\/3\/5 —V-b+2de x + \/Exz) log (\/E + \/2\/3\/5 —V-b+ 2de 2

= - +

8Vd \/2«/3\/2 — Vb +2de 8vd \/Zx/E\/E — V-b + 2d
tan-1 \J2Vd Ve —V=b+2de ~2+fex tan-1 \J2Vd Ve +V-b+2de —2+Jex tan-! \2Vd e—/
an an an™' | ———
2d e +V-b+2de 2Vd \Je—V-b+2de \J2Vd e

WA iNe Vo o AiNAYe Vo AV -

Mathematica [C] time = 0.04, size = 67, normalized size = 0.08

L #1%elog(x — #1) + dlog(x — #1
ZRootSum [#1832 + 14D + P&, T C og(x — #1) + dlog(x )&]

24172 + #1°b
Antiderivative was successfully verified.

[In] Integrate[(d + e*x"4)/(d"2 + b*x~4 + e~2*x78),x]

[Out] RootSum[d~™2 + b*#174 + e™2x#178 & , (dxLoglx - #1] + exLoglx - #1]1x#174)/(b
*#173 + 2%xe”2x#177) & ]1/4
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IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

d + ex*
f dx
d? + bx4 + e2x8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + exx"4)/(d"2 + b*x"4 + e72x%x78),x]
[Out] IntegrateAlgebraic[(d + e*x™4)/(d”2 + b*x"4 + e72%x78), xI
fricas [B] time = 1.86, size = 3059, normalized size = 3.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e~2*x"8+b*x~4+d"2),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(-((4*d"4*e"2 + 4xbxd~3*e + b~2+d~2)*sqrt(-(2*d*e - b)/
(8%d~7xe”3 + 12%b*d"6*e”2 + 6%b"2xd"5*e + b73*%d"4)) + b)/(4*d"4xe”2 + 4*bxd
“3%e + b72xd”2)))*arctan(-1/4*(2xsqrt (1/2)*((8*%d"5*e~3 + 12*xb*d~4*e”2 + 6%b
“2%d"3%e + b73*%d"2)*x*sqrt(-(2xd*e - b)/(8*%d"7*e”3 + 12*b*d"6*e”2 + 6xb”2xd
“bxe + b73%d"4)) - (4*d"2*e”2 + 4xb*dxe + b72)*x)*sqrt(-((4*xd"4xe”2 + 4xbxd
“3%xe + b72xd"2)*sqrt(-(2xd*e - b)/(8*%d"7xe”3 + 12%b*d"6*e”2 + 6xb"2xd"5*xe +
b~3*d~4)) + b)/(4*d"4*e”2 + 4xb*xd"3xe + b72*d"2)) + (4*%d"2%e”2 + 4xbxd*e +
b~2 - (8*%d"5*e”3 + 12xb*d"4*e”2 + 6*%b"2xd"3%e + b~3xd"2)*sqrt (- (2*d*e - b)
/(8%d"T*xe”3 + 12%b*d"6*e”2 + 6xb~2xd"5*e + b73*d"4)))*sqrt(-((4*d"4*e"2 + 4
*xb*d"3%e + b"2xd"2) *sqrt(-(2*d*xe - b)/(8xd"7*e~3 + 12xb*d~6%e”2 + 6xb~2*d"5
xe + b73*%d74)) + b)/(4*d"4xe”2 + 4xbxd"3xe + b"2*d"2))*sqrt((2*e”2*x"2 + sq
rt(1/2)*(2xb*d*e + b~2 - (8+%d~5*e”3 + 12xbxd~4*e”2 + 6%b~2*d"3xe + b~3*d"2)
xsqrt (-(2*d*e - b)/(8*d"7*e"3 + 12xb*d~6%e”2 + 6*%b~2*d"5*e + b~3*d"4)))*sqr
t (- ((4xd~4*e"2 + 4xb*d"3*%e + b~2*d"2)*sqrt(-(2xdxe - b)/(8*d"7*e”3 + 12%b*d
“6*%e”2 + 6xb”2xd"b*e + b73%d"4)) + b)/(4xd"4*xe”2 + 4*b*xd"3*e + b72xd"2)))/e
~2))*sqrt(sqrt(1/2) *sqrt (- ((4*xd~4xe”2 + 4*xbxd~3*e + b~ 2*d"2)*sqrt(-(2*d*e -
b)/(8*%d"7*xe"3 + 12%b*d"6%e”2 + 6*%b"2xd"5*e + b~3xd"4)) + b)/(4*d"4*e"2 + 4
*xb*d"3%e + b72%xd"2)))/e) + sqrt(sqrt(1/2)*sqrt(((4*xd~4*e”2 + 4*b*d"3*%e + b~
2xd"2) *sqrt (- (2*d*e - b)/(8*d"7*e”3 + 12xb*d~6%e”2 + 6*b~2*d"5*e + b~3xd"4)
) — b)/(4xd"4*xe”2 + 4*b*xd"3*%e + b72+d"2)))*arctan(-1/4*(2*xsqrt(1/2)*((8*d~5
xe”3 + 12%b*d"4*e”2 + 6%b72xd"3%e + b~ 3*d"2)*x*sqrt(-(2*dxe - b)/(8xd"7*xe"3
+ 12*%b*d"6%e”2 + 6%b~2+d"5*e + b~3*%d"4)) + (4xd"2%e”2 + 4xbxd*ke + bT2)*x)x*
sqrt (sqrt (1/2) *sqrt (((4*d"4*e”2 + 4xb*d"3%e + b~2+d"2)*sqrt(-(2*xd*e - b)/(8
*d"7*xe”3 + 12%b*d"6*e”2 + 6xb~2%d"b*e + b73%d"4)) - b)/(4*d"4*e”2 + 4xbxd"3
xe + b72%d72)))*sqrt (((4*xd~4*e”2 + 4xb*d"3*e + b~2xd"2)*sqrt (-(2xd*e - b)/(
8xd"7*e”3 + 12*%b*d"6*e”2 + 6*xb”"2xd"b*e + b~3*%d"4)) - b)/(4*xd"4*e”2 + 4xb*xd”
3xe + b72*%d72)) - (4xd"2xe"2 + 4xbxd*e + b72 + (8*%d"5%e”3 + 12*%bxd"4*e”2 +
6*%b~2%d"3%e + b73%d"2)*sqrt(-(2*d*e - b)/(8%d"7*e”3 + 12xbxd"6%e”2 + 6xb~2x
d"6%e + b~3%d"4)))*sqrt(sqrt(1/2)*sqrt (((4*d~4*e”2 + 4xb*d"3*e + b72xd"2)*s
qrt (- (2*d*e - b)/(8*d"7*xe"3 + 12%b*d"6%e”2 + 6*b~2xd"5*xe + b~3*xd"4)) - b)/(
4xd"4*xe”2 + 4*xbxd"3*%e + b72%d"2)))*sqrt (((4*d"4*e”2 + 4xb*d"3xe + b~2*xd"2)*
sqrt (- (2*d*xe - b)/(8xd"7*e~3 + 12xb*d~6%e”2 + 6%b~2*d"5*e + b~3xd"4)) - b)/
(4xd~4*e”2 + 4xb*d~3%e + b~2*%d"2))*sqrt((2*xe”2%x"2 + sqrt(1/2)*(2*bxdxe + b
"2 + (8*%d"5*e”3 + 12xbxd"4*e”2 + 6xb~2xd"3*e + b~3*d"2)*sqrt(-(2xd*e - b)/(
8%xd"7*xe"3 + 12xb*d~6%e”2 + 6%b~2*d"b*e + b73*xd"4)))*sqrt(((4*xd"4*xe”2 + 4*bx
d"3%e + b72xd"2)*sqrt (- (2*xd*e - b)/(8%d"7*xe”3 + 12xb*d"6*e”2 + 6xb~2%d"5*e
+ b7™3*%d74)) - b)/(4*d"4*e”2 + 4xb*d"3*e + b"2xd"2)))/e"2))/e) + 1/4xsqrt(sq
rt(1/2) *sqrt (- ((4*xd"4*e”2 + 4*xb*d"3xe + b"2+d"2)*sqrt(-(2xd*e - b)/(8*d"7xe
73 + 12xb*d"6%e”2 + 6%b~2*%d"b*e + b"3*%d"4)) + b)/(4xd"4*e"2 + 4xb*d"3*e + b
~2%d”2)))*log(e*xx + 1/2%x(2xd*e - (4*d"4*e”2 + 4xb*d"3%e + b~2xd"2)*sqrt(-(2
xd*e - b)/(8*%d"7*e”3 + 12*%bxd"6%e”2 + 6%b"2xd"5xe + b~3*d"4)) + b)*sqrt(sqr
t(1/2)*sqrt (-((4*d~4*e”2 + 4xb*d"3%e + b~2xd"2) *sqrt (- (2*d*e - b)/(8xd~7*e~
3 + 12%bxd~6*e”2 + 6xb~2*d"5*xe + b~3*%d"4)) + b)/(4xd"4*e”2 + 4xb*d"3%e + b~
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2%d72)))) - 1/4*sqrt(sqrt(1/2)*sqrt(-((4xd~4*e”2 + 4*bxd~3*e + b~2*d”2)*sqr
t(-(2*d*e - b)/(8*d"T*e"3 + 12%b*xd"6%e”2 + 6xb~2xd"5xe + b~3xd"4)) + b)/(4x
d"4*e”2 + 4xbxd"3%e + b72xd"2)))*log(e*xx - 1/2%(2*d*e - (4*d"4*e”2 + 4xbxd”
3%e + b7"2*%d"2)*sqrt(-(2xdxe - b)/(8xd"7*e”"3 + 12xbxd~6*e”2 + 6%b~2*d"5*xe +
b~3*%d"4)) + b)*sqrt(sqrt(1/2)*sqrt(-((4*xd~4*e”2 + 4xb*xd~3*e + b~2xd"2)*sqrt
(-(2%d*e - b)/(8*d"7*xe"3 + 12xb*d~6%e”2 + 6*%b"2xd"5*e + b~3*%d"4)) + b)/(4x*d
“4xe”2 + 4xbxd"3%e + b"2%d"2)))) + 1/4*xsqrt(sqrt(1/2)*sqrt(((4xd~4*e”2 + 4%
bxd"3%e + b72%d"2)*sqrt(-(2*d*e - b)/(8*d"7xe”3 + 12%b*d"6%e”2 + 6%b~2%d 5
e + b73xd"4)) - b)/(4*d"4*xe”2 + 4*xbxd"3*e + b"2xd"2)))*log(exx + 1/2%(2*d*e
+ (4xd"4*e”2 + 4xb*xd"3%e + b72xd"2)*sqrt(-(2xd*e - b)/(8*d"7xe”3 + 12%b*xd~
6*e”2 + 6%b"2xd"5*xe + b~3*d"4)) + b)*sqrt(sqrt(1/2)*sqrt(((4*xd~4*e~2 + 4xDbx
d™3%e + b72*%d"2)*sqrt (-(2*xd*e - b)/(8*d~7*e”3 + 12xbxd~6*e”2 + 6xb~2xd 5*e
+ b7™3%d"4)) - b)/(4*d"4*e”2 + 4xb*d"3%e + b"2%xd"2)))) - 1/4*sqrt(sqrt(1/2)*
sqrt (((4xd~4xe”2 + 4xbxd"3%e + b~2+d"2)*sqrt(-(2*d*e - b)/(8*d"7xe”3 + 12%b
*d~6%e”2 + 6%b”2*%d"5*e + b"3*%d"4)) - b)/(4xd"4*xe”2 + 4xb*d"3*%e + b"2%d"2)))
xlog(exx - 1/2%x(2xd*e + (4xd"4xe”2 + 4*xbxd~3*e + b~2*d"2)*sqrt(-(2*d*e - Db)
/(8%d"7*e”3 + 12*%b*d~6%e”2 + 6%b~2+%d"5*e + b~3*d"4)) + b)*sqrt(sqrt(1/2)*sq
rt (((4xd"4xe”2 + 4xbxd~3*e + b~2%d~2)*sqrt(-(2xd*e - b)/(8*d"7*e”3 + 12%b*d
“6%e”2 + 6%b"2%d"b*e + b73%d"4)) - b)/(4*d"4*e”2 + 4xbxd"3%e + b"2%d"2))))

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~4+d)/(e”2*x"8+b*x~4+d"2),x, algorithm="giac")
[Out] Timed out

maple [C] time = 0.05, size = 53, normalized size = 0.07

(RootOf (ez_Z8 +b 7+ d2)4 e+ d) In (— RootOf (ez_Z8 +b 74+ d2) + x)

3
8 RootOf (eZ_z8 +b 7%+ d2)7 e2 + 4 RootOf (eZ_Z8 +b 7%+ d2) b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"4+d)/(e"2*xx"8+b*x~4+d"2) ,x)

[Out] 1/4*sum((_R~4*e+d)/(2%_R~7*e"2+ R™3*b)*1n(-_R+x), R=Root0f (_Z"8*e~2+_Z 4xb+
d~2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

ex* +d
f dx
e?x8 + bx* + d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x"8+b*x~4+d"2),x, algorithm="maxima")
[Out] integrate((exx"4 + d)/(e”2%x”8 + b*x"4 + d72), x)

mupad [B]  time = 3.83, size = 10409, normalized size = 13.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"4)/(b*xx"4 + d72 + e72%x78),x)

[Out] 2*atan(((x*(32*%b*d"5%e~13 - 4*xb~4*xd"2%e~10 + 24%b~3%d"3*e"11 - 48%b~2*xd 4dxe
~12) + (-(0"3 + ((b - 2xd*e)*(b + 2*d*xe)”5)"(1/2) + 4%b*xd"2%e”2 + 4xb~2*dx*e
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)/ (512%(b"4%d"2 + 16*d"6*e"4 + 8*b~3*d"3*e + 32*b*xd"5*xe”3 + 24*b"2*xd"4*e"2)
)" (1/4) % ((x*(65536%d"9*e~15 - 32768*b*d"8*e~14 + 1024%b~7*d"2%e”8 - 2048*b
“6xd"3*%xe”9 - 10240*%b"5*%d"4*xe”10 + 20480%xb"4xd"5*e”11 + 32768*b"3*d"6*%e”12 -
65536*%b"2*xd"7*e”13) - (-(b~3 + ((b - 2xd*e)*(b + 2xd*e)~5)~(1/2) + 4*xb*d~2
*e72 + 4*xb72xd*e)/(512%x(b~4*d"2 + 16*d"6*e”4 + 8*b~3*xd"3%e + 32*b*d"5*e”3 +
24xb~2%d"4*xe"2)) )~ (1/4)*(262144*%d"10%e"15 — 262144xb*d"9*e”14 + 4096*b~7*d
“3%xe”8 - 4096*b"6*%d"4*xe”9 - 49152%b"5xd"5%xe”10 + 49152%xb"4*xd"6*e”"11 + 19660
8*b~3*%d"7*xe"12 - 196608*b~2*d"8%e”13)*1i)*(-(b"3 + ((b - 2*xd*e)*(b + 2*dx*e)
“5)7(1/2) + 4xbxd"2*e”2 + 4%b"2xd*e)/(512x(b74*d"2 + 16*%d"6*e”4 + 8*b”~3*d"3
xe + 32*xb*d"5*%e”3 + 24xb"2+%d"4%e”2))) " (3/4)*1i - 256*%d"T7*e”14 + 256*xbxd"6*e
13 + 16*%b74*xd"3*e”10 - 64%b~3*%d"4*e”11)*1i)*(=(b~3 + ((b - 2*d*e)*(b + 2*d
*xe)"5)7(1/2) + 4xbxd"2%e”2 + 4*xb~2*dxe)/(512%(b"4*%d"2 + 16*d"6%e”4 + 8*b~3*
d"3xe + 32%b*d"5*e”3 + 24*b”2xd"4*e”2))) " (1/4) + (x*(32*xb*d"5*e”13 - 4%b~4x
d"2*%e”10 + 24*b~3x%d"3%e”11 - 48*b"2xd"4*xe"12) + (-(b"3 + ((b - 2*xd*e)*(b +
2%d*e) "5) " (1/2) + 4xbxd"2xe”2 + 4*b~2*d*e)/(512*x(b"4*xd"2 + 16*d"6*e”4 + 8*b
~3*d"3%e + 32%b*d"5%e”3 + 24*b"2x%d"4*e"2))) " (1/4)*((x*(65536*d"9*e”15 - 327
68xb*d"8xe”14 + 1024*b~7*d"2*xe”8 - 2048*b"6*d"3*%e”9 - 10240*%b~5*%d"4*xe”10 +
20480%b~4xd"5*e”~11 + 32768*b~3*d"6*e~12 - 65536*b~2%d"7*xe~13) + (-(b"3 + ((
b - 2%dxe)*(b + 2%dxe)”5)"(1/2) + 4*xb*d"2%e”2 + 4*xb~2*dxe)/(512*%(b~4*d"2 +
16%d"6*e~4 + 8xb~3*d"3*e + 32%b*d"5%e”3 + 24*xb"2*xd"4*xe”2))) "~ (1/4)*(262144%4
“10*%e715 - 262144*xbxd"9*xe”14 + 4096*b~7*xd"3*xe”8 - 4096*xb"6*d"4*e”9 - 49152
b~5*%d"5%xe”10 + 49152%xb74*xd"6*e”"11 + 196608*xb"3*xd"7*e~12 — 196608*b~2xd " 8*e”
13)*1i)*(-(b~3 + ((b - 2*xd*e)*(b + 2xd*e)~5)"(1/2) + 4*xb*xd"2*xe”2 + 4*b~2*d*
e)/(512%(b™4%d"2 + 16*d"6*xe”4 + 8*b~3*%d"3*e + 32*b*d"5*e”3 + 24%¥b~2*xd"4*e”2
1))~ (3/4)*%1i + 256%d"7*e"14 - 256%b*d"6%e”13 - 16*b~4*d"3*e”10 + 64*b~3%d"4
*e711)*11)*(=(b"3 + ((b - 2*d*e)*(b + 2*d*e)”~5)~(1/2) + 4xb*d"2*e”2 + 4*b~2
*d*e) /(512%(b74*d"2 + 16*%d"6*e”4 + 8*b~3*d"3*e + 32xb*d"5%e”3 + 24*b"2xd"4x*
e™2))) " (1/4))/ ((x*(32%b*d~5%e~13 - 4%b~4xd"2%e”10 + 24%b~3*%d"3xe~11 - 48xb~
2%d"4xe”12) + (=(b"3 + ((b - 2xd*e)*(b + 2*d*e)”5)~(1/2) + 4*xbxd"2*e”2 + 4x
b~2+d*e)/(512% (b~ 4*%d"2 + 16*d"6*e”4 + 8*b~3*d"3*e + 32%bxd"5*e”3 + 24*xb~2x*d
“4*xe”2))) " (1/4) *((x*(65536*%d"9*e~15 — 32768*b*d"8*xe~14 + 1024*b~7*d"2%e"8 -
2048*b"6*%d"3xe”9 - 10240%b~"5xd"4*xe”10 + 20480*xb"4*xd"5*e”11 + 32768*b~3*d"6
xe~12 - 65536*%b~2xd"7xe”"13) - (-(b"3 + ((b - 2*d*e)*(b + 2xd*e)~5)~(1/2) +
4xb*xd"2*e"2 + 4xb"2*xdxe)/(512%(b"4*xd"2 + 16*d"6xe”4 + 8*b~3*d"3*e + 32*b*xd”
5%xe”3 + 24xb"2x%d"4%e”2))) " (1/4)*(262144%d"10*%xe”15 - 262144*xb*d"9*e~14 + 409
6xb"7*d"3*%e”8 - 4096*b~"6*%d"4*xe”9 - 49152*%b"5%xd"5xe”10 + 49152xb"4*d"6*e" 11
+ 196608*b~3*%d"7xe"12 — 196608*%b~2xd"8*e~13)*1i)*(-(b"3 + ((b - 2*d*xe)*(b +
2%dxe)"5) " (1/2) + 4xb*d"2%e”2 + 4*b~2xdxe)/(512*%(b"4*d"2 + 16*%d"6*xe”4 + 8%
b~3*%d"3%e + 32*b*d"5*e”3 + 24%b"2xd"4*e”2))) " (3/4)*1i - 256*d"7*e"14 + 256%
b*d“6xe~13 + 16%b~4*d"3*e”10 - 64*b~3xd"4*e”11)*1i)*(-(b"3 + ((b - 2*d*e)*(
b + 2%d*e)”5)"(1/2) + 4xbxd"2%e”2 + 4xb"2xd*xe)/(512*(b~4*d"2 + 16*xd"6*e”4 +
8*%b~3*d"3*e + 32*xbxd"5*e”3 + 24*b"2*xd"4*e”2))) " (1/4)*1i - (x*(32*b*d"5*xe”1
3 - 4xb"4xd"2%e”10 + 24xb"3*xd"3*e”"11 - 48*xb"2*xd"4xe"12) + (-(b~3 + ((b - 2%
d*e)*(b + 2xd*e)~5)"(1/2) + 4*b*d"2*e”2 + 4*xb~2xd*e)/(512%(b"4*d"2 + 16*d”6
*¥e”4 + 8*b~3%d"3*%e + 32*b*d"5*e”3 + 24xb~2*xd"4*e”2))) " (1/4) % ((x* (65536*d~9*
e~ 15 - 32768xb*d"8*e” 14 + 1024xb"7*d"2*%e”8 - 2048*b~"6*xd"3*xe”9 - 10240*b~5*d
“4xe”10 + 20480*b~4*d"5%e”11 + 32768*b~3*d"6*e”12 — 65536%b"2xd"T*e”"13) + (
-(b"3 + ((b - 2*xd*e)*(b + 2*d*e)”5) " (1/2) + 4*xbxd"2*xe”2 + 4*b~2*d*xe)/(512%(
b~4*xd"2 + 16*d"6*e”4 + 8*b~3%d"3*%e + 32*xb*d"5xe”3 + 24xb"2xd"4*e”2))) " (1/4)
*(262144%d"10%e”15 - 262144*xb*d"9*e”14 + 4096*b~7x*d"3*%e”8 - 4096*b~6*d " 4*e”
9 - 49152%b"5%d"5*%xe”10 + 49152*xb"4xd"6*e”11 + 196608*xb"3*xd"7*e”12 - 196608x*
b™2xd"8*e"13)*1i)*(-(b~3 + ((b - 2*xd*e)*(b + 2*d*e)”5) " (1/2) + 4*xbxd~2*e”2
+ 4xb~2*xd*e) /(512x(b~4*d"2 + 16*d"6*e”4 + 8xb~3*%d"3*e + 32*b*d"5*e”3 + 24xDb
~2xd"4%e”2))) " (3/4)*1i + 256%d"T*e”"14 - 256xb*d"6xe”13 - 16*b~4*d"3*%e~10 +
64*b"3*%d"4*xe"11)*1i)*(=(b~3 + ((b - 2xd*e)*(b + 2xd*e)”5)"(1/2) + 4*xbxd"2x*e
"2 + 4xb"2%d*e)/(512*%(b74*d"2 + 16*%d"6*e”4 + 8*b~3*xd"3*e + 32*%bxd"5*e”3 + 2
4xb~2xd"4*e"2))) " (1/4)*11i))*(=(b"3 + ((b - 2*d*e)*(b + 2*xd*e)”~5)~(1/2) + 4%
bxd"2*xe”2 + 4%b"2+d*e)/(512*(b"4*d"2 + 16*%d"6*e”4 + 8*b~3*d"3*e + 32xb*d"5*
e”3 + 24%xb"2%d"4*e"2))) " (1/4) - atan(((x*(32*%b*d"5*e”13 - 4*b~4*d"2*e~10 +
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24xb~3%d"3%e~11 - 48%b"2xd"4*e"12) - (-(b"3 + ((b - 2*xd*e)*(b + 2*d*xe)~5) " (
1/2) + 4xbxd~2*e”2 + 4xb~2xd*e)/(512*x(b"4*d"2 + 16*d"6*e”4 + 8*b~3*d"3*e +
32xbxd"5*e”3 + 24xb"2*xd"4%e72))) " (1/4) % ((x*(65536*%d"9*e~15 - 32768xb*xd~8*e”
14 + 1024xb~7*d"2%e”8 - 2048*b~6*d"3*xe”9 - 10240%b"5*%d"4*xe”10 + 20480*xb~4x*d
“Bxe"11 + 32768*b"3*%d"6xe”12 — 65536xb72xd"7*e"13) + (—=(b"3 + ((b - 2xd*e)*
(b + 2%d*e)”5) " (1/2) + 4xbxd"2%e”2 + 4*b~2*d*xe)/(512*x(b~4*d"2 + 16*d"6*e"4
+ 8%b"3*d"3*e + 32%bxd"5*xe”3 + 24*xb"2xd"4*xe"2)) )~ (1/4)*(262144%d"10%e"15 -
262144xbxd"9*e”14 + 4096%b~7*xd"3*e”8 - 4096*%b~6xd"4*xe”9 - 49152xb"5xd " 5*e”1
0 + 49152*b~4*d"6xe”11 + 196608*b~3*d~7*e~12 - 196608*b~2*¥d"8*e~13) )*(-(b~3
+ ((b - 2xd*e)*(b + 2xd*e)”5) 7 (1/2) + 4xbxd"2xe”2 + 4*b~2xdx*e)/(512*% (b~ 4x*d
"2 + 16*%d"6xe"4 + 8*%b”"3*xd"3*e + 32*bxd"5*xe”3 + 24xb"2xd"4xe”2)))"(3/4) - 25
6%d"7xe"14 + 256*%b*xd"6*%e”13 + 16*¥b"4*xd"3*e”10 - 64%b"3xd"4*e”"11))*(-(b"3 +
((b - 2%d*xe)*(b + 2*xd*e)”~5)"(1/2) + 4xb*d"2*e”2 + 4*xb~2xd*e)/(512%(b"4*d"2
+ 16*d"6*xe”4 + 8xb~3*%d"3*e + 32*b*d"5*e”3 + 24xb72x%d"4*e”2))) " (1/4)*1i + (x
*(32%b*d"5*%e”13 - 4*b~4xd"2%e”10 + 24*b”3*d"3*e"11 - 48%b"2*xd"4*e”12) - (- (
b"3 + ((b - 2*d*e)*(b + 2*d*e)”5)"(1/2) + 4%b*d"2*e”2 + 4*xb~2xd*xe)/ (512 (b~
4xd"2 + 16*xd"6%e"4 + 8*b"3*d"3*e + 32*xbxd"5*e”3 + 24*b"2xd"4*e”2))) "~ (1/4)*(
(x*(65536*d"9*e”15 - 32768*b*xd"8*xe” 14 + 1024*b~7*d"2*e”8 - 2048*b~6*xd"3*e”9
- 10240*%b"5*xd"4*xe”10 + 20480*b"4*d"5*e”11 + 32768*b"3*xd"6*e~12 - 65536*xb~"2
*Q"7*%e713) - (-(b”3 + ((b - 2+d*e)*(b + 2*xd*e)~5)~(1/2) + 4xb*d"2*e”2 + 4x*b
“2xd*xe) /(512 (b"4*d"2 + 16*%d"6*xe"4 + 8*b~3*d"3*e + 32*b*xd"5*xe”3 + 24xb~2xd”
4xe~2))) " (1/4)*(262144%d"10%e"15 - 262144xb*d"9*e" 14 + 4096*b~7*d"3*%e”8 - 4
096xb"6*xd"4*e”9 - 49152%b"5*xd"5%xe”10 + 49152xb"4*xd"6*%e~11 + 196608*b~3*d~7*
e”12 - 196608*b~2*d"8%e~13) ) *(-(b~3 + ((b - 2*d*e)*(b + 2*d*e)”~5)"(1/2) + 4
*bxd"2%e”2 + 4xb"2xd*e)/(512x(b"4*d"2 + 16*d"6*e”4 + 8*b”"3*d"3xe + 32*b*d”"5
*e”3 + 24xb"2%d"4*xe"2))) " (3/4) + 256%d"T7*e”"14 - 256%b*d"6xe”13 - 16*b~4%d"3
*e710 + 64*b"3*d"4*xe"11))*(-(b"3 + ((b - 2*xd*e)*(b + 2*d*e)”5)"(1/2) + 4xbx
d"2*e”2 + 4xb"2xdxe)/(512%(b"4*d"2 + 16*d"6*e”4 + 8*b~3*d"3*e + 32*b*xd"5xe”
3 + 24%b”2x%d"4*e”2))) " (1/4)*1i)/ ((x*x(32*b*xd~5*e”~13 - 4*xb~4*d"2%e”10 + 24x*b~
3*%d"3xe"11 - 48%b"2xd"4*e”12) - (-(b”3 + ((b - 2*d*e)*(b + 2*d*e)~5)~(1/2)
+ 4xbxd"2*e”2 + 4xb"2xd*e)/(512%(b"4*d"2 + 16*xd"6*e”4 + 8*b~3*d"3*e + 32*bx
d"5*e”3 + 24xb"2xd"4*e”2))) " (1/4) *((x*(65536*%d"9*e~15 — 32768*b*d"8*e~14 +
1024xb"7*d"2%e”8 — 2048xb"6*xd"3*e”9 - 10240%xb"5*xd"4*e”10 + 20480*b~4*d " 5*xe”
11 + 32768%b~"3*d"6*e~12 - 65536*b"2%d"7*e"13) + (-(b"3 + ((b - 2*d*e)*(b +
2%d*e) "5) " (1/2) + 4xbxd"2xe”2 + 4*b~2*d*e)/(512*x(b~4*xd"2 + 16*d"6*e”4 + 8*b
~3*d"3%e + 32%b*d"5%e”3 + 24*b"2%d"4*e"2))) " (1/4)*(262144%d"10*e~15 - 26214
4*xbxd"9*%e~14 + 4096*b~7*d"3*xe”8 - 4096*xb"6xd"4*e”9 - 49152xb"5xd"5%e”10 + 4
9152*b~4*d"6xe”11 + 196608*b~3*xd~7*e"12 - 196608*b~2*%d"8*e~13))*x(-(b~3 + ((
b - 2xd*e)*(b + 2*d*e)”5)"(1/2) + 4*xbxd"2%e”2 + 4xb"2*xd*xe)/(512*x(b~4*d"2 +
16%d"6*e~4 + 8*xb~3*d"3*e + 32xb*d"5*e”3 + 24xb"2*xd"4*e”2))) " (3/4) - 256%d”7
*¥e714 + 256%b*d"6*xe”13 + 16*b"4*%d"3*e”10 - 64*b~3*d"4*e"11))*(-(b"3 + ((b -
2*¢d*xe)* (b + 2xd*e)”~5)7(1/2) + 4*b*d"2*e”2 + 4xb~2xd*e)/(512%(b”"4*xd"2 + 16%
d"6*e”"4 + 8*b~3*xd"3*e + 32*b*d"5*e”3 + 24*xb"2%d"4%e"2))) " (1/4) - (x*(32%b*d
“B5*xe”13 - 4xb"4xd"2%e”10 + 24*%b~3*%d"3%e”11 - 48*xb"2*%d"4*xe"12) - (-(b"3 + ((
b - 2%dxe)*(b + 2%dxe)”5)"(1/2) + 4*xb*d"2%e”2 + 4*b~2*dxe)/(512*%(b~4*d"2 +
16%d"6*e~4 + 8*xb~3*d"3%e + 32*¥b*d"5%e”3 + 24*b"2%d"4*e"2)) )~ (1/4)*((x* (6553
6xd"9%e”15 - 32768*b*d"8*e”"14 + 1024xb~7*d"2*e”8 - 2048*b"6xd"3*xe”9 - 10240
*b"5*%d"4xe”10 + 20480%b"4xd"5*xe”11 + 32768*xb"3*d"6*e”"12 - 65536*%b"2xd " 7*xe"1
3) - (-(b”3 + ((b - 2%dxe)*(b + 2xd*xe)”~5)~(1/2) + 4*b*xd~2%e~2 + 4xb~2xd*e)/
(512%(b~4*d"2 + 16*xd"6*e”4 + 8*b~3*d"3xe + 32%b*d"5%e”3 + 24*b"2%d"4*e"2)))
“(1/4)%(262144%d"10%e”15 - 262144%b*xd~9*e” 14 + 4096*b~7*d"3*e~8 - 4096%b~6x*
d"4*e”9 - 49152xb"5*xd"5%e”10 + 49152*%b"4*xd"6*xe”11 + 196608*b~3*d"7*xe"12 - 1
96608*b~2*d"8*%e"13) )*(=(b~3 + ((b - 2*xd*e)*(b + 2xd*e)”~5)"(1/2) + 4*b*xd~2*e
"2 + 4%b72xd*e) /(512%(b74%d"2 + 16*%d"6*e”"4 + 8*xb~3*%d"3*e + 32*b*d"5*e”3 + 2
Axb"2%d"4%e”2)) )" (3/4) + 256*d"T*xe"14 - 256*xb*d"6*e”13 - 16%b"4*xd"3*e”10 +
64*xb~3*d"4*e”11) ) *(=(b~3 + ((b - 2*d*e)*(b + 2xd*xe)~5)~(1/2) + 4*xb*xd~2*xe”2
+ 4xb”2*xd*e) /(512x(b~4*d"2 + 16*d"6*e”4 + 8*xb~3*%d"3*e + 32*b*d"5*xe”3 + 24%D
"2%d74%e72))) " (1/4)))*x (- ("3 + ((b - 2*xd*e)*(b + 2*d*e)”5) " (1/2) + 4*xbxd~2x
e”2 + 4xb"2xd*e)/(512*x(b~4*%d"2 + 16*d"6*e”4 + 8*xb~3*%d"3*e + 32*b*d"5*e”3 +
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24%b"2%d"4*e”2))) " (1/4)*2i + atan(((x*(32*b*xd~5*xe~13 - 4*b~4*d"2*e”~10 + 24x
b~3*xd"3*%e"11 - 48%b"2*%d"4*e”12) + (—(b"3 - ((b - 2*d*e)*(b + 2*xd*e)”~5)"(1/2
) + 4xb*xd"2%e”2 + 4xb”2xd*xe)/(512%(b"4*d"2 + 16*d"6*e"4 + 8xb~3*%d"3*e + 32%
b*d"5%e”3 + 24%b~2%d"4*e”2))) " (1/4)*(((-(b~3 - ((b - 2*d*e)*(b + 2%d*e)”~5)"
(1/2) + 4%b*d"2*e”2 + 4xb~2xd*e)/(512%(b"4*d"2 + 16*d"6xe”4 + 8*b~3*d"3*e +
32xbxd"5*xe”3 + 24xb"2xd"4*xe”2))) " (1/4)*%(262144xd"10%e” 15 - 262144*xb*xd~9*e”
14 + 4096%b"7*d"3*xe”8 - 4096*b~"6xd"4*xe”9 - 49152xb"5xd"5*%xe~10 + 49152*xb~4x*d
“6*xe”11 + 196608*b~3*%d"7xe"12 - 196608*%b~2*xd"8*e”~13) - x*(65536*%d"9*e"15 -
32768*b*xd"8*xe”14 + 1024*b~7*xd"2*%xe”8 - 2048*xb"6xd"3*%e”9 - 10240*%b"5*xd"4*xe”10
+ 20480%b~4*d"5*%e~11 + 32768*b~3*d"6xe”12 — 65536*%b"2xd"7*e"13))*(-(b~3 -
((b - 2+d*xe)*(b + 2*xd*e)”5)"(1/2) + 4xb*d"2*e”2 + 4*xb~2xd*xe)/ (512 (b~4*d"2
+ 16*%d"6%e”4 + 8%b~3*d"3%e + 32%bxd"5%e”3 + 24%b"2*xd"4*xe”2))) " (3/4) - 256%d
“Txe"14 + 256%b*d"6%e”13 + 16*b"4*d"3%e”10 - 64*b~3%d"4*e"11))*(-(b"3 - ((b
- 2xdxe)* (b + 2xd*e)”5) " (1/2) + 4*xb*d"2xe”2 + 4*b~2xd*e)/(512%(b74*d"2 + 1
6%d"6*e”4 + 8*b~3*d"3%e + 32%b*d"5*e”3 + 24*xb"2xd"4*e"2))) " (1/4)*1i + (x*(3
2%bxd~5%e”13 - 4*xb~4*xd"2*xe”10 + 24*b"3%d"3*%e”11 - 48%b"2*xd"4*e”12) - (-(b"3
- ((b - 2xd*e)*(b + 2*d*e)”5)"(1/2) + 4*xbxd"2*xe”2 + 4*b~2xd*e)/(512* (b~ 4x*d
"2 + 16*%d"6*e”4 + 8*b~3*%d"3*e + 32*b*d"5*e”3 + 24*xb"2+%d"4*e"2))) " (1/4)*x(((-
(b”3 = ((b - 2%d*e)*(b + 2xd*e)”~5)~(1/2) + 4xb*xd~2*e”2 + 4xb~2xd*e)/(512*(b
“4xd72 + 16*%d"6*e"4 + 8*xb~3*d"3%e + 32%b*d"5%e”3 + 24*b"2%d"4*e"2))) " (1/4)*
(262144%d"10%e"15 — 262144xb*d"9*e”14 + 4096*b~7*d"3*%e”8 — 4096*b~6*d"4*e~9
- 49152*%b"5*%d"5%xe”10 + 49152xb"4xd"6*%e~11 + 196608*b~3*%d"7*xe”12 - 196608*Db
“2xd"8%e”13) + x*x(65536*d"9*e”15 - 32768*b*d"8*e"14 + 1024*b~7*d"2*xe”8 - 20
48xb"6*d"3*%e”9 - 10240%b"5*%d"4*e”10 + 20480*%b~4*xd"5xe”11 + 32768*b~3*d " 6*e”
12 - 65536%b72%d"7*e"13))*(-(b"3 - ((b - 2*d*e)*(b + 2*d*e)”5)~(1/2) + 4xDbx
d"2*%e”2 + 4xb"2xdxe)/(512%(b"4*d"2 + 16*d"6*e"4 + 8%b~3*d"3*e + 32*xbxd"5*xe”
3 + 24%b"2%d"4*e”2))) " (3/4) - 256%d"T*e”"14 + 256%b*d"6xe”13 + 16*b~4*d"3*e”
10 - 64*b~3*%d"4*e"11))*(-(b"3 - ((b - 2*d*e)*(b + 2*d*e)~5)"(1/2) + 4*b*xd"2
*e72 + 4*xb72xd*e)/(512%(b74*d”2 + 16*xd"6*e”4 + 8*b~3*%d"3*e + 32*xb*d”"5*e”3 +
24xb"2xd"4%e”~2))) " (1/4)*11) / ((x* (32*b*d"5*%e~13 - 4*b~4*d"2%e”~10 + 24xb~3*d
“3%e”11 - 48*b72xd"4*e"12) + (-(b"3 - ((b - 2*xd*e)*(b + 2*d*e)”5)"(1/2) + 4
*b*d"2%e”2 + 4xb"2xdxe)/(512%(b"4*d"2 + 16*d"6*xe”4 + 8+b~3*d"3*e + 32*xb*xd”5
*e73 + 24*b72xd"4*e”2))) " (1/4)*(((-(b"3 - ((b - 2*d*e)*(b + 2*d*e)”5)"(1/2)
+ 4xb*xd"2*%e"2 + 4xb"2*xd*e)/(512%(b"4*d"2 + 16*d"6*xe"4 + 8*%b~3*xd"3*e + 32*b
*d"b*e”3 + 24xb"2%d"4%e72)) )" (1/4)*(262144%d"10*e"15 - 262144*xb*d"9*e” 14 +
4096%b"7*d"3*e"8 - 4096*b~6*xd"4*xe”9 - 49152*b"5xd"5xe”10 + 49152xb"4*d"6%*e”
11 + 196608*b~3*%d"7*xe~12 - 196608*b~2*d"8%e”13) - x*(65536*xd~9*e”15 - 32768
*bxd"8*%e”14 + 1024*xb"7*xd"2*%e”8 — 2048%xb"6xd"3*e”9 - 10240%b"5*xd"4*e"10 + 20
480%b~4*xd"5*e"11 + 32768*b"3*%d"6*e”12 - 65536*b"2%d"7xe"13) )*x(-(b"3 - ((b -
2%dxe)* (b + 2%dxe)”5)"(1/2) + 4*xb*d"2%e”2 + 4*xb"2xd*e)/(512*%(b~4*d"2 + 16%
d"6xe”4 + 8%b~"3*d"3*e + 32*b*xd"5%e”3 + 24*xb"2xd"4xe"2))) " (3/4) - 256%d"T7*xe”
14 + 256%b*d"6xe”13 + 16*b~4*d"3*e”10 - 64*b~3*d"4*xe"11))*(-(b"3 - ((b - 2%
dxe)*(b + 2xd*e)~5)"(1/2) + 4*b*d"2*e”2 + 4*xb~2xd*e)/(512%(b"4*d"2 + 16*d”6
*e”4 + 8*b7"3*d"3*%e + 32*%b*d"5*e”3 + 24*xb"2xd"4*e"2))) " (1/4) - (x*(32*b*xd"5*
e"13 - 4*xb~4*xd"2*%e”10 + 24*xb~3*d"3*xe”"11 - 48*xb"2*xd"4*xe"12) - (-(b”3 - ((b -
2%dxe)* (b + 2%dxe)”5)"(1/2) + 4*xbxd"2%e”2 + 4*xb"2xd*e)/(512*%(b"4*d"2 + 16%
d"6xe”4 + 8xb”"3*d"3*e + 32*bxd"5*e”3 + 24xb~2xd"4xe”2))) " (1/4)*(((-(b"3 - (
(b - 2+d*e)*(b + 2*xd*e)”5)"(1/2) + 4%b*d"2*e”2 + 4*xb~2xd*e)/(512%(b"4*d"2 +
16*xd"6*e~4 + 8*xb~3*d"3%e + 32%b*d"5*e”3 + 24*xb"2xd"4*xe"2))) " (1/4)*(262144x%
d"10*e"15 - 262144%b*xd"9*e”14 + 4096*b~7*d"3*%e”8 - 4096*xb"6*d"4*e”9 - 49152
*b"5xd"5xe”10 + 49152xb"4*xd"6*e” 11 + 196608*xb"3*d"7*e”"12 - 196608*xb~2*d " 8*e
~13) + x*(65536*d"9*e”15 - 32768*b*d"8*e”14 + 1024xb~7*d"2%e”8 — 2048*xb~6*d
“3%e”9 - 10240%b"5xd"4*xe”10 + 20480*%b"4*d"5%e”"11 + 32768*%b"3xd"6*%e”12 - 655
36*xb"2xd"7*e"13) )* (- (b"3 - ((b - 2*xd*e)*(b + 2*d*e)”5)"(1/2) + 4*xbxd~2%e”2
+ 4xb~2*xd*e)/(512%(b~™4*d"2 + 16*d"6*e”4 + 8%b~3*d"3*e + 32*b*xd~5*e”3 + 24x*b
~2xd"4*e”2))) " (3/4) - 256%d"7*e"14 + 256%bxd"6%e”13 + 16%b~4*xd"3*e”10 - 64x*
b~3*xd"4*xe"11))*(-(b~3 - ((b - 2xd*e)*(b + 2*d*e)”5) " (1/2) + 4*xbxd"2*e"2 + 4
*b"2+d*e) /(512%(b74*d"2 + 16*%d"6*e”4 + 8*b~3*d"3*e + 32*¥b*d"5*e”3 + 24*b”2x%
d"4*e”2)))"(1/4)))*(-(b"3 - ((b - 2*xd*e)*(b + 2*xd*e)”5)"(1/2) + 4*b*xd"2*xe”2
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+ 4xb72*xd*e) /(512%(b~4*%d"2 + 16*%d"6*e”4 + 8*xb~3*xd"3*e + 32*b*d"5*e”3 + 24x*
b"2xd"4*xe~2))) " (1/4) %21 - 2*atan(((x*(32*%b*d"5%e”13 - 4*b~4*xd"2*xe~10 + 24%*b
“3*d"3%e”11 - 48*%b"2*%d"4*e"12) + (-(b"3 - ((b - 2*d*e)*(b + 2*xd*e)”5)~(1/2)

+ 4*xb*d"2*%e”2 + 4xb72xd*e)/(512%(b74*d”"2 + 16%d"6*e”4 + 8*b~3*d"3*xe + 32%Db
*d"5%e”3 + 24*xb"2xd"4*e”2))) " (1/4)*(((-(b~"3 = ((b - 2*d*e)*(b + 2*d*xe)~5)"(
1/2) + 4xbxd"2%e”2 + 4*xb~2xd*e)/(512*x(b~4*%d"2 + 16*%d"6*e”4 + 8*xb~3*d"3*e +
32xb*d"5*%xe~3 + 24xb"2xd"4*e”2))) " (1/4)*(262144xd"10*e”~15 - 262144*xbxd"9*e”1
4 + 4096*%b"7*d"3%e”8 - 4096*b"6*d"4*e”9 - 49152*%b"5xd"5xe”10 + 49152xb"4x*d”
6%e”11 + 196608*b~3*%d"7*e"12 - 196608*b~2*d"8*e”13)*1i + x*(65536*d"9*e~15
- 32768%b*d"8*e”"14 + 1024xb"7*d"2*e”8 - 2048*b~6*xd"3*xe”9 - 10240*b~5*xd"4x*xe”
10 + 20480%b~4*xd"5*xe”11 + 32768*b~3*d"6*xe~12 — 65536*b~2*xd"7xe"13) )*(-(b~3
- ((b - 2%d*e)*(b + 2%d*e)”~5)~(1/2) + 4xbxd~2*e”2 + 4*xb~2xdx*e)/(512x(b~4*d"
2 + 16xd"6*e”4 + 8*b~3*d"3*e + 32%b*d"5xe”3 + 24xb"2xd"4*e”2))) " (3/4)*1i +
256*d"7*e”"14 - 256%b*d"6*e”13 - 16*b~4%d"3*e”10 + 64*xb~3*xd"4*e”"11)*1i)*(-(b
“3 - ((b - 2xd*e)*(b + 2xd*e)”5)~(1/2) + 4*xbxd"2xe”2 + 4xb~2xd*e)/(512x(b~4
*d72 + 16*d"6*%e”4 + 8*b~3*%d"3*e + 32*b*d"5*e”3 + 24xb"2xd"4*e72))) " (1/4) +
(x*(32xb*d"5*e~13 — 4xb~4*xd"2*%e”10 + 24%b"3xd"3*e”"11 - 48%xb~2xd"4*xe"12) - (
-(b73 - ((b - 2xd*xe)*(b + 2xd*xe)”5)~(1/2) + 4*xb*d"2%e”2 + 4*b~2*d*xe) /(512 (
b~4*xd"2 + 16*%d"6*e”4 + 8*b~3*d"3*%e + 32%b*d"5*e”3 + 24*xb"2xd"4*xe"2)))~(1/4)
*(((-(73 = ((b - 2xd*e)* (b + 2*d*e)”5)~"(1/2) + 4xb*d"2%e”2 + 4*xb~2*xd*xe)/(5
12% (b"4*d"2 + 16*%d"6*xe"4 + 8*%b~3*d"3*e + 32*b*xd~5*xe”3 + 24xb~2xd"4xe”2))) ~(
1/4)%(262144xd"10%e” 15 - 262144*xbxd"9*e~14 + 4096*b~7+*d"3*e~8 - 4096*b~6*d"
4xe”9 - 49152xb"5xd"5*%e”10 + 49152%b"4*d"6%xe”11 + 196608*xb"3*d"7*e”~12 - 196
608*b~2%d"8*e"13)*1i - x*(65536%d"9*e~15 - 32768*bxd"8*e~14 + 1024*b~7*d~2x*
e”8 - 2048*xb"6*xd"3*%e”9 - 10240*b"5xd"4*e”10 + 20480*b~4*xd"5xe"11 + 32768*b~
3xd"6*e”12 - 65536*%b72xd"7*e"13))*x(—(b"3 - ((b - 2*d*xe)*(b + 2xd*e)”5)"(1/2
) + 4xb*xd"2%e”2 + 4*xb"2xd*e)/(512%(b"4*d"2 + 16*d"6*e"4 + 8*%b~3*%d"3*e + 32%
b*d"5*xe”3 + 24*b"2+xd"4*e”2))) " (3/4)*1i + 256*%d"7*e"14 - 256*b*xd"6xe”13 - 16
*b74*xd"3*%e"10 + 64xb~3*d"4*e”11)*1i)*(-(b"3 - ((b - 2*d*e)*(b + 2*d*e)~5) " (
1/2) + 4xbxd~2*e”2 + 4xb~2*d*e)/(512*x(b~"4*d"2 + 16*d~6*e”4 + 8*b~3*d"3*e +
32*xb*d"5*e”3 + 24xb"2%d"4%e”2))) " (1/4) )/ ((x*x(32%b*d"5%e”13 - 4*b~4*xd"2*xe~10

+ 24%b73*d"3*e"11 - 48%b"2+%d"4*e”12) + (=(b"3 - ((b - 2*d*e)*(b + 2*xd*e)”5
)7 (1/2) + 4xbxd"2*e”2 + 4xb~2xd*e)/(512*x(b"4*d"2 + 16*d"6*e”4 + 8*xb~3*d"3*e

+ 32%b*d"5%e”3 + 24*b"2x%d"4*e”2))) " (1/4)*(((-(b™3 - ((b - 2*xdxe)*(b + 2x*dx*
e)”5)7(1/2) + 4xbxd"2xe”2 + 4xb~2*d*e)/(512%x(b~4*xd"2 + 16*d"6*e”4 + 8*b~3*d
“3%e + 32*bxd"5*e”3 + 24xb"2xd"4%e”2))) " (1/4)*%(262144*d"10%e”15 - 262144x*bx*
d"9%e" 14 + 4096xb"7*d"3*%e”8 - 4096*b"6*d"4*xe”9 - 49152%b"5xd"5%xe~10 + 49152
*b~4*xd"6*%e"11 + 196608*b~3*%d"7*e"12 — 196608*%b"2xd"8*e”~13)*1i + x*(65536%d~
9%e”15 - 32768%b*d"8*e”14 + 1024*b”"7*d"2%e”8 - 2048*xb"6*d"3*%e”9 - 10240*b~5
*d"4*xe~10 + 20480*b~4*d"5%e”11 + 32768*b~3*xd"6*e”~12 - 65536*b~2*%d"7*e~13))*
(=(0~3 = ((b - 2xd*e)*(b + 2xd*e)”5)~(1/2) + 4xbxd~2*xe~2 + 4%b~2xdx*e)/(512x%
(b™4*xd"2 + 16*%d"6*e”4 + 8xb~3*d"3*e + 32%b*d~5*xe”3 + 24*xb~2xd"4*xe"2)))~(3/4
)*1i + 256*%d"7*e”14 - 256%b*d"6%e”13 - 16%b"4*d"3*e”10 + 64%b"3xd"4*xe”11)*1
i)x(-(0"3 - ((b - 2*xd*e)*(b + 2*d*e)”5)"(1/2) + 4*xbxd~2*e"2 + 4xb~2*d*e) /(5
12%(b~4*d~2 + 16*%d"6*e”4 + 8*b~3*d"3xe + 32%b*d"5*e”3 + 24*xb~2xd"4*xe"2)) )~ (
1/4)*1i - (x*(32%b*d"5%e”13 - 4*xb~4*xd " 2*e”10 + 24*xb~3*d"3*xe”11 - 48*xb~2xd"4
¥e712) - (-(b73 = ((b - 2*d*e)*(b + 2*d*e)”5)"(1/2) + 4%b*d"2*e”2 + 4*xb~2x*d
*xe)/(512%(b"4*d"2 + 16*d"6*e”4 + 8*b~3*d"3*e + 32*xb*d"5*e”3 + 24*b"2xd"4*xe”
2))) " (1/8)*x(((=(b~3 = ((b - 2xd*e)*(b + 2*d*e)”5)~(1/2) + 4xb*xd~2%e”2 + 4xDb
“2xd*xe)/(512%x(b"4*%d"2 + 16*d"6*e”4 + 8xb~3*%d"3*e + 32%b*xd"5xe”3 + 24*b"2xd”
4%e72))) " (1/4) % (262144*%d"10%e”"15 - 262144xb*xd"9*e” 14 + 4096%b~7*d"3*e”8 - 4
096*%b~6*%d"4*xe”9 - 49152%b"5xd"5%xe~10 + 49152xb"4xd"6*e”11 + 196608*xb~3*xd”~7*
e”12 - 196608*b~"2*xd"8*e"13)*1i - x*(65536*xd~9*e”15 - 32768*b*xd~8*e”~14 + 102
4xD"7*d"2%e”8 - 2048xb"6*xd"3*%e”9 - 10240%xb"5*d"4*e”10 + 20480*b~4*xd " 5xe"11
+ 32768*b"3*%d"6*e"12 — 65536*b"2*xd"7*e”13) )*(-(b"3 - ((b - 2*d*e)*(b + 2*xd*
e)”5)7(1/2) + 4xbxd"2xe”2 + 4xb~2*d*e)/(512%x(b~4*d"2 + 16*%d"6*e”4 + 8*b~3*d
“3%e + 32*b*d"5*e”3 + 24%b72%d"4%e”2))) " (3/4)*1i + 256%d"T*e"14 - 256*b*xd”6
*e713 - 16*b74*d"3*e”10 + 64*b~3*d"4*e”"11)*1i)*(-(b~3 - ((b - 2*xd*e)*(b + 2
*dxe)"5) " (1/2) + 4xb*d"2%e”2 + 4*b~2xdxe)/(512%(b~4*d"2 + 16*%d"6*e”4 + 8x*b~
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3xd"3%e + 32xb*d"5*%xe”3 + 24xb"2*%d"4*e”2))) " (1/4)*1i))* (- ("3 - ((b - 2*dxe)
*(b + 2%d*e)”5)"(1/2) + 4*xbxd~2%e”2 + 4%xb~2xdxe)/(512%(b~4*d"2 + 16*d"6*e”4
+ 8*%b"3*%d"3*e + 32*b*d"5*xe”3 + 24*xb"2xd"4*xe”2))) " (1/4)

sympy [A] time = 8.50, size = 136, normalized size = 0.17

102465022 + 4096£5bdPe + 409615d4¢2 + 4t + 4td
RootSum ([8 (65536D* 2 + 5242881 % + 1572864b%d*e? + 2097152bd%> +1048576d%") + 1* (2567 + 1024b%de +1024bd%¢?) + &2, (t - tlog (x + ‘ “E ¢ ‘ ”)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/ (ex*2xx**x8+bxx**4+d**2) ,x)

[Out] RootSum(_t*x8%(65536*bx*4*xd**2 + 524288*b**x3*xd**3*%e + 1572864*bx*2*xd*x4*ex*
2 + 2097152xb*d*x5*xe*xx3 + 1048576*xd**6*xe*x*4) + tx*x4*(256%b**3 + 1024xb**2x

dxe + 1024xbkxdx*2%e**2) + ex*2, Lambda(_t, _txlog(x + (1024%_tx*5xb*x2xd**2

+ 4096% t*x5xbxd**3%xe + 4096% tx*5xdx*dkxe*x*x2 + 4k txb + 4% _txdxe)/e)))
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4
3.6 [ dx

d2+ f x4 +e2x8

Optimal. Leaf size=791

log(—x\/Zﬁ{—M N +\/Ex2) 1og(x\/zvaw_¢m N +\/Ex2) 1og(_x\/¢?de
_ 8V \[2VA e — 24— f ’ 8V \[2VA Ve — 24— f _ 8V

Rubi [A] time = 0.81, antiderivative size = 791, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 26,

number of rules _ ).231, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

k»g(f\\/m +Va+ V'N) w(\

2V Ve - \2de—F + Vi +\r?v7) w(f\\/vm—) +2vVaVe + \,’E+V7\Z) log |1/

+ -

8V \[2Vd Ve - 2de - f 8Vd |2V Ve - \2de - f 8V \[\2de-f +2Vd Ve
v V2de - | v

Antiderivative was successfully verified.
[In] Int[(d + e*x74)/(d"2 + f*x"4 + e72*x78) ,x]

[Out] -ArcTan[(Sqrt[2*Sqrt[d]*Sqrt[e] - Sqrt[2*dxe - f]] - 2xSqrt[e]*x)/Sqrt[2*Sq
rt[d]*Sqrtle] + Sqrt[2*dxe - f]1]/(4*Sqrt[d]*Sqrt[2*Sqrt[d]*Sqrtle] + Sqrtl[
2xdxe - f]]) - ArcTan[(Sqrt[2#Sqrt[d]*Sqrt[e] + Sqrt[2xd*e - f]] - 2*Sqrtle
1*x) /Sqrt [2*Sqrt [d] *Sqrt[e] - Sqrt[2*dxe - f1]]/(4*Sqrt[d]*Sqrt[2*Sqrt[d]*S
grt[e] - Sqrt[2*dxe - fl]) + ArcTan[(Sqrt[2xSqrt[d]*Sqrtl[e] - Sqrt[2*d*e -
f1] + 2xSqrtlel*x)/Sqrt[2*Sqrt[d]*Sqrt[e] + Sqrt[2*d*e - f]1]]/(4xSqrt[d]*Sq
rt [2xSqrt [d] *Sqrt[e] + Sqrt[2*d*e - f]]) + ArcTan[(Sqrt[2xSqrt[d]*Sqrtle] +
Sqrt[2xdxe - f]] + 2xSqrtlel*x)/Sqrt[2xSqrt[d]l*Sqrtle] - Sqrt[2*xdxe - £]]]
/ (4xSqrt [d] *Sqrt [2*Sqrt [d] *Sqrt [e] - Sqrt[2*d*e - £]]) - Logl[Sqrt[d] - Sqrt
[2%Sqrt [d] *Sqrt[e] - Sqrt[2+d*e - fl]l*x + Sqrtlel*x~2]/(8%Sqrt[d]*Sqrt[2*Sq
rt[d]*Sqrtle] - Sqrt[2*dxe - f]]) + Logl[Sqrt([d] + Sqrt[2*Sqrt[d]*Sqrtle] -
Sqrt[2*d*e - fl]l*x + Sqrtlel*x~2]/(8*Sqrt[d]*Sqrt[2*Sqrt[d]*Sqrtle] - Sqrtl[
2xdxe - f]]) - Logl[Sqrt[d] - Sqrt[2*xSqrt[d]l*Sqrtle] + Sqrt[2*xdxe - f]l]l*x +
Sqrt [e]*x~2] / (8+Sqrt [d] *Sqrt [2*xSqrt [d] *Sqrt [e] + Sqrt[2xd*e - f]]) + Logl[Sq
rt[d] + Sqrt[2*Sqrt[d]*Sqrtle] + Sqrt[2*d*e - fll*x + Sqrtl[e]l*x~2]/(8*Sqrt[
d] *Sqrt [2*Sqrt [d] *Sqrt [e] + Sqrt[2xd*e - f]])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/Simp[b~2 - 4*a*c - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1094

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc*qg*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xq*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4xax*c]

Rule 1419

Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x~(n/2) + x
“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 2]11))

Rubi steps
1 1
d+ex f E—sz+x4 = f 4y szﬂc‘* *
d — e e + e e
fd2+fx4+ezx8 g 2e 2e
\2Vd Ve [2de=f . \/ZW«E—W . \2Vd e +2de=f .
T e T e T e
dx
f Vi \2Vd Ve-2de-f x+x2 f \/“ w/2(\[ \2de=f r f z\f\/E+ 2de—
A S i

_M\/sz—\/sz M\/zf\r_W 4\/—\/2\/’\/’ /o

1 1 1
dx dx
f Vi \2Vd Ve—2de=f x f Vi \2Vd Ne—+J2def x f Vi \2Vd Ve+2de=f x

— 42 —t— 42 — —+ :

Ve Ve Ve Ve Ve

8vVd e T 8Vd e " 8\/_\/_

_1og(vz ~ VAN —ade=F x + exz) 1og(\/a + 2V - 2de- T

+
8\/3\/2\/3\/5 —\2de - f 8Vd \/2x/3\/2 — \2de —

_1( zvavz—mwax) _1[ zvavamwzx] _l[x/sz—A
tan tan tan " | ———
\[2Vd Ve ++/2de~f \2Vd \e—2de—f NAVRY

__4\/3\/2\/3\/E+M _ 4\/3\/2\/3{—M ' 4Vd \J2Vd e

Mathematica [C] time = 0.04, size = 67, normalized size = 0.08

L #1%elog(x — #1) + dlog(x — #1
ZRootSum [#18e2 +#1* f+d2&, elog(x ) og(x )&}

2#17e2 + #1° f
Antiderivative was successfully verified.

[In] Integratel[(d + exx"4)/(d"2 + f*x~4 + e72*x78),x]

[Out] RootSum[d~2 + f*#174 + e™2x#17°8 & , (dxLoglx - #1] + exLoglx - #1]x#174)/(f
*#173 + 2%e”2x#177) & 1/4
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IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

d + ex*
t[‘ dx
d? + fx* + e2x8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + exx"4)/(d"2 + f*x74 + e”2%x78),x]
[Out] IntegrateAlgebraic[(d + exx"4)/(d"2 + f*x~4 + e”2*x78), x]
fricas [B] time = 1.80, size = 3059, normalized size = 3.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e~2*x"8+f*x~4+d"2),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(-((4*d"4*e”2 + 4xd"3*exf + d~2+f72)*sqrt(-(2*xd*e - £)/
(8%d~7xe”3 + 12%d"6%e”2xf + 6%d"bxexf"2 + d74*f73)) + f)/(4xd"4*xe”2 + 4*d”3
xexf + d72xf72)))*arctan(-1/4*(2xsqrt (1/2)*((8*%d"5*e~3 + 12xd~4xe”2*f + 6xd
“3*xexfT2 + d72xf£73) *x*ksqrt (- (2xd*e - £)/(8*%d"7*e”3 + 12*%d"6xe”"2xf + 6%d"b5xe
x£72 + d74x£73)) - (4xd"2*e”2 + 4xdkxexf + £72)*x)*sqrt(-((4*d"4*e”2 + 4%d"3
xexf + d72xf£72)*sqrt(-(2xdxe - f)/(8*d"7*xe”3 + 12%d"6*e”2+f + 6%d"bkexf"2 +
d~4*£73)) + f)/(4*%d"4%e”2 + 4xd"3kexf + d72*xf72)) + (4%d"2%e”2 + 4kxdxexf +
£72 - (8%d"5*%e”3 + 12xd"4x*e”2*xf + 6*%d"3*%exf"2 + d72*f73)*sqrt(-(2*xd*xe - f)
/(8%d~T*xe”3 + 12%d"6xe”2xf + 6xd"5xexf~2 + d74*f73)))*sqrt(-((4*xd"4*e"2 + 4
xd"3xexf + d"2xf72)*sqrt(-(2*d*xe - £)/(8%d"7*e"3 + 12xd~6*xe”2*xf + 6xd 5*exf
T2 + d74x£73)) + £)/(4xd"4*e”2 + 4xd"3kexf + d72x£72))*sqrt((2xe”2*x”2 + sq
rt(1/2)*(2*d*xexf + £72 - (8%d"5*e”3 + 12%d"4xe”2xf + 6%d”"3*e*xf"2 + d72%f~3)
*sqrt (- (2xd*e - f)/(8*%d"7T*xe"3 + 12+%d"6*e " 2xf + 6*d"bxexf~2 + d74xf~3)))*sqr
t(-((4*d~4*e”2 + 4xd"3xexf + d"2xf72)*sqrt(-(2*xd*xe - £)/(8xd"7*xe"3 + 12xd"6
xe”"2xf + 6xd"5kxexf"2 + d74xf73)) + f)/(4xd"4*xe”2 + 4*xd"3xexf + d72xf72)))/e
~2))*sqrt(sqrt(1/2) *sqrt (- ((4*xd~4xe”2 + 4*xd~3*exf + d~2*f72)xsqrt(-(2*d*e -
£)/(8%d"7*e”3 + 12xd"6xe"2xf + 6xd"bxexf"2 + d74x£73)) + f)/(4xd"4*e”2 + 4
xd"3xexf + d72*£72)))/e) + sqrt(sqrt(1/2)*sqrt(((4xd~4*e~2 + 4*xd"3*xexf + d°
2xf72) *sqrt (- (2*%d*xe - £)/(8%d"7*e”3 + 12xd"6*xe~2*xf + 6xd"Bkexf~2 + d~4xf~3)
) — £)/(4xd"4*xe”2 + 4*xd"3xexf + d72+f72)))*arctan(-1/4*(2*xsqrt(1/2)*((8*d~5
xe”3 + 12%d"4xe”2xf + 6xd"3xexf"2 + d72*f73)*x*sqrt(-(2xdxe - £)/(8xd"7*xe"3
+ 12*%d"6*xe"2+f + 6xd"b*xe*xf~2 + d74*f73)) + (4xd"2%e”2 + 4xdxexf + £72)*x)x*
sqrt (sqrt (1/2) *sqrt (((4*d"4*e”2 + 4xd"3*exf + d72+f"2)*sqrt(-(2xd*xe - £)/(8
*d"T*e"3 + 12xd"6%e”2+f + 6%d"5¥xexf"2 + d"4xf"3)) - f)/(4*d"4*e”2 + 4*xd"3*e
xf + d72%£72)) ) *sqrt (((4xd"4*e”2 + 4xd"3xexf + d™2xf72)*sqrt(-(2xd*xe - £)/(
8*xd"7*xe"3 + 12xd"6*xe”2*xf + 6xd"bkexf"2 + d74xf73)) - f)/(4xd"4*e”2 + 4xd”3x
exf + d72+f72)) - (4xd"2%e”2 + 4xdxexf + £72 + (8xd"5*e”3 + 12xd"4xe”2*f +
6xd"3xexf"2 + d72xf73)*xsqrt (- (2*d*e - f)/(8*d"7xe”3 + 12%d"6%e"2%f + 6%d~5*
exf”2 + d74*£73)))*sqrt(sqrt(1/2)*sqrt (((4*d~4*e”2 + 4*d~3*exf + d"2*%f72)x*s
qrt(-(2xd*e - £)/(8*%d"7*e”3 + 12*d"6*e”"2xf + 6*%d"b*exf~2 + d~4*xf73)) - £)/(
4xd"4*xe”2 + 4*xd"3xexf + d72+£72)))*sqrt (((4*d"4*e”2 + 4xd"3*xexf + d"2xf72)*
sqrt (- (2xdxe - £)/(8xd"7*e”3 + 12%d~6xe”2*f + 6xd"b*exf~2 + d~4*£f73)) - )/
(4%d"4xe”2 + 4xd"3kexf + d72*f72))*sqrt((2%e™2%x72 + sqrt(1/2)*(2*d*exf + f
"2 + (8*%d"5*e”3 + 12xd"4xe”2xf + 6xd"3xexf"2 + d72*xf73)*sqrt(-(2xdxe - f)/(
8xd"7*xe"3 + 12xd"6*xe”2*xf + 6xd"bkexf~2 + d74xf73)))*sqrt(((4*d"4*e”2 + 4*d~
3xexf + d72xf72)*sqrt(-(2xdxe - £)/(8%d"7*xe”3 + 12+%d~6xe”2*f + 6xd”~5xexf~2
+ d74x£73)) - £)/(4*d"4*e”2 + 4xd"3*xexf + d72x£72)))/e"2))/e) + 1/4xsqrt(sq
rt(1/2) *sqrt (- ((4*xd"4*e”2 + 4*xd"3xexf + d"2+f72)*sqrt(-(2xd*e - £)/(8*d Txe
73 + 12xd"6*e"2*f + 6%d"bkexf"2 + d74x£73)) + f)/(4*d"4*e”2 + 4xd"3xexf + d
~2%£72)) ) *log(e*xx + 1/2x(2xd*e - (4*d"4*e”2 + 4xd"3*xexf + d~2xf72)*sqrt(-(2
xd*xe - £)/(8*%d"7*e”3 + 12*%d"6*e”"2+f + 6*%d"bxexf~2 + d74*xf73)) + f)*sqrt(sqr
t(1/2)*sqrt (- ((4*d~4*e”2 + 4xd~3*xexf + d~2*xf72)*sqrt(-(2*xdxe - £)/(8xd"7*e”
3 + 12%d"6xe”2*f + 6xd"b*exf"2 + d74*£73)) + f)/(4xd"4*e”2 + 4xd"3*exf + 4~
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2x£72)))) - 1/4*sqrt(sqrt(1/2)*sqrt(-((4xd~4*e”2 + 4*d"3*exf + d72%f~2)*sqr
t(-(2xd*e - £)/(8*d"T*e"3 + 12%d"6xe”2+f + 6+d bkxexf~2 + d~4xf73)) + f)/ (4%
d74*xe”2 + 4*xd"3xexf + d72xf72)))*log(e*xx - 1/2%(2%d*e - (4*d"4xe”2 + 4*xd~3*
exf + d72+f72)*sqrt(-(2xd*e - £)/(8*%d"7*e”3 + 12*d"6*e”"2%f + 6*%d"bxe*xf~2 +
d™4x£73)) + f)xsqrt(sqrt(1/2)*sqrt(-((4*d"4*e”2 + 4xd"3*xexf + d~2*xf72)*sqrt
(-(2%d*e - £)/(8*%d"7*xe"3 + 12xd"6*e”2xf + 6*%d"bxexf~2 + d74xf73)) + f)/(4x*d
“4xe”2 + 4xd"3xexf + d72+£72)))) + 1/4*xsqrt(sqrt(1/2)*sqrt(((4xd~4*e”2 + 4%
d™3xexf + d72*xf72)*sqrt(-(2%d*e - £)/(8*d"7*e”3 + 12%d"6*e”2%f + 6*d Hkexf”
2 + d74x£73)) - £)/(4xd"4*e”2 + 4xd"3xexf + d72+f72)))*log(exx + 1/2%(2xdxe
+ (4xd"4*xe”2 + 4xd"3xexf + d72xf72)*sqrt(-(2xd*xe - £)/(8%d"7xe”3 + 12*d~6%
e"2xf + 6xd"bxe*xf"2 + d74*£f73)) + f)*sqrt(sqrt(1/2)*sqrt(((4xd~4*e~2 + 4*d~
3kexf + d72*%f72)*xsqrt(-(2*xd*xe - £)/(8*%d”7*e”3 + 12xd"6xe"2xf + 6xd 5xexf~2
+ d74*x£73)) - £)/(4*d"4*e”2 + 4xd"3xexf + d72x£72)))) - 1/4*sqrt(sqrt(1/2)*
sqrt (((4*d~4*e”2 + 4xd"3*xexf + d"2*xf72)*sqrt(-(2*dxe - £)/(8xd"7*e"3 + 12xd
“6xe”2*f + 6%d"bkexf"2 + d74*£f73)) - f)/(4xd"4*e”2 + 4xd"3kexf + d72*x£72)))
xlog(exx - 1/2%x(2xd*e + (4xd”4xe”2 + 4*xd"3*exf + d72*f"2)*sqrt(-(2xd*e - f)
/(8%d~7*e”3 + 12*%d~6xe"2+f + 6xd"b*xe*xf~2 + d~4*f73)) + f)xsqrt(sqrt(1/2)*sq
rt (((4xd~4xe”2 + 4xd"3xexf + d72+f72)*sqrt(-(2*xd*e - £)/(8*d"7xe”3 + 12*d"6
*xe"2%f + 6xd"bkexf"2 + d74%f73)) - f)/(4xd74*e”2 + 4*xd"3*exf + d72+£72))))

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e~2*x"8+f*x~4+d"2),x, algorithm="giac")
[Out] Timed out

maple [C] time = 0.05, size = 53, normalized size = 0.07

(RootOf (¢2_7° + f_7* + )" e + d) In (- RootOF (¢2_7° + f_7* + &%) + )

7 3
8RootOf (¢2_Z° + f_7Z* + d2) €2 + 4RootOf (e2_2° + f_Z* +d2)  f
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x"4+d)/(e"2*x"8+f*x"4+d"2),x)

[Out] 1/4*sum((_R~4*e+d)/(2x_R™7*e”2+ R™3*f)*1n(- R+x), R=Root0f( Z"8*e~2+ Z 4xf+
d~2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

ex* +d
f dx
e2x8 + fxt + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x"8+f*x~4+d"2),x, algorithm="maxima")
[Out] integrate((exx"4 + d)/(e”2%x”8 + f*x"4 + d72), x)

mupad [B]  time = 4.03, size = 10411, normalized size = 13.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"4)/(f*xx"4 + d72 + e72%x78),x)

[Out] 2*atan((((-(£f73 + ((f - 2*dxe)*(f + 2*xd*e)~5)"(1/2) + 4xd"2*xe"2xf + 4xd*exf
~2)/(512%(16%d"6*xe~4 + d~2*%f~4 + 8xd"3*exf~3 + 32xd"5*xe~3*f + 24%d"4xe”2*xf"
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2))) " (1/4)*((x*(65536*d"9*e~15 — 32768*%d"8*xe~14*f + 1024*xd~2%e”8*xf"7 - 2048
*d"3%e”9xf76 - 10240*%d"4xe”10*f"5 + 20480*xd"5*xe"11xf"4 + 32768*d"6*xe”12*xf~3
- 65536*%d"7*e"13*xf72) - (-(f73 + ((f - 2*xdxe)*(f + 2*d*e)”5)"(1/2) + 4*d~2
xe"2xf + 4xd*xexf~2)/(512%(16*xd"6*e”4 + d~2*xf"4 + 8+d " 3*exf"3 + 32xd"5*xe”3*f
+ 24xd"4xe"2%f72))) " (1/4)*%(262144*%d"10%e” 15 - 262144*d"9xe”14*xf + 4096%d"3
*e"8*%f"7 - 4096xd"4*xe”9*%f"6 - 49152%d"5*%e”10xf"5 + 49152xd"6*e"11xf"4 + 196
608*%d"7*e"12*f"3 — 196608*%d"8*e"13*f " 2)*1i)*(—(£73 + ((f - 2*d*e)*(f + 2*dx*
e)”5)7(1/2) + 4xd"2xe"2xf + 4xd*xexf~2)/(512*x(16*xd"6%e"4 + d"2*f"4 + 8*d"3*e
*f~3 + 32+%d"5xe"3*f + 24xd"4*xe”2*xf72))) " (3/4)*1i - 256*d"7*e"14 + 256*d"6*e
“13%xf + 16%d"3*%e”10*%f"4 - 64*xd"4*xe”11xf"3)*1i + x*x(32*d"5*e”13%f - 4xd"2*e”
10%xf~4 + 24%d"3%e”11*%f7"3 - 48*d"4*xe”12+%f72) )% (-(£f73 + ((f - 2xd*e)*(f + 2xd
*xe)75) 7 (1/2) + 4xd"2*e”2xf + 4dxd*xexf~2)/(512*%(16%d"6*e"4 + d"2xf~4 + 8+d~ 3%
e*xf~3 + 32xd"5*e " 3xf + 24%d"4*xe"2%f72))) " (1/4) + ((-(£f73 + ((f - 2*d*xe)*(f
+ 2%d*e)”5) " (1/2) + 4%d"2%e”2*f + 4dxdxexf~2)/(512%(16*%d"6*e”4 + d"2*xf~4 + 8
*d"3*e*xf”"3 + 32xd"bxe"3xf + 24%d"4*e”2*xf72))) " (1/4)*((x*(65536%d"9*e”15 - 3
2768*%d"8xe"14*xf + 1024*%d"2*xe”8*xf"7 - 2048xd"3*%e”9*%f"6 - 10240*xd"4*e”10*xf"5
+ 20480*d"5*e"11xf"4 + 32768*xd"6%e”~12%f"3 - 65536%d"7*xe~13%f"2) + (-(£f°3 +
((f - 2%d*e)*(f + 2*xd*e)”"5)"(1/2) + 4*d"2*e"2*f + 4xd*xexf~2)/(512%(16*d"6*e
“4 + d72%f74 + 8%d"3xexf~3 + 32%d"b*xe”3*f + 24xd"4*xe”2xf"2))) " (1/4)*(262144
*d"10%e”15 - 262144%xd"9xe”14xf + 4096*%d"3*xe"8*xf"7 - 4096*xd"4*e”9*xf"6 - 4915
2xd"5*e”10*xf75 + 49152%d"6*xe"11*%f"4 + 196608*d"7*xe~12*f~3 - 196608*d"8*e”~13
*f72)%11) (= (£f73 + ((f - 2*d*e)*(f + 2*xd*e)”5)"(1/2) + 4*d"2*e”2*xf + 4xd*xex
£72)/(512%(16*%d"6xe”~4 + d"2*%f~4 + 8*d"3*exf~3 + 32%d"5xe”3*xf + 24xd"4*xe”2xf
~2)))"(3/4)*1i + 256*%d"7xe"14 - 256xd"6*e”13%f - 16+%d"3*e”10*f~4 + 64xd"4x*e
“11xf73) %11 + x*(32%d"5*xe”13%f - 4xd"2xe”10%f"4 + 24xd"3%e”11xf~3 - 48%d"4x*
e 12+¢f72))* (= (£f73 + ((f - 2*d*xe)*(f + 2*xd*e)”5)"(1/2) + 4*d"2*e”2*f + 4*xd*e
*f72) /(512%(16*d"6*e"4 + d™2+«f"4 + 8*d"3*exf~3 + 32%d"5*e"3*f + 24*d"4*xe” 2%
£72)))7(1/4))/(((-(£73 + ((f - 2xd*e)*(f + 2*d*e)”5)"(1/2) + 4xd~2*e " 2xf +
dxd*xe*xf~2) /(512 (16*xd"6*e”4 + d"2*xf~4 + 8+d " 3*xexf~3 + 32*d"5xe”3*xf + 24*xd~4
*e72xf72)) )~ (1/4) *((x*(65536*d~9*e” 15 - 32768*%d"8*e~14*f + 1024*d"2*e " 8*f~7
- 2048%d"3%e”9*%f"6 - 10240*%d"4xe”10*xf"5 + 20480*d"5*xe”"11*xf~4 + 32768*d"6*e
~12%xf~3 - 65536%d"7T*e”"13*%f"2) - (-(£f73 + ((f - 2*xd*e)*(f + 2xd*xe)”5)"(1/2)
+ 4xd"2xe " 2*f + 4xdxexf”2)/(512*x(16*d"6%e”4 + d"2+%f~4 + 8*d " 3*exf~3 + 32*d~
5xe”3xf + 24xd"4*xe”2xf72))) " (1/4)*(262144*xd"10*%e”~15 - 262144*d"9*e”14*xf + 4
096*%d"3*%e"8*xf~7 - 4096*%xd"4*xe”9*xf"6 - 49152%xd"5*xe”10*xf~5 + 49152*%d"6*e " 11xf~
4 + 196608*d"7xe"12*f~3 - 196608*d~8*e”13*%f " 2)*x1i)*x (- (£f73 + ((f - 2*d*xe)*(f
+ 2%d*e)”"5) " (1/2) + 4xd"2%e"2+f + 4xdxexf”2)/(512%x(16+%d"6%e"4 + d"2xf"4 +
8xd"3*exf"3 + 32%d"5*e”3*xf + 24*xd"4*e"2xf"2))) " (3/4)*1i - 256*d"7*xe"14 + 25
6xd"6*xe”13%f + 16%d"3*%e”10*f"4 - 64*xd"4*e"11xf"3)*1i + x*(32*%d"5*e~13*xf - 4
*d"2%e"10*f"4 + 24%d"3*%e"11*f~3 - 48*%d"4*e"12+%f72) )* (= (£73 + ((f - 2*xd*e)*(
f + 2%d*xe)”5)7(1/2) + 4xd"2*xe"2*f + 4xd*xexf~2)/(512%(16%d"6*e"4 + d"2+xf"4 +
8xd"3*exf~3 + 32xd"5*xe”3*f + 24xd"4*xe"2xf"2))) " (1/4)*1i - ((-(£f73 + ((f -
2%d*xe) % (f + 2*xd*e)”"5)"(1/2) + 4*d"2*e”2*xf + 4dxdxexf~2)/(512*%(16*d"6*e"4 + d
“2xf74 + 8%d"3xexf"3 + 32x%d"bkxe " 3*f + 24xd"4*xe”2%f"2))) " (1/4)* ((x*(65536%d"
9%xe”15 - 32768*%d"8*e”14xf + 1024*xd"2*e"8*f"7 - 2048*d"3*xe”9xf"6 - 10240*d"4
*e710*%f"5 + 20480*d"5*e~11+xf"4 + 32768*%d"6*xe”12*f~3 - 65536*%d"7xe”13*xf~2) +
(=(£73 + ((f - 2*xd*e)*(f + 2xdxe)”5)"(1/2) + 4*xd~2xe~2xf + 4xd*e*xf~2) /(512
*(16*%d"6*%e"4 + d72*xf~4 + 8+d"3*e*f”3 + 32*xd"5*e"3xf + 24*xd"4*e”2xf"2))) " (1/
4)x(262144%d"10%e"15 - 262144%d"9*%e~14*xf + 4096*d"3*e"8*xf"7 - 4096*d~4*e 9%
f76 - 49152*%d"5%xe”10*f"5 + 49152xd"6*e~11xf"4 + 196608*xd"7*xe~12%f~3 - 19660
8xd"8%e " 13xf"2) *x1i) k(= (£73 + ((f - 2xd*e)*(f + 2xd*e)”5)7(1/2) + 4*xd~2*e”2x%
f + 4xdxexf~2)/(512%(16%d"6*e"4 + d"2*xf~4 + 8xd"3*e*xf~3 + 32*xd"5*xe”3*xf + 24
*Q"4xe"2%f72))) " (3/4)*1i + 256%xd"T7*e"14 - 256%d"6xe"13*f — 16xd"3*e”10xf"4
+ 64%d"4*xe"11*f"3)*1i + x*(32%d"5*%e”13*f - 4*d"2xe”10*xf~4 + 24%d"3*xe~11*f"3
- 48%d"4*xe"12*%f72) )% (= (£73 + ((f - 2xd*e)*(f + 2xd*e)”5)"(1/2) + 4*xd"2*e”2
*f + 4*xd*xexf~2)/(512x(16%d"6%e”4 + d"2*f"4 + 8xd~3*e*xf~3 + 32*d"5*xe " 3*xf + 2
4xd"4xe"2x£72))) " (1/4) *1i) ) * (= (£73 + ((£f - 2*d*e)*(f + 2*xd*xe)”5)"(1/2) + 4%
d"2*xe”2*xf + 4xdxexf~2)/(512*%(16*d"6*e”4 + d~2*xf~4 + 8+d"3*e*xf”~3 + 32xd"5*xe”
3xf + 24*xd"4*xe"2xf72))) " (1/4) - atan((((-(£73 + ((f - 2*d*e)*(f + 2xd*xe)”5)



69

~(1/2) + 4xd"2*xe”2xf + 4xd*xexf~2)/(512*x(16*xd"6*xe”4 + d"2+%f"4 + 8*d " 3*kexf"3
+ 32*%d75*xe 3xf + 24*xd"4xe”2xf72))) " (1/4)* ((x*(65536*%d"9*e~15 - 32768*d"8*e”
14%xf + 1024*%d"2*%e " 8*%f"7 - 2048*xd"3*e”9*%f"6 - 10240*%d"4*e”~10*xf"5 + 20480*%d"5
xe"11xf"4 + 32768*xd"6*e”"12+%f"3 - 65536+%d " 7T*xe"13*f"2) + (-(£f73 + ((f - 2*dx*e
Yx(f + 2%d*e)”5) 7 (1/2) + 4xd"2xe”2+f + 4xd*xexf”2)/(512x(16*%d"6%e"4 + d~2*f"
4 + 8xd"3%e*xf"3 + 32xd"5*xe”3%f + 24xd"4*xe"2%f"2))) " (1/4)*(262144%xd"10*e” 15
- 262144xd"9*xe”14*xf + 4096*d"3*%e " 8xf"7 - 4096*%d"4*e"9*%f"6 - 49152*%d"5*e”10x*
75 + 49152xd"6*xe”11*xf~4 + 196608*d"7*xe~12%f~3 - 196608*d"8xe”13*f~2) ) * (- (f
"3 + ((f - 2xdxe)*(f + 2%d*xe)”5)"(1/2) + 4*xd"2xe"2xf + 4xd*xexf~2)/(512*(16%
d"6*e”4 + d72*xf"4 + 8+d"3*e*f”3 + 32xd"5xe"3xf + 24xd"4*e”2*xf72))) " (3/4) -
256xd"7*e”"14 + 256*%d"6*xe"13*f + 16*d"3*%e”10*xf"4 — 64*d"4xe”11xf~3) - x*(32x%
d"5xe”13%xf - 4xd"2%e”10*%f"4 + 24%d"3%e”11%xf~3 - 48*%d"4*xe~12*xf"2))*x(-(£f"3 +
((f - 2%d*xe)*(f + 2*xd*e)”"5)"(1/2) + 4*d"2*e"2*xf + 4xd*exf~2)/(512%(16*d " 6*e
"4 + d72*%f74 + 8xd"3*exf"3 + 32%d"5*xe"3*f + 24*d"4xe”2xf72))) " (1/4)*1i + ((
-(£73 + ((f - 2*xd*xe)*(f + 2*d*e)”5) " (1/2) + 4xd"2xe"2+f + 4*xd*e*xf~2)/(512%(
16%d"6xe~4 + d72*%f"4 + 8xd"3%e*xf"3 + 32xd"5*xe " 3*f + 24xd"4*xe"2xf"2))) " (1/4)
*((x*x(65536%d"9*e”15 - 32768*d"8*e”14xf + 1024*d"2xe"8*f~7 - 2048%d~3*e”9x*f
"6 - 10240*%d"4*e”10*xf"5 + 20480*xd"5*xe"11xf"4 + 32768*d"6*e”12*xf~3 - 65536*d
“Txe"13%f72) - (=(£73 + ((f - 2xd*e)*(f + 2xd*e)”5)7(1/2) + 4*xd™2%e”2xf + 4
*dxexf~2) /(512%(16%d"6*%e"4 + d™2+%f"4 + 8xd"3%e*xf~3 + 32*xd~5*xe”3%f + 24%d"4x*
e”2xf~2))) " (1/4)*(262144*%d"10%e~15 — 262144xd"9*e”~14*f + 4096*d"3*e”"8*xf"7 -
4096*%d"4*e”9*%f"6 — 49152*%d"5*%e”10*xf"5 + 49152xd"6*xe”11*%f"4 + 196608*d"7*xe”
12%xf~3 - 196608*%d"8*e”13*f"2) ) *x(—(£f73 + ((f - 2*d*e)*(f + 2xd*e)”~5)"(1/2) +
4xd~2xe"2xf + 4xd*exf~2)/(512%x(16*xd"6*xe~4 + d72+%f"4 + 8*d"3*exf~3 + 32%d75
*e73xf + 24xd"4*xe"2%f72))) " (3/4) + 256*%d"7*xe"14 - 256*d"6%e”13xf - 16%d"3*e
“10%f~4 + 64%d"4*xe"11*f"3) - x*x(32*d"5*e”13xf - 4xd"2*e"10*%f"4 + 24*xd"3*e”1
1*xf~3 — 48%d"4%e”12*%f72) )% (= (£f73 + ((f - 2*d*xe)*(f + 2*xd*e)”5)~(1/2) + 4x4~
2%e"2%f + 4xdxexf~2)/(512%(16*%d"6*%e"4 + d"2*xf"4 + 8xd"3*e*xf"3 + 32*xd"5*xe 3%
f + 24%d"4%e”2xf72))) " (1/4)*11)/(((=(£73 + ((f - 2*d*xe)*(f + 2xd*e)”5)"(1/2
) + 4%d72%e"2*f + 4xdxexf"2)/(512%(16*%d"6*e”4 + d72*xf"4 + 8xd"3*exf~3 + 32%
d"5*e”3*f + 24xd"4xe”2+%f72))) " (1/4) *((x*(65536*d~9*e~15 - 32768*d"8*xe~ 14x*f
+ 1024xd"2*%xe"8*%f"7 — 2048%d"3xe”9*xf"6 - 10240%d"4*e~10*xf"5 + 20480*d"5xe"11
*f74 + 32768*%d"6xe”12*f"3 - 65536*%d"7xe"13*xf"2) + (-(£f73 + ((f - 2%d*xe)*(f
+ 2xd*e)”5)7(1/2) + 4xd"2*e”2xf + 4xd*exf~2)/(512%(16*xd"6*e”"4 + d"2*xf"4 + 8
*d"3kexf"3 + 32xd"5*xe”3xf + 24*xd"4*xe”2xf72))) " (1/4)*(262144*%d"10%e"15 - 262
144xd"9*xe”14*xf + 4096*%d"3*e"8xf~7 - 4096*xd"4*xe”9*%f~6 - 49152%xd"5xe~10*xf"5 +
49152%d"6xe"11*xf~4 + 196608*xd"7*e"12%f"3 — 196608*%d"8*xe~13*f~2))*(—-(£~3 +
((f - 2%dxe)*(f + 2%d*e)”~5)7(1/2) + 4xd~2*xe 2*f + 4xdxexf~2)/(512x(16*d " 6*e
4 + d72*%f74 + 8xd"3kexf"3 + 32xd"5*xe”3xf + 24*xd"4xe”2xf"2))) " (3/4) - 256%*d
“Txe"14 + 256*%d"6xe”13*%f + 16*%d"3*%e”10*%f"4 - 64*d"4*e”11xf"3) - x*(32%d"5*e
“13%f - 4*xd"2%e”10%f74 + 24*d"3%e”11xf"3 - 48*%d"4xe”12xf"2))*x(-(f73 + ((f -
2*¢d*xe) * (f + 2xd*xe)~5)7(1/2) + 4*d"2*xe”2*xf + 4xdxexf~2)/(512*%(16*d"6*xe”4 +
d"2*xf"4 + 8%d " 3xexf"3 + 32xd"5xe " 3xf + 24xd"4*xe"2xf72)))~(1/4) - ((-(£f°3 +
((f - 2%d*e)*(f + 2%d*e)”5)”"(1/2) + 4xd~2*xe 2*f + 4xdxexf~2)/(512%x(16*d " 6*e
T4 + d72*¢f74 + 8%d"3xexf”3 + 32*%d"b*e”3*f + 24xd"4xe”2+xf72))) " (1/4)*((x*(65
536*xd"9%e”15 - 32768*d"8*e " 14*f + 1024*d"2*e " 8*xf"7 - 2048*%d"3*xe"9xf"6 - 102
40*%d"4*%e”10*xf75 + 20480*%d"5*xe"11*xf~4 + 32768*d"6*e”12*xf~3 — 65536*%d"T7*xe~13%*
£72) - (=(£f73 + ((f - 2+d*e)*(f + 2*xd*e)”5)"(1/2) + 4*d"2*e"2*xf + 4dxd*xexf~2
)/ (512%(16*%d"6%e"4 + d"2*xf~4 + 8+d"3*e*f"3 + 32*d"b*xe"3*xf + 24*d"4*e”2*xf"2)
)7 (1/4)%(262144%d"10%e” 15 - 262144xd"9%e” 14*xf + 4096%d"3*%e”~8*f~7 - 4096*d~
4xe”9xf"6 - 49152%d"5*%e”"10*f"5 + 49152xd"6xe”11xf74 + 196608*xd"7*e”12*xf~3 -
196608*d"8xe~13*%f"2) ) * (- (£73 + ((f - 2xd*xe)*(f + 2*d*e)”5)"(1/2) + 4x*d"2xe
“2+f + 4xdxexf”2)/(512x(16%d"6%e"4 + d72*f"4 + 8*xd"3xexf~3 + 32*%d"5*xe”3*xf +
24xd~4*xe”"2xf72))) " (3/4) + 256%xd"7*e"14 - 256%d"6*xe"13*f - 16*d"3*e”10xf"4
+ 64*xd"4*xe"11+%f~3) - x*x(32*%d"5%e”13*f - 4*xd"2%e"10*xf"4 + 24%d"3*%e"11xf"3 -
48x%d"4*xe"12%f72) ) * (= (£73 + ((f - 2xd*e)*(f + 2xd*e)”5)7(1/2) + 4*xd~2*e”2xf
+ 4xd*xexf~2)/(512x(16*%d"6%e"4 + d"2*f~4 + 8xd"3*exf~3 + 32xd"5*xe”3*xf + 24x*d
“4xe”2%£72))) " (1/4)))*x(-(£73 + ((f - 2*xd*e)*(f + 2xd*e)”5) " (1/2) + 4*xd"2xe”
2+%f + 4xdxexf~2)/(512*x(16%d"6*e"4 + A"2*f"4 + 8*xd"3xexf~3 + 32*%d"5*xe”3*f +
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24xd"4xe”2xf~2))) " (1/4)*2i - atan((((-(£f73 - ((f - 2xd*xe)*(f + 2xd*xe)”~5)" (1
/2) + 4*xd"2%e"2xf + 4xdxexf~2)/(512%(16*xd"6*e”4 + d~2*xf"4 + 8+d"3*exf”"3 + 3
2*%d"5xe " 3*f + 24xd"4*e”2xf72))) " (1/4)* (((=(£73 = ((f - 2xd*e)*(f + 2xd*e)”5
)7(1/2) + 4%d72*%e”2*xf + 4xdxexf”2)/(512*%(16*d"6*e~4 + d~2*%f~4 + 8*d " 3*xe*xf~3
+ 32%d"5*xe"3*f + 24%d"4xe”2xf~2))) " (1/4)*(262144*xd"10*%e~15 — 262144*d"9*e”
14xf + 4096*%d"3*%e " 8*%f"7 — 4096*xd"4*e”9*%f"6 - 49152%d"5*e”10xf"5 + 49152*%d"6
*e"11xf"4 + 196608*%d"7*xe~12*f~3 - 196608*d"8*e”13*xf~2) + x*(65536*%d"9*e~15
- 32768*%d"8xe”14*xf + 1024xd"2*%e"8*f"7 - 2048%d"3*xe”9*xf"6 - 10240*xd"4*e”10%*f
“5 + 20480*d"5*e"11*xf"4 + 32768%d"6*xe”12*f"3 - 65536*%d"7xe " 13*xf~2) ) *x(-(£f73
- ((f - 2xd*e)*(f + 2xdxe)”5)7(1/2) + 4*xd~2xe"2xf + 4xd*xexf~2)/(512*x(16*d"6
¥e"4 + 4d72xf"4 + 8%d"3kxexf"3 + 32%d"5xe”3xf + 24xd"4*xe"2xf"2)))"(3/4) - 256
*d"7xe"14 + 256%d"6%e”13x%f + 16%d"3*e”10*f"4 - 64xd"4*xe"11%f"3) - x*x(32*d"5
*e713%xf - 4%d"2*%e”10*xf"4 + 24%d"3*e”11xf"3 - 48*d"4*xe”12x%f"2) ) *x(-(£73 - ((f
- 2xdxe)*x(f + 2xd*xe)”5) " (1/2) + 4*d"2%e~2xf + 4xd*exf~2)/(512%(16*xd~6*xe"4
+ d72*%f74 + 8xd"3xexf”3 + 32*xd"5*xe”3*xf + 24xd"4*xe"2xf72))) " (1/4)*1i - ((-(£f
“3 - ((f - 2xd*e)*(f + 2*d*e)”5) " (1/2) + 4xd"2xe"2xf + 4xd*exf~2)/(512x(16%
d"6*e”4 + d72*xf"4 + 8+d"3*e*xf"3 + 32xd"5xe"3*%f + 24*xd"4*xe”2xf"2))) " (1/4)*((
(-(£73 - ((f - 2xd*e)*(f + 2xd*e)~5)"(1/2) + 4*xd"2*xe"2xf + 4*d*exf~2)/(512x%
(16%d"6*e"4 + d"2*f~4 + 8xd"3xexf~3 + 32*d"5*xe”3*f + 24xd"4*e"2xf72)))"(1/4
)% (262144%d"10%e” 15 - 262144*d"9*e~14*xf + 4096*d"3*e”8*f~7 - 4096*d " 4*xe~9*f
“6 - 49152xd"5xe”10xf"5 + 49152*%d"6*e"11*%f"4 + 196608*d"7*xe"12%f"3 - 196608
*d"8%e~13*xf"2) - x*(65536%d"9*%e~15 - 32768*d"8*xe”"14xf + 1024*xd"2%e”8*xf~7 -
2048*%d"3xe”9*xf76 - 10240*%d"4*xe”10*%f~5 + 20480*d"5*e”11xf"4 + 32768*xd " 6*xe~12
*f~3 - 65536%d"7T*xe"13*f"2) )k (=(£73 - ((f - 2*d*e)*x(f + 2xd*e)”5)~(1/2) + 4x
d"2*%e”2*%f + 4xdxexf~2)/(512*%(16*d"6*e”4 + d~2xf~4 + 8+d"3*e*xf”~3 + 32xd"5*xe”
3xf + 24xd~4xe”2xf72))) " (3/4) - 256%d"7*e"14 + 256*%d"6xe”13*f + 16*xd~3*e”10
*f74 - 64xd"4*e”11xf73) + x*(32%d"5*xe”13*f — 4*%d"2%e”10*%f"4 + 24%d"3xe”11x*f
"3 - 48*%d74x*xe”12xf72) )x (- (£73 - ((f - 2*xd*e)*(f + 2*d*e)”5)"(1/2) + 4*xd"2*e
“2*f + 4xdxexf”2)/(512%(16*%d"6*xe"4 + d"2*%f"4 + 8xd"3*exf~3 + 32xd"5*xe"3*f +
24xd~4*xe”2x£72)) )" (1/4)*%11) /(((-(£73 - ((f - 2*xd*e)*(f + 2*xd*e)~5)~(1/2) +
4xd"2xe"2xf + 4xd*exf~2)/(512%(16*xd"6*xe"4 + d"2+%f"4 + 8*d"3*exf~3 + 32%d"5
*e73*f + 24*xd"4*xe”2xf"2))) " (1/4)*(((-(£f73 - ((f - 2*d*e)*(f + 2*xd*e)”5)~(1/
2) + 4xd"2%e"2xf + 4xd¥xexf"2)/(512%(16*xd"6*e”4 + d~2*xf"4 + 8+d"3*xexf”"3 + 32
*d"5*ke"3xf + 24xd"4*xe”2xf72))) " (1/4)*(262144%d"10%e” 15 - 262144xd"9*e” 14x*f
+ 4096*d"3*%e"8*f"7 - 4096*d"4*e " 9*xf"6 - 49152*%d"5*e " 10*f"5 + 49152xd"6*xe”11
*f74 + 196608*d"7*xe~12*xf~3 - 196608*d~8*e”13%f~2) + x*(65536*d~9*e”15 - 327
68*d"8*xe"14*f + 1024*d"2*%e " 8xf~7 - 2048*xd"3xe”9*%f"6 - 10240*xd"4xe~10*xf~5 +
20480*%d"5xe~11*%f~4 + 32768*d"6xe”12*xf~3 - 65536*d"7*e " 13*xf"2))*x(-(£f°3 - ((f
- 2xd*xe)*(f + 2*xdxe)”5)"(1/2) + 4*d™2xe”2*xf + 4dxdxexf~2)/(512*x(16*d"6xe"4
+ d72%f74 + 8xd"3xexf"3 + 32xd"5xe”3*f + 24xd"4xe”2*xf72))) " (3/4) - 256*%d"T7*
e”14 + 256xd"6*e”13%f + 16+%d"3*e”10*f~4 - 64xd"4*e"11*%f~3) - x*x(32*d"5*e~13
*f — 4%d72*%e”10*f~4 + 24xd"3*e"11*f"3 - 48%xd"4*xe"12%f"2) )*(-(£°3 - ((f - 2%
dxe)*x(f + 2xd*xe)”~5)"(1/2) + 4*d"2*e”2*xf + 4xdxexf~2)/(512*%(16*d"6*e"4 + d~2
*f74 + 8%d"3*kexf"3 + 32xd"5*xe”3*f + 24*xd"4*xe”2xf"2)))"(1/4) + ((-(£f73 - ((f
- 2kd*e)*x(f + 2xd*e)~5)"(1/2) + 4*xd"2*xe " 2*xf + 4xd*exf~2)/(512*x(16*xd"6*xe”4
+ d72xf74 + 8%d"3%exf”"3 + 32%d"5xe”3xf + 24xd"4*xe”2xf72))) "~ (1/4)*x(((-(£f"3 -
((f - 2+d*xe)*(f + 2*xd*e)”5)"(1/2) + 4*xd"2*e”2*f + 4xdxexf~2)/(512*%(16*d"6x*
e”4 + d72xf"4 + 8xd"3kexf"3 + 32%d"5*xe"3*f + 24*xd"4xe”2xf"2))) " (1/4)* (26214
4xd"10%e” 15 - 262144xd"9*e”14xf + 4096*%d"3xe”8xf~7 - 4096*d"4*xe”9xf"6 - 491
52xd"5xe”10*f"5 + 49152xd"6*e”11*xf"4 + 196608*xd"7*e”12*xf~3 - 196608*d"8*e”1
3*f~2) - x*(65536%d"9*%e”15 - 32768*d"8*e”14xf + 1024*d"2%e”8*xf~7 - 2048*d~3
*e"9xf"6 - 10240*%d"4*e”10*f75 + 20480*%d"5xe"11xf~4 + 32768*%d"6*e”12*%f"3 - 6
5536*%d"7*e"13*f"2) )*x (- (£73 - ((f - 2*xd*e)*(f + 2xd*e)”5) " (1/2) + 4*xd"2*xe”~2x
f + 4xd*exf~2)/(512%(16*%d"6%e"4 + d"2*f"4 + 8xd"3*e*xf~3 + 32xd"5*xe”3*xf + 24
*d"4*e"2%£72))) " (3/4) - 256*%d"T7*e"14 + 256*xd"6xe”13*%f + 16%d"3*e”10*xf"4 - 6
4Axd"4*xe”11%f73) + x*(32*%d"5*%e”13*xf - 4%d"2*%e”10*%f"4 + 24*xd"3*e”11xf"3 - 48
d"4*xe”12xf72) )*x (= (£73 - ((f - 2*xd*e)*(f + 2xd*e)”5) " (1/2) + 4*xd~2xe"2xf + 4
*d*xe*xf~2) /(512%x(16*xd"6xe~4 + d"2+«f"4 + 8*d"3*exf~3 + 32+%d"5*e”3*f + 24*xd"4x*
e”2+xf72))) " (1/4)))*x(—(£73 - ((f - 2*d*e)*(f + 2xdxe)”~5)"(1/2) + 4*xd"2*e”2*f
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+ 4xd*xexf"2)/(512*x(16*%d"6%e"4 + d"2*f"4 + 8xd"3xexf~3 + 32*%d"5*xe”3*f + 24x*
d"4*xe”2xf72))) " (1/4)*2i - 2*atan((((-(f73 - ((f - 2*d*e)*(f + 2*xd*e)”5)"(1/
2) + 4*%d"2*e”2*xf + 4dxdxexf~2)/(512*%(16*d"6*e"4 + d~2*%f~4 + 8*d " 3*kexf~3 + 32
*Q75%e"3*kf + 24*xd"4%e”2xf72))) "~ (1/4)*(((-(f73 - ((f - 2*xdxe)*(f + 2*d*xe)”5)
“(1/2) + 4xd"2*xe”2xf + 4xd*xexf~2)/(512*(16*xd"6*e"4 + d™2+%f~4 + 8*d " 3*xexf~3
+ 32%d"5*%xe"3*f + 24*xd"4xe”2%xf"2))) " (1/4)*(262144%d"10%e~15 — 262144*%d"9*e”1
4xf + 4096xd"3*xe"8*f"7 - 4096xd"4*xe”9xf"6 - 49152xd"5*xe”10*xf"5 + 49152*%d" 6%
e"11xf~4 + 196608*%d"7*e~12*xf~3 - 196608*d"8*e~13*xf~2)*1i + x*(65536*d"9*e”1
5 - 32768*%d"8*e”14*f + 1024*d"2*e " 8*xf~7 - 2048*%d"3*e"9xf"6 - 10240*%d"4*e”10
*f75 + 20480*d"5*xe"11*xf~4 + 32768*d"6*e”12*xf~3 — 65536*%d"7*e 13*f~2) ) *x (- (£~
3 - ((f - 2xd*e)*(f + 2+d*e)”5)"(1/2) + 4xd"2%e”2+f + 4*xd*xexf~2)/(512x(16%*d
“6ke”4 + d72%xf"4 + 8%d"3kexf"3 + 32%d"bke”3xf + 24xd"4xe”2xf"2))) "~ (3/4)*1i
+ 256%d"7xe”14 - 256%d"6*e”13*f - 16*d"3*e”10*%f"4 + 64*xd"4*xe”11*xf"3)*1i + x
*(32%d"5*xe”13xf — 4*xd"2*%xe”10*%f"4 + 24*xd"3*e”11*f~3 - 48%xd"4*xe”12%f"2) ) x (- (£
"3 - ((f - 2xd*e)*(f + 2*d*e)”5)~(1/2) + 4xd"2xe"2xf + 4xd*exf~2)/(512x(16%
d"6xe”4 + d72*f"4 + 8xd"3*kexf~3 + 32%d"5*xe”3*f + 24*xd"4xe”2xf~2))) " (1/4) -
((=(£f73 = ((f - 2*xd*e)*(f + 2xd*e)~5)"(1/2) + 4*xd"2xe~2xf + 4xd*e*xf~2) /(512
*(16%d"6*%e”4 + d72*xf"4 + 8+d"3*e*f"3 + 32*xd"b*e"3xf + 24*xd"4*xe”2xf"2))) " (1/
)*x(((=(£73 = ((f - 2xd*e)*(f + 2*d*e)~5)~(1/2) + 4xd"2xe"2*xf + 4xdxexf~2)/
(512%(16*d"6xe"4 + d™2*f~4 + 8xd"3*exf~3 + 32%d"5*xe”3*f + 24*d"4*xe”2*xf~2)))
“(1/4)%(262144%d"10%e”15 - 262144%d"9xe~14*xf + 4096*d"3*e~8*f~7 - 4096%d"4x*
e”9xf"6 - 49152%d"b*xe”10*%f"5 + 49152*%d"6*%e”"11xf"4 + 196608*d"7*e"12xf"3 - 1
96608*xd"8*e~13*%f"2)*1i — x*(65536*%d"9*e~15 - 32768*xd"8*xe~14*f + 1024*xd~2%e”
8xf~7 - 2048*%d"3*%e”9*xf"6 - 10240*d"4*e”10*f"5 + 20480*xd"bxe"11xf~4 + 32768%
d"6xe"12*xf~3 - 65536*d"T*e"13*%f"2) )*x(-(£f73 - ((f - 2*d*e)*(f + 2xd*e)”5)~(1
/2) + 4*%d72*%e”2*xf + 4xdxexf~2)/(512*%(16*d"6*e”"4 + d~2xf~4 + 8+%d"3*exf”"3 + 3
2%d"bxe " 3xf + 24xd"4xe”2xf72))) " (3/4)*11i + 256%d"7Txe"14 - 256%d"6*e " 13*f -
16%d"3%xe~10*f"4 + 64xd"4*e”11*xf~3)*1i - x*(32%xd~5*xe”13*f - 4*%d"2*%e~10*f"4 +

24xd"3%e”11%f"3 - 48*d"4*e”12*xf"2) )*x (- (£f73 - ((f - 2*d*e)*(f + 2*d*e)~5) " (
1/2) + 4xd"2%e"2+f + 4*xd*xexf~2)/(512*x(16%d"6%e"4 + d"2*f"4 + 8xd"3xexf~3 +
32*%d"5*xe " 3*xf + 24xd"4*e”2+%f72))) " (1/4))/(((-(£73 = ((f - 2*d*e)*(f + 2xdxe)
“5)7(1/2) + 4xd"2xe”2xf + 4xdxexf~2)/(512%x(16*xd"6*xe"4 + d"2+%f"4 + 8*d”"3*xexf
"3 + 32*%dA75*e”3*f + 24xd"4%e”2+%f72))) " (1/4)*(((-(£73 - ((f - 2*xd*e)*(f + 2%
d*e)”5)7(1/2) + 4xd"2%e"2*f + 4dxd*exf~2)/(512%(16*%d"6*e"4 + d"2*xf~4 + 8xd~3
xexf~3 + 32%d"bxe”3xf + 24xd"4*xe”2xf72))) "~ (1/4)*(262144%xd"10*%e” 15 - 262144x%
d"9%e"14xf + 4096xd"3*%e”8*f"7 - 4096*d " 4*xe”"9xf"6 - 49152%d"5*e”"10*f"5 + 491
52xd"6*xe”11xf"4 + 196608*d"7*xe~12*%f"3 - 196608*d"8xe”13*xf~2)*1i + x*x(65536%
d"9xe”15 - 32768*xd"8*xe"14xf + 1024*d"2%e"8xf"7 - 2048*d"3*e”"9xf"6 - 10240%*d
“4xe”10*%f"5 + 20480*d"5*xe”11*%f~4 + 32768*d"6*xe”12xf~3 - 65536*d"7T*xe”13*%f"2)
)¥(=(£73 = ((f - 2*d*e)*(f + 2xd*e)”5)~(1/2) + 4*d~2%e”2xf + 4xd*xexf~2)/(51
2% (16xd"6*e"4 + d72+%f"4 + 8*d"3xe*xf”~3 + 32xd"5*xe”3xf + 24xd"4*xe"2xf72))) (3
/4)*x1i + 256%d"7T*xe"14 - 256*%d"6xe”13*xf - 16*%d"3*e”10*%f"4 + 64*xd~4*e”11xf"3)
*1i + x*(32%d"5*xe”13*f - 4%d"2xe”10*xf~4 + 24%d"3%e”11*f~3 - 48xd"4*xe~12*f"2
N)*x(—(£73 - ((f - 2xd*e)*(f + 2%d*e) 5)~(1/2) + 4xd~2%e”2*xf + 4*d*xexf~2)/(5
12% (16*d"6%e”4 + d"2*xf"4 + 8%d " 3*exf~3 + 32*d"5%xe”3*xf + 24*xd"4*xe"2xf~2))) " (
1/4)*1i + ((-(£73 = ((f - 2*xd*e)*(f + 2*d*e)”5) " (1/2) + 4xd~2xe"2xf + 4xdxe
*f72)/(512%(16*%d"6xe"4 + d"2*xf~4 + 8*xd"3*kexf~3 + 32%d"5*xe”3*f + 24*xd"4*e” 2%
£72)))"(1/4)*(((-(£73 = ((f - 2*xd*e)*(f + 2xd*e)”5)"(1/2) + 4*xd"2xe"2xf + 4
*dxexf~2) /(512%(16%d"6%e~4 + d~2*%f"4 + 8xd~3*e*xf~3 + 32%xd"5*xe”3xf + 24*d"4x*
e"2xf72))) " (1/4)*x(262144%d"10*%e”~15 - 262144%d"9*e~14xf + 4096*d"3*e”8*xf~7 -

4096xd"4*xe”9*f"6 - 49152xd"5*xe”10*xf"5 + 49152xd"6*xe”11*xf"4 + 196608*d"7*xe”
12*xf~3 - 196608*d"8*e 13*f~2)*1i — x*(65536%d"9*e~15 - 32768*d"8xe~14xf + 1
024xd"2*%e"8*%f~7 — 2048%d"3xe”9xf"6 - 10240%d"4*e~10*xf"5 + 20480*d"b5xe”11*xf~
4 + 32768*%d"6*xe”12*f"3 - 65536*%d"7xe"13*xf"2))*x(-(£73 - ((f - 2*d*xe)*(f + 2%
d*e)”5)7(1/2) + 4xd"2%e"2*f + 4dxdxexf~2)/(512%(16*%d"6*e”4 + d"2*xf~4 + 8xd~3
xexf~3 + 32+%d75*xe”3*f + 24xd"4*e”2+£72))) 7 (3/4)*1i + 256*%d"T7*e"14 - 256*d”6
*e713x%f - 16%d"3*e”10*f"4 + 64xd"4*xe"11*xf"3) %11 — x*(32*%d"5*xe”13*f - 4*d"2x%
e”10*xf~4 + 24%d"3%e”11%xf~3 - 48%d"4*xe”12*xf"2))*x (- (£73 - ((f - 2xd*xe)*(f + 2
*dxe)"5) " (1/2) + 4xd"2%e"2xf + 4*xd*xexf~2)/(512*%(16*xd"6*e”4 + d~2*xf"4 + 8xd~
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3xe*xf~3 + 32%d"5%e”3%f + 24%d"4%e”2%f"2))) " (1/4)*1i))*x(-(£73 - ((f - 2*dxe)
*(f + 2%d*xe) b))~ (1/2) + 4*xd~2%e"2%xf + 4xdxe*xf~2)/(512%(16*%d~6*%e"4 + d~2*xf~4
+ 8*%d"3%exf”"3 + 32xd"5*xe”3*xf + 24*xd"4*xe”2xf"2))) " (1/4)

sympy [A] time = 7.14, size = 136, normalized size = 0.17

409615d%¢2 + 40965 e f + 1024152 f2 + dtde + 4t
RootSum (ts (1048576d%" + 2097152 f + 1572864d*e2 f2 + 524288d% f* + 6553642 *) + 1* (1024d%¢2 f +1024def? + 256f°) + ¢, (r i tlog (x + of f e+ dif )))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/ (ex*2xx**x8+f*x**x4+d**2) ,x)

[Out] RootSum(_t*x8%(1048576xd**6xe*x*4 + 2097152xd**5xe*x*3+f + 1572864*d**4*xe**2%
fxx2 + 524288*d**3xe*xfx*x3 + 65536xd**2xf**4) + txkd*(1024*d**2*xex*2+xf + 10
24xdxexf**2 + 2656%f*x3) + ex*2, Lambda(_t, _t*log(x + (4096%*_t**bkxdx*4xe*x*2

+ 4096% txxbDxd*xx3kexf + 1024*% trx*kSxd**2xf**x2 + 4*x tkxdke + 4% _txf)/e)))
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4
3.7 f _drer dx

d2—px*+e2x8

Optimal. Leaf size=349

\/E tan™! ( V2 Ve ) \/E tan™! ( V2 yex ) \/E tanh ™! [M
Vb—2de —\b+2de Vb-2de +Vb+2de vb—2de — b+

_\/E\/b—Zde\/\/b—Zde — Vb +2de _«/E\/b—zde\/x/b—zde + Vb + 2de _\/E\/b—Zde\/\/b—Zde -1

Rubi [A] time = 0.42, antiderivative size = 349, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 27,

number of rules _ ) 148, Rules used = {1419, 1093, 207, 203}

integrand size

Ve tan™! [7\& Ve ] e tan™! [7‘/E Ve ] Ve tanh ™! [7\6 Ve ] Ve tanh ! [7‘/E Ve ]
Vb—2de —Vb+2de Vb—2de +\b+2de Vb—2de —Vb+2de Vb—2de +Vb+2de

V2 Vb= 2de+/Vb - 2de — b + 2de _\/E\/b72de\/\/b72de+\/b+2de _\ﬁ\/b—2dm/\/b—2de—\/b+2de _\ﬁ\/b—2de\/\/b—2de + b+ 2de

Antiderivative was successfully verified.
[In] Int[(d + e*xx"4)/(d"2 - b*x"4 + e72%x78),x]

[Out] -((Sqrt[e]*ArcTan[(Sqrt[2]*Sqrt[e]l*x)/Sqrt[Sqrt[b - 2*d*e] - Sqrt[b + 2*dx*e
111)/(Sqrt[2]*#Sqrt [b - 2*d*e]l*Sqrt[Sqrt[b - 2xd*e] - Sqrt[b + 2%dxe]]l)) - (
Sqrt[el*ArcTan[(Sqrt [2]*Sqrt [e] *x) /Sqrt [Sqrt[b - 2*d*e] + Sqrt[b + 2xd*e]]]

)/ (Sqrt [2]*Sqrt[b - 2*d*e]*Sqrt[Sqrt[b - 2*d*e] + Sqrt[b + 2xdxe]]) - (Sqrt

[e] *ArcTanh [(Sqrt [2] *Sqrt [e]*x) /Sqrt [Sqrt[b - 2xd*e] - Sqrt[b + 2*xdxe]]l])/(

Sqrt [2]*Sqrt[b - 2*d*e]*Sqrt[Sqrt[b - 2*d*e] - Sqrt[b + 2xd*el]) - (Sqrtl[el
*ArcTanh[(Sqrt [2]*Sqrt [e]l*x) /Sqrt [Sqrt[b - 2*d*e] + Sqrt[b + 2*xd*el]])/(Sqr
t[2]*Sqrt[b - 2*xd*e]l*Sqrt[Sqrt[b - 2*d*e] + Sqrt[b + 2xd*e]])

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 || GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 1093

Int[((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Distl[c/q, Int
[1/(b/2 + q/2 + c*x72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x

_Symbol] :> With[{q = Rt[(2*d)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x~(n/2) + x

“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4

xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
[l C 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, ex*Rt[a/c, 211))

Rubi steps
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f ! dx f ! dx
d  Vb+2dex? e é+ Vb+2de x2
e

f d+ex* PR S 4 .\ M bt
b+ T 2e 2e
1 1 1 1
f Vb-2de  Vb+2de dx f Vb-2de \b+2de f Vb-2de  Vb+2de = o dx f vb-2de b
T 20 2 +x2 2  2¢ +x2 T 2e + 2e X 2e +_2
= —_ + —
2Vb - 2de 2Vb — 2de 2Vb - 2de 2Vb -
\/E tan™! V2 e \/E tan™! V2 e 1
Vb-2de —\b+2de Vb-2de + Vb+2de

__\/E«/b—zde\/\/b—zde — Vb +2de _ \/5\/b—2de\/\/b—2de + Vb + 2de ) V2

Mathematica [C] time = 0.04, size = 69, normalized size = 0.20

1 #1%1log(x — #1) + d log(x — #1
! RootSum [#1%¢2 — #14 + d2g, 11080~ #1) + dlog(x ~#1) o
4 2#1762 — #1%b

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx™4)/(d”2 - b*x"4 + e72%x78),x]

[Out] RootSum[d~™2 - b*#174 + e~ 2*#17°8 & , (dxLoglx - #1] + exLoglx - #1]1*#174)/(-
(b*#173) + 2%xe™2x#177) & 1/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

d + ex*
X
d? — bx* + e2x8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*x74)/(d"2 - b*x"4 + e72%x78),x]
[Out] IntegrateAlgebraic[(d + exx"4)/(d"2 - b*x~4 + e”2*x78), x]
fricas [B] time = 1.71, size = 3048, normalized size = 8.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~4+d)/(e”2*x"8-b*xx~4+d"2),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(-((4*xd~4*e~2 - 4xb*d~3*e + b~2xd"2)*sqrt(-(2*d*e + b)/
(8%d~7*e”3 - 12xb*d"6*e”2 + 6%b"2*d"5*e - b~3*%d"4)) - b)/(4*d"4*e”2 - 4xbxd
“3%e + b72xd"2)))*arctan(-1/4*(2*sqrt (1/2)*((8*%d"5%e”3 - 12*b*d~4*e”2 + 6%*b
“2%d"3%e - b73*%d"2) *x*sqrt(-(2xd*e + b)/(8*%d"7*e”3 - 12*b*d"6*e”2 + 6xb”2xd
“bxe - b73%d"4)) - (4*d"2*xe”2 - 4xbxdxe + b72)*x)*sqrt(-((4xd"4*e”2 - 4xb*d
“3%e + b72xd"2)*sqrt (- (2%d*e + b)/(8*%d"7*e"3 - 12%b*d"6%e”2 + 6%b"2xd"b*e -
b~3%d"4)) - b)/(4xd"4*xe”2 - 4xbxd"3*%e + b72xd"2)) + (4*d"2%e”2 - 4xbxdxe +
b2 - (8%d”"5*e”3 - 12%b*xd"4*e”2 + 6%b"2xd"3%e - b~ 3*d"2)*sqrt(-(2*d*e + Db)
/(8%d"T*xe”3 - 124b*d"6*e”2 + 6xb~2xd"5*e - b~3*%d"4)))*sqrt(-((4*xd"4*e”2 - 4
*bxd"3*e + b72xd"2)*sqrt(-(2xd*e + b)/(8*d"7*e"3 - 12%b*d~6%e”2 + 6%b~2%d"5
xe — b~3*%d74)) - b)/(4*%d"4*e”2 - 4xb*d"3*e + b"2%d"2))*sqrt((2*%e”2*x”2 - sq
rt(1/2)*(2%b*d*e - b~2 + (8%d"5*e”3 - 12xb*xd~4*e”2 + 6%b~2*%d"3*e - b~3*d"2)
xsqrt (-(2%d*e + b)/(8%d"7*e”3 - 12xb*d~6%e”2 + 6*%b~2*d"5*e - b~3*d"4)))*sqr
t(-((4*d~4*e”2 - 4xb*d"3*e + b~2xd"2)*sqrt(-(2xd*e + b)/(8+%d”~7*xe”3 - 12xb*d
“6*e”2 + 6%b"2*%d"b*e - b"3xd"4)) - b)/(4*d"4*e”2 - 4xb*d"3*xe + b"2xd"2)))/e
72))*sqrt (sqrt(1/2) *sqrt (- ((4*d"4*e”2 - 4*xb*d"3*e + b~2*d"2)*sqrt(-(2*d*e +
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b)/(8*d"7*xe”3 - 12%¥b*d"6xe”2 + 6*%b~2*d"5*e - b~3*d"4)) - b)/(4*d"4*e"2 - 4
*bxd"3%e + b~2%d"2)))/e) + sqrt(sqrt(1/2)*sqrt(((4*xd~4*e”2 - 4xb*d~3%e + b~
2xd"2) *sqrt (- (2*d*e + b)/(8*d"7*e~3 - 12xb*d~6%e”2 + 6*b~2*d"5*e - b~3xd"4)
) + b)/(4%d"4%e”2 - 4xb*xd"3%e + b~2%d"2)))*arctan(-1/4*(2*sqrt(1/2)*((8%d"5
xe”3 - 12%b*xd"4*e”2 + 6%b72xd"3%e - b73*d"2)*x*sqrt(-(2*dxe + b)/(8xd"7*xe"3

- 12xb*d~6%e”2 + 6%b~2*%d"5*e - b"3xd"4)) + (4*d"2*e”2 - 4xb*dxe + b72)*x)*
sqrt (sqrt (1/2) *sqrt (((4xd"4*e™2 - 4xb*d~3%e + b~2*d"2)*sqrt(-(2xd*e + b)/(8
*d"7*e”3 - 12xb*d"6*e”2 + 6%b~2%d"b*e - b73*%d"4)) + b)/(4xd"4*e”2 - 4*b*xd"3
xe + b~2*%d72)) ) *sqrt (((4*d~4*e”2 - 4xb*d"3%e + b~2xd"2)*sqrt (-(2*d*e + b)/(
8xd"7*xe"3 - 12xb*d"6%e”2 + 6%b"2*d"b*e - b73xd"4)) + b)/(4xd"4*e"2 - 4xb*xd”
3xe + b72*%d72)) - (4xd”"2xe”2 - 4xbxd*e + b"2 + (8*%d"5*e”3 - 12%bxd"4*e”2 +
6%b~2%d"3%e - b73%d"2)*sqrt(-(2*d*e + b)/(8%d"7*e”3 - 12xbxd"6%e”2 + 6xb”2x
d"6%e - b73*d"4)))*sqrt(sqrt(1/2)*sqrt (((4xd~4*e”2 - 4xb*d"3*e + b72xd"2)*s
qrt (-(2xd*e + b)/(8*d"7*e”3 - 12*bxd"6*e”2 + 6%¥b"2%d"5*e - b~ 3*d"4)) + b)/(
4xd"4*xe”2 - 4*bxd"3*%e + b72%d”2)))*sqrt(((4*d"4*e”2 - 4xb*d"3xe + b~2*xd"2)*
sqrt (- (2*%d*xe + b)/(8xd"7*e”3 - 12xb*d"6%e”2 + 6%b~2*d"5*e - b~3xd"4)) + b)/
(4xd~4*e”2 - 4xb*d~3%e + b~2%d"2))*sqrt((2*xe”2%x"2 - sqrt(1/2)*(2*bxdxe - b
72 - (8%d"b*e”3 - 12xbxd"4*e”2 + 6xb”2*%d"3xe - b~3*d"2)*sqrt(-(2xd*xe + b)/(
8*d"7*e"3 - 12xb*d~6%e”2 + 6*b~2*d"5*xe - b~3xd"4)))*sqrt (((4*xd"4xe”2 - 4x*bx
d"3%e + b72xd"2)*sqrt (- (2*xd*e + b)/(8%d"7*xe”3 - 12xb*d~6*e”2 + 6xb~2*xd 5*e
- b7™3%d"4)) + b)/(4*xd"4*e”2 - 4xbxd"3xe + b"2xd"2)))/e"2))/e) + 1/4xsqrt(sq
rt(1/2)*sqrt (((4*d~4*e”2 - 4xb*d~3xe + b~2*d"2)*sqrt(-(2*d*e + b)/(8xd"7*e"
3 - 12%bxd"6*e”2 + 6xb~2*d"5*e - b~3*d"4)) + b)/(4xd"4*e”2 - 4xb*xd"3%e + b~
2xd"2)) ) *log(exx + 1/2%(2*d*e + (4xd"4*e”2 - 4xb*d"3*e + b72xd"2)*sqrt (- (2%
d*e + b)/(8*d"7xe”3 - 12*¥b*d~6xe”2 + 6%b~2%d"5*e - b~3*d"4)) - b)xsqrt(sqrt
(1/2) *sqrt (((4*d~4*e”2 - 4xb*d"3*e + b~2xd"2)*sqrt(-(2*xd*e + b)/(8%d"7*xe"3
- 12%b*xd~6%e”2 + 6*%b~2*%d"5%e - b~3*d"4)) + b)/(4*d"4*e”2 - 4xb*d"3xe + b72x
d"2)))) - 1/4xsqrt(sqrt(1/2)*sqrt(((4*xd~4*e”2 - 4xb*d"3*e + b~2*d"2)*sqrt(-
(2xd*e + b)/(8%d"7*e"3 - 12xbxd"6*e”2 + 6%b~2*d"5xe - b~3*d"4)) + b)/(4xd"4
xe”2 - 4xbxd"3%e + b72%d"2)))*log(e*xx - 1/2x(2xd*e + (4*d"4*e”2 - 4xb*d~3xe

+ b72*%d"2) *sqrt (- (2*d*e + b)/(8*d"7*e”3 - 12xb*d"6%e”2 + 6%b~2*d"b*e - b~3
xd~4)) - b)*sqrt(sqrt(1/2)*sqrt(((4*d"4*e”2 - 4xb*d"3xe + b~2*xd~2)*sqrt(-(2
*xdxe + b)/(8*d"T*e"3 - 12%b*d"6%e”2 + 6+xb~2xd"5*e - b~3%d"4)) + b)/(4xd"4xe
T2 - 4xb*d"3%e + b72xd"2)))) + 1/4*xsqrt(sqrt(1/2)*sqrt(-((4*d"4*e”2 - 4x*bxd
“3xe + b72xd"2)*sqrt (- (2*d*e + b)/(8*d"T*xe"3 - 124b*d"6%e"2 + 6*%b"2xd"5*e -

b~3*%d~4)) - b)/(4*d"4*e”2 - 4xb*d"3xe + b"2*xd"2)))*log(exx + 1/2%(2*d*e -

(4%d~4xe"2 - 4*xbxd"3*e + b~2*d"2)*sqrt(-(2*d*e + b)/(8*d"7*e~3 - 12xb*d~6%e
T2 + 6%b72xd"5*e - b73*%d"4)) - b)*sqrt(sqrt(1/2)*sqrt(-((4*d~4*e”2 - 4xb*xd”
3%e + b72*%d"2)*sqrt(-(2xdxe + b)/(8%d"7*e”3 - 12%bxd"6*e”2 + 6%b~2*d"5*e -
b~3*d"4)) - b)/(4*xd"4xe”2 - 4xbxd"3*e + b~2*%d"2)))) - 1/4xsqrt(sqrt(1/2)*sq
rt (- ((4*%d"4*xe”2 - 4*bxd"3*%e + b~2*d"2)*sqrt(-(2*d*e + b)/(8*d"7*e”3 - 12%b*
d"6*e”2 + 6%b~2%d"5*e - b73xd"4)) - b)/(4xd"4*e"2 - 4xb*xd"3*e + b72xd"2)))x*
log(e*x - 1/2x(2xd*e - (4*d"4*e”2 - 4xb*d"3xe + b~2*d"2)*sqrt(-(2*d*e + b)/
(8x%d"7*e”3 - 12xbxd~6*e”2 + 6xb~2*d"5xe - b~3*d"4)) - b)*sqrt(sqrt(1/2)*sqr
t(-((4*d~4*e”2 - 4*b*d"3*e + b~2xd"2)*sqrt(-(2*d*e + b)/(8*d"7*e~3 - 12*b*d
“6%e”2 + 6%b"2%d"5*e - b73*%d"4)) - b)/(4*d"4*e”2 - 4xbxd"3*e + b"2%d"2))))

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x"8-b*x~4+d"2),x, algorithm="giac")

[Out] Timed out
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maple [C] time = 0.03, size = 55, normalized size = 0.16

(RootOf (225 -b_7* + ) e+ d) In (~ RootOFf (¢2_7° — b_7* + %) +x)

7 3
8 RootOf (e2_Z° —b_Z* + d2)" €2 — 4RootOf (e2_Z° —b_Z* +d2) b
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~4+d)/(e"2*%x"8-b*x"4+d"2),x)

[Out] 1/4*sum((_R~4*e+d)/(2*x R"7x*e”"2- R™3*b)*1n(- R+x), R=Root0f( Z"8xe”2- Z 4xDb+
d~2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

ex* +d
f dx
e2x8 — bxt + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x"8-b*x~4+d"2),x, algorithm="maxima")
[Out] integrate((exx~4 + d)/(e”2*x"8 - b*x"4 + d72), x)
mupad [B] time = 4.03, size = 10337, normalized size = 29.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e*xx"4)/(d"2 - b*x"4 + e"2*x"8),x)

[Out] 2*atan(((x*(32xb*d"5*e”13 + 4*b~4*xd"2xe~10 + 24%b~3*d"3*e”~11 + 48%xb~2*%d"4*e
“12) - ((b73 + ((b - 2xdxe) 5*x(b + 2*d*e))~(1/2) + 4xb*d"2%e”2 - 4*b~2*dx*e)
/(512x (b"4*xd"2 + 16*%d"6*xe”4 - 8xb"3*d"3*e — 32%b*d~5*xe”3 + 24*xb~2%d"4*xe"2))
)" (1/4)* ((xx(65536%xd~9*e” 15 + 32768*b*xd~8*e”~14 - 1024*b"7*d"2%e”8 - 2048%*b~
6*%d"3xe”9 + 10240*%b~"5xd"4*xe”10 + 20480*xb"4*d"5*e”"11 - 32768*b"3*d"6*%xe”12 -
65536*%b~2+%d"7*e”~13) - ((b~™3 + ((b - 2xd*e) "5x(b + 2xd*e))”~(1/2) + 4xb*xd~2xe
"2 - 4xb"2*xd*e)/(512%(b"4%d"2 + 16*d"6%e”4 - 8*b"3*%d"3*e - 32*b*d"5*%e”3 + 2
4xb~2xd"4%e”2))) " (1/4) % (262144*%d"10*%e” 15 + 262144*b*xd~9*e”14 - 4096%b~7*xd~3
*e~8 — 4096*%b"6xd"4*xe”9 + 49152xb"5xd"5*%e”10 + 49152*b"4*d"6%e”"11 - 196608x*
b~3*%d"7*e"12 - 196608*%b"2xd"8*e”~13)*1i)*((b"3 + ((b - 2*dxe) 5x(b + 2*d*xe))
“(1/2) + 4xbxd"2*xe”2 - 4xb"2*xd*e)/(512%(b"4*d"2 + 16*d"6xe”4 - 8*b~3*xd"3*e
- 32*b*d"5*%e”3 + 24xb"2*xd"4*e”2))) " (3/4)*1i - 256*xd"T7*e"14 - 256%b*d"6%e”13
+ 16*%b74*d"3*e"10 + 64*b~3%d"4*e”11)*1i)*((b~3 + ((b - 2*d*e) "5x(b + 2xd*e
))"(1/2) + 4xbxd"2*%e”2 - 4xb"2xd*xe)/(512%(b"4*%d"2 + 16*d"6xe”4 — 8*b~3*d 3
e - 32%b*d"5*e”3 + 24*b"2%d"4%e"2))) " (1/4) + (x*(32%b*d"5*e”13 + 4*xb~4*xd"2*
e”10 + 24*b~3*%d"3*e"11 + 48*b"2%d"4*e"12) - ((b”3 + ((b - 2*d*e) 5x(b + 2x*d
xe)) " (1/2) + 4xbxd"2xe”2 - 4*xb~2*d*xe)/(512%(b"4*d"2 + 16%d"6%e”4 - 8*b~3*d~
3*xe — 32xbxd"5xe”3 + 24xb”2*xd"4*e”2))) " (1/4)*((x*(65536*d"9*e”15 + 32768*b*
d"8xe”14 - 1024xb"7*xd"2*%xe”8 - 2048*%b"6xd"3*xe”9 + 10240%b"5xd"4*xe~10 + 20480
*b~4*xd"5*%e"11 - 32768*b"3*%d"6*%e~12 - 65536xb~2xd"7xe"13) + ((b~3 + ((b - 2%
d*e) "5x(b + 2xd*e))~(1/2) + 4*b*d"2*e”2 - 4*xb~2xd*e)/(512%(b"4*d"2 + 16*d”6
*e”4 - 8*b73*d"3*%e - 32%b*d"5*e”3 + 24*xbT2xd"4*e"2))) " (1/4)*(262144*d"10*e”
15 + 262144xb*d"9%e”14 - 4096*xb~7*d"3*e”8 - 4096*b~6*d"4*xe”9 + 49152%b~5*d”~
5”10 + 49152%b~4xd"6*xe”11 - 196608*b~3*d"7*e”12 — 196608*b~2*xd~8*e~13) *1i
Y*((b™3 + ((b - 2*xd*e) " 5x(b + 2*d*e)) ~(1/2) + 4*xb*xd"2*xe”2 - 4*b~2*d*e) /(512
*(b~4%d”~2 + 16*%d"6%e”4 - 8xb~3*d"3*e - 32%bxd"5xe”3 + 24%b~2%d"4*e"2))) " (3/
4)x1i + 256*%d"7xe"14 + 256*%bxd"6*e”13 - 16%b~4*d"3*e”10 - 64*xb~3*d"4*xe”11)*
1i)*((b~3 + ((b - 2*d*e) "5x(b + 2xdxe))~(1/2) + 4*b*d"2*e”2 - 4xb~2xd*e)/(5
12% (b"4*d"2 + 16*%d"6xe"4 — 8%b~3*d"3*e — 32*b*xd~5*xe”3 + 24xb~2xd"4xe”2))) ~(
1/4)) / ((x*x(32*b*d"5*%e~13 + 4%b~4*xd"2%e”10 + 24*xb~3*d"3*e”11 + 48*xb~2%d " 4*xe”
12) = ((b73 + ((b - 2*d*e)"5*x(b + 2*xdxe))~(1/2) + 4*xb*xd"2*e”2 - 4xb~2*d*e)/
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(512%(b~4*d"2 + 16*xd"6*e”4 - 8*xb~3*d"3xe - 32%b*d"b*e”3 + 24*b"2%d"4*e~2)))
~(1/4)*((x*(65536%d~9%e~15 + 32768%b*d~8*e~14 - 1024*b~7*d"2*e~8 - 2048%b"~6
*d"3*%e”9 + 10240%b"5*d"4*e”10 + 20480*xb"4*xd"5*xe”11 - 32768*b"3*d"6*e”"12 - 6
5536*b~"2*xd"7*e~13) - ((b~3 + ((b - 2*d*e) 5x(b + 2xd*e)) " (1/2) + 4*xb*xd " 2xe”
2 - 4xb"2*d*e)/(512*x(b~4*d"2 + 16*%d"6*e”4 - 8*b~3*d"3xe - 32%b*d"5*e”3 + 24
*b"2xd"4*e”2))) " (1/4) *(262144*xd"10*e”~ 15 + 262144*xb*xd"9*e~14 — 4096*b~7*d 3%
e”8 - 4096*b~"6*xd"4*xe”9 + 49152%b~"5xd"5%xe”10 + 49152%xb"4*xd"6*e”"11 - 196608*Db
“3*d"7*e”12 - 196608*%b"2xd"8*%e"13)*1i)*((b~3 + ((b - 2*dxe) "5x(b + 2xd*e))”
(1/2) + 4xbxd~2*e”2 - 4xb~2*xd*e)/(512x(b"4*d"2 + 16*d"6*e”4 - 8xb~3*d"3*e -
32*%b*d"5*%e”3 + 24*xb"2%d"4%e"2))) " (3/4)*1i - 256*xd"Txe"14 - 256*b*d"6*e”13
+ 16*b74*d"3*e"10 + 64*b~3*d"4*e”"11)*1i)*((b~3 + ((b - 2*d*e) 5x(b + 2xd*e)
)7 (1/2) + 4%b*d"2*e”2 — 4*xb"2xd*e)/(512%(b"4*d"2 + 16*d"6xe”4 - 8*b~3*d " 3*e
- 32%b*d"5*e”3 + 24*b"2x%d"4*e”"2))) " (1/4)*1i - (x*x(32*b*d"5*e~13 + 4xb~4x*xd”
2%e”10 + 24*b”3*d"3*xe"11 + 48%b~2*d"4*e”12) - ((b73 + ((b - 2*d*e) 5x(b + 2
*d*e)) " (1/2) + 4xbxd"2xe”2 - 4xb~2*d*e)/(512*x(b~4*d"2 + 16*%d"6*e”4 - 8*xb~3x%
d"3xe - 32%b*d"5xe”3 + 24*b"2xd"4*e~2))) " (1/4)*((x*(65536*d"9*e”15 + 32768%
bxd"8*e~14 - 1024*xb"7*xd"2*%e”8 - 2048xb"6*xd"3*e”9 + 10240%b"5*xd"4*e”"10 + 204
80*b~4*xd"5xe"11 - 32768*b"3*d"6*e”12 - 65536*%b~2*%d"7*e"13) + ((b"3 + ((b -
2xdxe) "5k (b + 2xd*e)) " (1/2) + 4*xb*d"2%e”2 - 4*xb"2*dxe)/(512*%(b~4*d"2 + 16*d
“6*e"4 - 8*xb"3*%d"3%e - 32%b*d"5*xe”3 + 24*b"2%d"4*e"2))) " (1/4)*(262144%4"10%*
e”15 + 262144*b*xd"9*%e~14 - 4096*b~7*d"3*xe”8 - 4096*xb"6*xd"4*xe”9 + 49152*%xb~5x*
d"5*%e”10 + 49152xb"4*xd"6*e”11 - 196608*b~3*%d"7*xe~12 - 196608*b~2*d"8*e~13)*
11)*((b~3 + ((b - 2%d*e) 5x(b + 2xd*e))~(1/2) + 4*b*d"2*e”2 - 4xb~2xd*e)/(5
12%(b~4*d"2 + 16*%d"6*e”4 - 8*b~3*xd"3xe - 32%b*d"5*e”3 + 24*xb~2xd"4*e"2))) ~(
3/4)*11 + 256*%d"7T*e”14 + 256*b*d"6*e”13 - 16*b~4*d"3*e~10 - 64*b~3*xd"4*e”11
Y*¥1i)* (073 + ((b - 2*xd*e) 5x(b + 2xd*e)) " (1/2) + 4*xbxd"2xe”2 - 4*b~2*d*e)/
(512%(b~4*d"2 + 16*xd"6*e”4 - 8*xb~3*d"3xe - 32%b*d"b*e”3 + 24*b"2%d"4*e~2)))
“(1/4)*%11))*((b™3 + ((b - 2*d*e) "5k (b + 2*xd*e))~(1/2) + 4%b*d"2*e”2 - 4*xb~2
*d*xe) /(512% (b~4*d"2 + 16*%d"6*%e”"4 - 8%b~3*d"3*e - 32*xb*d"5*e”3 + 24*xb~2xd"4x*
e”2)))"(1/4) - atan(((x*(32%b*d"5%e~13 + 4*b~4*xd"2*xe~10 + 24%b~3*d"3*e”11 +
48%b~2xd"4*xe~12) + ((b73 + ((b - 2*d*e) 5*x(b + 2*d*e)) " (1/2) + 4xb*xd"2%e”2
- 4xb72*xd*e)/(512%(b~4*%d"2 + 16*%d"6*e”4 - 8*xb~3*xd"3*e - 32*b*d"5*e”3 + 24x*
b~ 2xd"4*e”2))) " (1/4) * ((x*(65536%d"9*e”15 + 32768%b*d"8%e~14 - 1024%b~7*d 2%
e”8 - 2048*b"6*xd"3*xe”9 + 10240%b~5xd"4*xe”10 + 20480*b"4*d"5*e”"11 - 32768%*b”~
3*d"6*e”12 - 65536*b~2xd"7*e"13) + ((b~3 + ((b - 2*d*e) 5%(b + 2xd*e)) ~(1/2
) + 4%b*xd"2%e”2 - 4xb”2xd*xe)/(512%(b74*d"2 + 16*d"6*e"4 - 8xb~3*%d"3*e - 32%
bxd~5*%e”3 + 24xb"2xd"4%xe”2))) " (1/4)*(262144%d"10*%e”15 + 262144%b*xd"9*e” 14 -
4096*%b"7*d"3*%e”8 - 4096*xb"6*d"4*e”9 + 49152xb"5*xd"5*e”10 + 49152*b~4xd"6*e
~11 - 196608*b~3*xd"7*e”"12 - 196608*b~2xd"8%e”~13) )*((b~3 + ((b - 2*xd*e) ~5*x(b
+ 2xd*e)) " (1/2) + 4xb*xd"2*e”2 - 4xb~2xd*xe)/(512%(b"4*d"2 + 16*d"6*e”4 - 8x
b~3*%d"3%e - 32*xb*d"5*e”3 + 24xb”"2xd"4*e”2))) " (3/4) - 256*d"Txe”"14 - 256%xbx*d
“6*e”13 + 16%b"4*xd"3*%e”10 + 64xb"3*xd"4*xe”11))*((b"3 + ((b - 2*d*e) " bx(b + 2
*d*e)) " (1/2) + 4xbxd"2xe”2 - 4xb"2*d*xe)/(512*(b~4*d"2 + 16*d"6*e”4 - 8*xb~ 3%
d"3*e - 32*b*xd"5xe”3 + 24*b"2*xd"4*e”2))) " (1/4)*1i + (x*(32*b*d"5*e”13 + 4xb
“4%d72%e”10 + 24*b"3xd"3%e”11 + 48*b”2xd"4*e”12) + ((b~3 + ((b - 2*d*xe) 5% (
b + 2xdxe) )~ (1/2) + 4*b*d"2*e”2 — 4xb~2xd*e)/(512*%(b"4*d"2 + 16*xd"6*e”4 - 8
*b"3%d"3*ke — 32*bxd"5*xe”3 + 24*xb"2xd"4%e”2))) " (1/4)*((x*(65536%xd"9*e”15 + 3
2768*%b*xd"8*e"14 - 1024*xb~7*d"2*%e”8 - 2048*xb"6*xd"3*e”9 + 10240*xb"5*d"4*e”10
+ 20480*b"4*xd"5*xe"11 - 32768*b"3*d"6*e"12 - 65536*%b"2*%d"7*e"13) - ((b~3 + (
(b - 2*d*e) " 5x(b + 2*xd*e))~(1/2) + 4xb*d"2*e”2 - 4*xb~2xd*e)/(512%(b"4*xd"2 +
16*xd"6*xe~4 - 8%b~3*%d"3*e - 32*b*d"5*e”3 + 24%b"2xd"4x*e”2))) " (1/4)*(262144%
d”"10*xe”15 + 262144*b*xd"9*e~14 - 4096*b~7*d"3*xe”8 - 4096*xb"6xd"4*e”9 + 49152
*b"5*%d"5xe”10 + 49152%xb"4*xd"6*%e"11 - 196608*%b"3xd"7*xe"12 - 196608*b~2*xd " 8*e
~13))*%((b73 + ((b — 2*d*e) 5*(b + 2*xd*e)) " (1/2) + 4%b*d"2%e”2 - 4*b~2*xd*xe)/
(512%(b~4*d"2 + 16*xd"6*e"4 - 8*b~3*d"3xe - 32%b*d"5%e”3 + 24*b"2%d"4*e”"2)))
~(3/4) + 256%d"T7*xe"14 + 256%b*d"6%e”13 - 16*b~4*d"3%e”10 - 64*b~3*d"4*xe"11)
Y*x((b73 + ((b - 2*%d*e) " 5x(b + 2*d*e)) ~(1/2) + 4*xbxd"2*xe"2 - 4*b~2*d*e) /(512
*(b"4xd"2 + 16*%d"6xe"4 — 8%b~3*d"3*e — 32%bxd"5*e”3 + 24xb"2xd~4*xe”2))) " (1/
4)*1i)/ ((x*(32%b*d"5*e”13 + 4*b~4*xd"2*xe~10 + 24*b"3*d"3*e”11 + 48*b~2*d " 4*e
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~12) + ((b73 + ((b — 2xd*xe) 5x(b + 2*xd*e)) " (1/2) + 4xb*d"2%e”2 - 4*xb~2*d*e)
/(512%(b"4*d"2 + 16*d"6*xe”4 - 8*b~3*d"3*e - 32*b*xd"5*xe”3 + 24*xb"2*d"4*e”2))
)7 (1/4) % ((x*(65536*%d"9*e” 15 + 32768*b*xd~8*e”14 - 1024*b~7*d"2*e~8 - 2048*b”~
6xd"3%e”9 + 10240*%b"5*xd"4*xe”10 + 20480*%b"4*d"5*%xe"11 - 32768*xb"3*xd"6%e”12 -
65536xb"2xd"7*e”13) + ((b~3 + ((b - 2xd*e) 5x(b + 2*d*xe))~(1/2) + 4xb*xd"2x*e
~2 — 4xb"2*xd*e)/(512%(b"4%d"2 + 16*d"6*e”4 — 8*b~3*%d"3*e - 32*xb*d"5%e”3 + 2
4xb~2xd"4%e"2))) " (1/4)*(262144%d"10*%e” 15 + 262144xb*xd~9*e”~14 - 4096*b~7*d~3
*e”8 — 4096*xb"6xd"4*xe”9 + 49152xb"5xd"5*%e”10 + 49152*b"4*d"6*xe”"11 - 196608x*
b~3%xd"7*e"12 - 196608*b~2*d"8*e~13))*((b"3 + ((b - 2*dxe) 5x(b + 2xd*e)) (1
/2) + 4xb*d"2*%e”2 - 4xb"2xd*e)/(512*%(b"4*d"2 + 16*d"6xe”4 - 8%b~3*d"3*e - 3
2%bxd~5*e”3 + 24*xb~2xd"4xe"2)) )~ (3/4) - 256xd"7*e"14 - 256*b*xd"6*%e”"13 + 16%
b~4*xd"3*xe”10 + 64*b"3*%d"4*e”11))*((b~3 + ((b - 2*d*e) " 5x(b + 2xd*xe))~(1/2)
+ 4xb*d"2*e"2 - 4xb~2*xdxe)/(512%(b74%d"2 + 16*d"6xe”4 - 8%b~3*d"3*e - 32*bx*
d"5%e”3 + 24*b~2*%d"4%e”2))) " (1/4) - (x*(32*b*xd"5*e”13 + 4xb~4*xd"2*e~10 + 24
*b~3*%d"3*%e”"11 + 48*b"2xd"4*e”12) + ((b”3 + ((b - 2*d*e) 5*x(b + 2*xd*xe)) ~(1/2
) + 4%b*xd"2%e”2 - 4*xb”"2xd*xe)/(512%(b"4*%d"2 + 16*d"6*e"4 - 8xb~3*%d"3*xe - 32
b*xd~5*%e”3 + 24xb"2xd"4*e”2))) " (1/4)*((x*(65536*%d"9*e~15 + 32768*bxd~8*xe”~14
- 1024*%xb~"7*d"2%e”"8 - 2048*xb"6*d"3*%e”9 + 10240*b"5*%d"4*xe”10 + 20480%b~4*xd" 5%
e”11 - 32768*%b~3*d"6%e”12 - 65536*%b~"2*xd"7*e"13) - ((b~3 + ((b - 2*d*xe) 5*(b
+ 2%d*e)) " (1/2) + 4xbxd"2%e”2 - 4*b”2xd*e)/(512x(b~4*%d"2 + 16*d"6*e”4 - 8%
b~3*%d"3%e - 32xb*d"5*xe”3 + 24xb"2xd"4*e”2))) " (1/4)*(262144xd"10*%e” 15 + 2621
44%xbxd"9*%e"14 - 4096*xb"7*d"3*%e”8 - 4096xb"6*xd"4*e”9 + 49152%xb"5*xd"5%e”10 +
49152%b~4*d"6xe~11 — 196608*b~3*d"7*e"12 - 196608*b~2xd"8*e~13))*x((b~3 + ((
b - 2xd*e) 5% (b + 2%d*e)) " (1/2) + 4*xbxd"2%e”2 - 4xb"2*xd*xe)/(512*(b~4*xd"2 +
16%d"6*e"4 - 8*xb~3*d"3%e - 32%b*d"5%e”3 + 24*b"2xd"4*e"2)) )~ (3/4) + 256*%d"7
*e714 + 256xb*d"6xe”13 — 16*b"4*%d"3*e”10 - 64xb~"3*xd"4*e"11))*((b"3 + ((b -
2%d*xe) "5k (b + 2*xd*xe))~(1/2) + 4xb*d"2*e”2 - 4*xb"2xdxe)/(512%(b"4*d"2 + 16*d
“6*e”4 - 8%b"3*%d"3xe - 32%b*d"bxe”3 + 24*b"2xd"4*e"2))) " (1/4)))*x((b"3 + ((b
- 2xdxe) "5 (b + 2xd*xe)) " (1/2) + 4xb*d"2xe”2 - 4xb~2xd*xe)/(512%(b~4*xd"2 + 1
6%d"6*e”4 - 8*b~3*d"3*e - 32%b*d"5*e”3 + 24*xb"2xd"4xe"2))) " (1/4)*2i - atan(
((x*(32%b*d"5*e”13 + 4*xb~4*xd"2xe”10 + 24*b~3*d"3*e”~11 + 48%xb~2%d"4*e”12) +
(073 = ((b - 2*%d*e) " 5x(b + 2xd*e))~(1/2) + 4*xb*xd"2*xe”2 - 4xb~2*d*e)/(512x*(
b~4*%d"2 + 16*d"6*e”4 - 8*b~3%d"3*%e - 32*xb*d"5*xe~3 + 24xb"2xd"4*e”2))) " (1/4)
*((((b73 - ((b - 2*xd*e) 5*x(b + 2%d*e)) " (1/2) + 4xbxd"2%e”2 - 4*xb~2*xd*e) /(51
2% (b~4*d"2 + 16*d"6*xe"4 - 8%b~3*d"3*e - 32xbxd"5xe”3 + 24xb~2*xd"4*e”2))) " (1
/4)*(262144xd"10*%e”~15 + 262144*xb*d"9*%e~14 - 4096*b~7+*d"3*xe”8 - 4096*b~6*xd"4
*e”9 + 49152xb"5*%d"5%e”"10 + 49152*%b"4*xd"6*xe”11 - 196608*b~3*xd"7*xe~12 - 1966
08*b~2%d"8xe"13) + x*(65536*d~9*e” 15 + 32768*b*d"8*e”14 - 1024xb"7*xd~2%e”8
- 2048*%b"6*%d"3*%e”9 + 10240*b~5*%d"4xe”10 + 20480*xb"4*xd"5*e~11 - 32768*b~3*d"~
6xe~12 - 65536%xb"2*d"7*e~13))*((b~3 - ((b - 2*d*e) 5x(b + 2xd*e))”~(1/2) + 4
*b*d"2%e”2 - 4xb"2xdxe)/(512%(b"4*d"2 + 16*d"6*xe”4 - 8%b~3*d"3*e - 32*xb*d~5
*e”3 + 24xb"2%d"4*xe"2))) " (3/4) - 256%d"7*e"14 - 256%b*d"6xe”13 + 16*b~4%d"3
*e710 + 64*b"3*d"4*e"11))*((b~3 - ((b - 2*d*e) " 5x(b + 2*d*e)) " (1/2) + 4x*xbx*d
"2%e72 - 4xb"2*xd*e)/(512*%(b"4*%d"2 + 16*d"6*e”4 - 8*xb"3*%d"3*e - 32*b*d"5*e”3
+ 24xb"2xd"4%e”2))) " (1/4)*1i + (x*(32%b*d"5%e”13 + 4*b~4%d"2*e~10 + 24%b~3
*d"3*%e”"11 + 48xb~2xd"4*e”12) - ((b73 - ((b - 2*dx*e) 5*x(b + 2xdxe))”~(1/2) +
4xbxd"2*xe"2 - 4%b"2*d*e)/(512%(b74*d"2 + 16*%d"6*e”4 - 8*b~3xd"3xe - 32%b*d”
5%e73 + 24*xb"2xd"4*e”2))) " (1/4)*((((b"3 - ((b - 2xdxe)~5*x(b + 2*d*xe))~(1/2)
+ 4*xbxd"2*%e”2 — 4xb"2%d*e)/(512%(b"4*d"2 + 16*%d"6*e”4 - 8*b~3*d"3*e - 32%b
*d"5*%e”3 + 24xb72%d"4%e72)) )" (1/4)*(262144%d"10*e"15 + 262144*xb*xd"9*e” 14 -
4096%b"7*d"3*e"8 - 4096*b"6*xd"4*xe”9 + 49152*b"5xd"5xe”10 + 49152xb"4*d"6%*e”
11 - 196608*b~3*%d"7*e~12 - 196608*b~2*d"8%e~13) - x*(65536*d~9*e”15 + 32768
*bxd"8*xe”14 - 1024*xb"7*xd"2*%e”8 — 2048xb"6xd"3*e”9 + 10240%b"5xd"4*e”10 + 20
480*b~4*d"5xe~11 - 32768%b"3*d"6%e”12 - 65536%b~2xd"7*e~13))*((b~3 - ((b -
2xdxe) "5k (b + 2xd*xe)) " (1/2) + 4xb*d"2%e”2 - 4*xb~2*dxe)/(512*%(b"4*d"2 + 16%*d
“6*e”4 - 8%b"3*d"3*e - 32%bxd"5*e”3 + 24xb"2xd"4*e”2))) " (3/4) - 256%d"7*e”1
4 - 256*bxd"6%e”13 + 16*%b~4*d"3*e”10 + 64xb~3*%d"4*e”11))*((b™3 - ((b - 2x*d*
e) " 5x(b + 2*xd*e)) " (1/2) + 4%b*xd"2*e”2 - 4*xb~2xd*xe)/(512%(b"4*d"2 + 16*d"6*e
~4 - 8%b"3%d"3%e — 32*%b*xd"5*e”3 + 24xb"2xd"4xe”2))) " (1/4)*1i)/((x*x(32%b*d"5
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*e713 + 4xb~4%d"2%xe”10 + 24*b”~3%d"3*e”11 + 48%b"2xd"4*e"12) + ((b”3 - ((b -
2xdxe) "5k (b + 2%dxe)) " (1/2) + 4%bxd"2%xe”2 - 4*b~2xd*e)/(512x(b~4xd"2 + 16%
d"6*e”4 - 8%b~3*d"3*e - 32%bxd"5*e”3 + 24xb"2xd"4*e”2))) " (1/4)*((((b~3 - ((
b - 2%d*e) 5% (b + 2xd*xe)) " (1/2) + 4*xb*d"2%e”2 - 4*xb~2*dxe)/(512*%(b~4*d"2 +
16*xd~6*xe~4 - 8+b~3*d"3*e - 32*xbxd"5xe”3 + 24*b"2*xd"4*e”2))) " (1/4)*(262144%*d
“10*%e”15 + 262144%b*xd"9*e”~14 - 4096*xb"7*d"3*%e”8 - 4096xb"6*xd"4*e”9 + 49152x%
b~5*%d"5%xe”10 + 49152%xb74*xd"6*e”"11 - 196608xb"3*xd"7*e~12 - 196608*b~2xd " 8*e”
13) + x*x(65536*xd"9*e”15 + 32768*b*d"8*e~14 - 1024*b~7*d"2*xe”8 - 2048*b~6*d~
3*%e”9 + 10240%b"5xd"4*e”10 + 20480*b~4*xd"5*xe"11 - 32768*xb"3*d"6*e”"12 - 6553
6*%b~2%d"7*e”13) ) *((b~3 - ((b - 2*dx*e) "5x(b + 2xd*xe))~(1/2) + 4*b*d"2*e”2 -
4xb~2xd*e)/(512% (b"4*xd"2 + 16*%d"6%xe”4 - 8*%b~"3*xd"3*e — 32*%b*xd~5*e”3 + 24*b~2
*d"4*xe~2))) " (3/4) - 256%d"T7*e"14 - 256%b*d"6%e”13 + 16%b~4*d"3%e”10 + 64*b~
3xd"4%e”11))*((b"3 - ((b - 2*xd*e) "5x(b + 2xd*e))~(1/2) + 4*bxd~2%e”2 - 4x*xb~
2%d*xe)/(512*x(b~4*d"2 + 16%d"6*e"4 - 8*xb~3*d"3%e - 32%b*d"5%e”3 + 24*xb"2%d"4
*e72))) " (1/4) - (x*x(32*xbxd~5%e”13 + 4*b~4*xd"2*e~10 + 24%b~3%d"3*e”11 + 48*b
~2%d74%e”12) - ((b73 = ((b - 2*d*e) 5x(b + 2*xd*xe))~(1/2) + 4*b*d™2*e”2 - 4x
b~2xd*xe) /(512% (b~ 4*d"2 + 16*%d"6*e”4 - 8xb~3*d"3*e - 32%b*d~5*xe”3 + 24xb~2xd
~4%xe72))) " (1/4)*((((b~3 - ((b - 2*d*e)"5*x(b + 2*xd*e))~(1/2) + 4*xb*d"2*xe”2 -
4xb~2*d*e) / (512*% (b~4*d"2 + 16*xd"6%e”4 - 8*b~3*d"3*e - 32*b*d~5*e”3 + 24*b”
2%d"4xe”2)) )" (1/4)*(262144%d"10%e”15 + 262144%b*d"9%e”14 - 4096*b~7*d"3*e”8
- 4096*xb"6xd"4*%e”9 + 49152xb"5xd"5*xe”10 + 49152%b"4*d"6*%e"11 - 196608*b~3*
d"7xe"12 - 196608*%b"2xd"8*e”"13) - x*(65536*%d"9*e”"15 + 32768*b*xd~8*e"14 - 10
24xp"7*d"2*%e”8 - 2048%b"6xd"3*e”9 + 10240%b"5%xd"4*e~10 + 20480*b~4*d"5xe"11
- 32768*b~3*d"6*xe"12 - 65536*%b~2*d"7*e”"13))*((b~3 - ((b - 2*d*e) 5x(b + 2%
d*e))~(1/2) + 4xbxd~2*e”2 - 4xb~2*d*e)/(512*x(b~"4*d"2 + 16*d"6*e”4 - 8*b~3*d
“3%e - 32*b*d"5*e”3 + 24%b"2+%d"4*e”2))) " (3/4) - 256%d"T*e"14 - 256*%bxd"6*xe”
13 + 16*b74*d"3*%e”10 + 64*b~3*d"4*e"11))*((b~3 - ((b - 2*d*e) 5x(b + 2*d*e)
)7 (1/2) + 4%b*d"2*e”2 - 4*xb"2xd*e)/(512%(b"4*d"2 + 16*d"6xe”4 - 8*b~3*d " 3*e
- 32%b*d"5*%e”3 + 24%b”"2*%d"4*e”2))) " (1/4)))*((b™3 - ((b - 2*d*e) 5x(b + 2x*d
xe)) " (1/2) + 4xbxd"2xe”2 - 4*xb~2*d*xe)/(512%(b"4*d"2 + 16%d"6%e”4 - 8*b~3*d~
3*xe - 32*xbxd"5*e”3 + 24xb"2*xd"4*e”2))) " (1/4)*2i - 2*atan(((x*(32*xb*xd"5*xe~13
+ 4xb~4*xd"2%e”10 + 24*%xb~3*%d"3xe”11 + 48*b"2%d"4*xe"12) - ((b”3 - ((b - 2x*dx*
e) " 5*x(b + 2*xd*e)) " (1/2) + 4*b*d"2*e”2 - 4*xb~2xd*e)/(512%(b"4*d"2 + 16*d"6*e
~4 - 8%b~3xd"3%e - 32%b*d"5%e”3 + 24%b"2xd~4*e”2))) "~ (1/4)*((((»"3 - ((b - 2
xdxe) "5k (b + 2xd*xe)) " (1/2) + 4*xb*d"2%e”2 - 4*b~2*dxe)/(512%(b~4*d"2 + 16%d~
6*xe”4 - 8*b~3*d"3*e - 32%b*d"5*e”3 + 24*b"2xd"4*e”2)))~(1/4)*(262144*d"10*e
T15 + 262144xb*d"9%e" 14 - 4096xb"7*d"3*%e”"8 - 4096*%b"6*xd"4*xe”9 + 49152%b"5*d
“5xe~10 + 49152*b"4*d"6%e”11 - 196608*b~3*xd"7*e”"12 - 196608*b~2xd"8xe~13) *1
i + x*(65536*%d"9*e”15 + 32768*b*xd"8*xe”14 - 1024*b~7*d"2*e”8 - 2048*xb~6xd~3*
e”9 + 10240*b~5%xd"4*xe~10 + 20480*xb"4*d"5*e”11 - 32768*b~"3*xd"6*e~12 - 65536%*
b~2xd"7xe"13))*((b~3 - ((b - 2*xd*e) 5x(b + 2*d*e)) ~(1/2) + 4*xbxd"2xe”2 - 4%
b~ 2xd*xe) /(512%(b~4*d"2 + 16*%d"6*e”4 - 8*xb~3*d"3*e - 32%b*d"5xe”3 + 24*xb~2xd
“4%xe”2))) " (3/4)*1i + 256%xd"7*e"14 + 256%b*xd"6%e”13 - 16%b~4*d"3*xe”10 - 64x*b
~3*%d"4*e”11)*1i)*((b~3 - ((b - 2*d*e) 5x(b + 2*xd*e))~(1/2) + 4*b*d"2*e”2 -
4xb~2*xd*e)/(512% (b~4*d"2 + 16*d"6*xe"4 - 8%b~3*d"3*e — 32*b*xd~5%e”3 + 24*b~2
*d~4*xe”2))) " (1/4) + (x*(32xbxd"5*e”13 + 4*b~4*d"2%e~10 + 24%b~3*d"3*e”11 +
48xb"2xd"4*e”12) + ((b”3 - ((b - 2xd*e) " 5x(b + 2*d*xe))~(1/2) + 4*xbxd"2*e”2
- 4xb"2%d*e) /(512%x(b"4*d"2 + 16*%d"6*e”4 - 8*b~3*d"3xe - 32*¥b*d"5*e”3 + 24x*b
~2%d74%e72))) " (1/4)*((((b™3 - ((b - 2*d*e) " 5x(b + 2*d*e)) ~(1/2) + 4*b*xd~2*e
“2 - 4%b"2*xd*e)/(512%(b"4%d"2 + 16*d"6%e”4 - 8*b~3%d"3*e - 32*b*d"5*%e”3 + 2
4xb"2%d"4%e72)) ) " (1/4)*(262144*%d"10*e”15 + 262144*xb*d"9*e”~ 14 - 4096*b~7*xd"3
*e”8 - 4096*b~6*xd"4*xe”9 + 49152%b"5xd"5*%xe”10 + 49152xb"4xd"6*%e”11 - 196608x*
b~3*%d"7*e"12 — 196608*b~2*xd"8*e”13)*11i — x*(65536*%d"9*e~15 + 32768*b*d"8*e”
14 - 1024xb~7*d"2*%xe”8 - 2048*b~6*xd"3*xe”9 + 10240%b~5xd"4*e~10 + 20480*xb~4*d
“Bxe”"11 - 32768*b"3*d"6*e”12 - 65536*%b"2xd"7*e"13))*x((b"3 - ((b - 2*dx*xe) 5%
(b + 2*dx*e))~(1/2) + 4xbxd"2*%e”2 - 4xb~2xd*xe)/(512x(b"4*d"2 + 16*d"6*e”4 -
8*b~3*d"3*e - 32xbxd"5%e”3 + 24*b”2xd"4*e”2))) " (3/4)*1i + 256*%d"7*e”"14 + 25
6*%bxd~6*e”13 - 16%b~4*xd"3%e”10 — 64*xb~3*d"4*xe"11)*1i)*((b~3 - ((b - 2xdxe)”
5¢(b + 2*d*e))~(1/2) + 4%b*d"2%e"2 - 4*xb~2*xd*e)/(512%(b"4*d"2 + 16*d"6*xe”4
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- 8%b~3%d"3%e - 32%b*d"b*e”3 + 24*b"2%d"4*e"2))) " (1/4))/((x*x(32%b*d"5*e"13
+ 4xb"4*xd"2*e”10 + 24*b"3*%d"3*%e”11 + 48*b"2xd"4*e"12) - ((b"3 - ((b - 2*d*e
)75x(b + 2xd*e)) " (1/2) + 4xbxd"2%e”2 - 4*xb"2+dxe)/(512%(b"4*d"2 + 16*d"6%e”
4 - 8*b~3%d"3*e - 32*xb*d"5*e”3 + 24xb~2*xd"4*e”2))) " (1/4)*x((((b~3 - ((b - 2%
d*e) "5x(b + 2xdxe))~(1/2) + 4*b*d"2*e”2 - 4xb~2xd*e)/(512%(b"4*d"2 + 16*d”6
*¥e"4 — 8*b~3%d"3*%e - 32xb*d"5*xe”3 + 24xb"2xd"4*e”2))) " (1/4)*(262144*d"10*e”
15 + 262144*%xbxd"9*%e”14 - 4096xb"7*d"3*e”8 — 4096*%b~"6xd"4*xe”9 + 49152xb"5*xd”
5%xe”10 + 49152%b~4*d"6*e”11 - 196608*b~3*d"7*e”12 - 196608*b~2*xd~8*xe~13) *11i
+ x*x(65536*%d"9*e"15 + 32768*b*xd"8*e~14 - 1024*b~7*d"2*e~8 - 2048*b~6*d"3*e
~9 + 10240%b"5*%d"4*e”10 + 20480*b~"4*xd"5xe"11 - 32768xb"3*d"6*e”"12 - 65536%*b
~2%d477*e”13))*((b"3 —= ((b - 2*d*e) bx(b + 2*xd*e))~(1/2) + 4xb*d"2*e”2 - 4x*b
~2xd*xe) /(512 (b"4*d"2 + 16*%d"6*xe”4 - 8*b~3*d"3*e - 32*%b*xd"5*xe”3 + 24xb"2xd~
4%xe”2)))"(3/4)*1i + 256*%d"7*e"14 + 256*b*xd"6%e”13 - 16*b~4*xd"3*e~10 - 64%b~
3*d"4*e”"11)*1i)*((b~3 - ((b - 2*d*e) " 5x(b + 2xd*e)) ~(1/2) + 4xbxd"2*e"2 - 4
*b"2+d*e) /(512%(b74*d"2 + 16*%d"6*e”4 - 8*b~3*d"3xe - 32%b*d"5*e”3 + 24*xb"2x
d"4*xe”2)))"(1/4)*1i - (x*(32*%b*d"5*e”13 + 4*b~4*%d"2%e”10 + 24*b~3*d"3*e”~11

+ 48*b"2*xd"4*e"12) + ((b™3 - ((b - 2*d*e) " 5x(b + 2*d*e)) "~ (1/2) + 4*xbxd~2xe”
2 - 4xb"2xd*e)/(512%(b"4*xd"2 + 16*d"6*xe"4 - 8%b~3*xd"3*e - 32*bxd~5*e”3 + 24
*b"2%d"4*e72))) " (1/4)*((((b™3 - ((b - 2*d*e) 5*(b + 2*xd*e))”~(1/2) + 4*b*d~2
*e72 — 4xb"2xd*e)/(512%(b74*d"2 + 16*xd"6*e”4 - 8*b~3*d"3*e - 32xb*d"5*e”3 +
24xb~2%d"4*xe"2)) )~ (1/4)*(262144%d"10%e"15 + 262144xb*xd"9*e”14 - 4096*b~7*d
“3%e”8 - 4096*%b"6*%d"4*xe”9 + 49152%b"5xd"5xe”10 + 49152%xb"4*xd"6*e”11 - 19660
8*b~3*%d"7*xe"12 - 196608*%b"2xd"8*e”"13)*1i - x*(65536%d"9*e”15 + 32768*b*xd 8%
e”14 - 1024*b"7*xd"2*xe”8 - 2048*xb"6*d"3*%e”9 + 10240*xb"5*xd"4*e”10 + 20480*b"4
*d"5*%e~11 - 32768*b~3*d"6%e”12 - 65536%b~"2xd"7*e"13))*((b~3 - ((b - 2%d*e)”
5%(b + 2*d*e))”~(1/2) + 4xb*d"2%e”2 - 4xb~2xd*xe)/(512%(b~4*d"2 + 16*d"6*xe”4

- 8%b~3*%d"3xe - 32%b*d"bxe”3 + 24*b"2%d"4*e"2))) " (3/4)*1i + 256*%d"7*xe"14 +

256xbxd"6*e~13 - 16%b"4*xd"3*e”10 - 64xb"3xd"4*e”11)*1i)*((b"3 - ((b - 2*dx*e
)75x(b + 2*d*e)) " (1/2) + 4xb*d"2xe”2 - 4%b~2xd*e)/(512*%(b74*d"2 + 16*d"6*e”
4 - 8%b~3%d"3%e - 32%b*d~5*e~3 + 24xb~2%d"4*e~2)))~(1/4)*1i))*((b~3 - ((b -

2*d*e) "5k (b + 2xdxe) )~ (1/2) + 4*b*d"2*e”2 - 4xb~2xd*e)/(512%(b~4*d"2 + 16%
d"6xe"4 — 8*%b"3*xd"3*e — 32*%bxd"5*e”3 + 24*xb"2xd"4xe"2)))~(1/4)

sympy [A] time = 8.25, size = 136, normalized size = 0.39

1024156242 — 4096£°bd°e + 409617d*e? — Atb + 4td
RootSum (fB (65536b*d? — 5242886 + 157286412 e? — 209715265 + 1048576d%*) + t* (~2561° + 1024b2de - 1024bd%¢?) + ¢2, (t - tlog (x + ¢ ¢ ”)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/ (ex*2xx*x8-b*x**4+d**2) ,x)

[Out] RootSum(_t**8* (65536*b**4xd*x2 — 524288*b**3*xd**3*e + 1572864*b*x*2kd**4*e**
2 - 2097152%bxd**5*xex*3 + 1048576xd**6*kex*4) + _t*x4*(-256%b*x*3 + 1024xb**2

xd*xe - 1024*xbxd**2*%ex*2) + e*x*2, Lambda(_t, _txlog(x + (1024x_t**x5xbkx*2kd**

2 — 4096* tx*xb5xbxd**3xe + 4096 tx*bxdx*d*ex*2 — 4% txb + 4*x txd*xe)/e)))
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4
38 [ dx

d2— f x4 +e2x8

Optimal. Leaf size=751

log(—x\/Z\/E\/_—\/ZdeTf + d+\/Ex2) log(x\/Z\/E\/_—\/MeTf + d+\/Ex2) log(—x\/?/
_ 8V \[2Vd Ve — 2de + ’ 8V \2Vd Ve — 24 + ) 81

Rubi [A] time = 0.92, antiderivative size = 751, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 27,

number of rules _ ).222, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

2) log|xy2Vi Ve — y2de+ T +v§+\m7) log -

i
8V 2Vl e - \2de+ | 8VH 2V e - \2de + f

Antiderivative was successfully verified.
[In] Int[({d + exx"4)/(d"2 - f*x~4 + e~2%x78),x]

[Out] -ArcTan[(Sqrt[2*Sqrt[d]*Sqrtl[e] - Sqrt[2*dxe + f]] - 2*Sqrt[e]*x)/Sqrt[2xSq
rt[d]*Sqrtle] + Sqrt[2*xdxe + f]]1]/(4*Sqrt[d]*Sqrt[2*Sqrt[d]*Sqrtle] + Sqrtl
2xdxe + f]]) - ArcTan[(Sqrt[2#Sqrt[d]*Sqrtle] + Sqrt[2xd*e + f]] - 2*Sqrtle
1xx) /Sqrt [2xSqrt [d] *Sqrt[e] - Sqrt[2*d*e + f]1]/(4*Sqrt[d]*Sqrt[2*Sqrt[d]*S
qrtle] - Sqrt[2xd*e + f]]) + ArcTan[(Sqrt[2*Sqrt[d]*Sqrtl[e] - Sqrt[2*xdxe +
f1] + 2xSqrtlel*x)/Sqrt[2*Sqrt[d]*Sqrt[e] + Sqrt[2*d*e + £1]]/(4*Sqrt[d]*Sq
rt [2xSqrt [d] *Sqrt[e] + Sqrt([2*d*e + f]]) + ArcTan[(Sqrt[2xSqrt[d]*Sqrtle] +
Sqrt[2*d*e + f]] + 2xSqrtlel*x)/Sqrt[2*Sqrt[d]*Sqrtle] - Sqrt[2*d*xe + f]]]
/ (4xSqrt [d] *Sqrt [2*Sqrt [d] *Sqrt [e] - Sqrt[2xd*e + f]]) - Logl[Sqrt[d] - Sqrt
[2#Sqrt [d] *Sqrt[e] - Sqrt[2*d*e + f]]l*x + Sqrtlel*x"2]/(8*Sqrt[d]*Sqrt[2xSq
rt[d]*Sqrtle] - Sqrt[2*dxe + f]]) + Logl[Sqrt[d] + Sqrt[2*Sqrt[d]*Sqrtle] -
Sqrt[2xdxe + f]]l*x + Sqrtlel*x~2]/(8*Sqrt[d]*Sqrt[2*Sqrt[d]*Sqrtle] - Sqrtl
2xd*xe + f]]) - Logl[Sqrt[d] - Sqrt[2*Sqrt[d]*Sqrtl[e] + Sqrt[2xd*e + f]]l*x +
Sqrt [e]*x~2]/(8*%Sqrt [d] *Sqrt [2*Sqrt [d]*Sqrt[e] + Sqrt[2xd*e + f]]) + LoglSq
rt[d] + Sqrt[2*Sqrt[d]*Sqrtle] + Sqrt[2*d*e + f]ll*x + Sqrtlel*x"2]/(8*Sqrt[
d]*Sqrt [2*Sqrt [d] *Sqrt[e] + Sqrt[2*xd*xe + f]])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)*(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4x*axc]

Rule 1094

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc*qg*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xqg*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4x*axc]

Rule 1419

Int[((d) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*%c), Int[1/Simpl[d/e - g*x~(n/2) + x
“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 2]11))

Rubi steps
1 1
d+ ex f'il et ] x4dx fﬁ’ et 4dx
— e e + e e
f 2 — fxt + 28 g 2e 2e
\J2Vd \e-J2dexf . \2Vd \e—2detf i ,lzf\/Eh/sz i
Ve Ve
dx dx
fi_ 2Vd \e—2de+f x ) f Z\f\/E— 2de+ x f Vi w/2(\[+ 2de+ x
Ve Ve e

_4\/_\/2\/_\/'—\/2517 4\/_\/2\/_\/'—\/2dT M\/z\f\ﬁm

1 1 1
dx dx d:
f \fd 2\/3\/5—\/2de+fx f ﬁ 2\/3\/5—\/2de+fx f \/H ,l2x/>\f+\/2de+fx ’

+x2 42 +x

W v v Vi~

8Vd e " 8Vd \e T sx/—«f

log (Vi - 2N VG - VT + x+E?) o (VA + VNN - VB T

NN A NN N
tan_l( zvavz—szTf—zvaxJ tan_l( 2\/3\ﬁ+\/2d6_+f—2\/5x) tan_l(m
WAN2VANe +2er f aVA\2VAe — 2R v f 4VA2Vi Ve +

Mathematica [C] time = 0.04, size = 69, normalized size = 0.09

1 #1%1 #1) +d1 #1
ZRootSum [#1862 - #14f + d%&, elog(x —#1) + dlog(x — ) ]

2#17e2 — #13f

Antiderivative was successfully verified.

[In] Integrate[(d + exx"4)/(d"2 - f*x~4 + e72*x78),x]

[Out] RootSum[d~2 - f*#174 + e 2x#17°8 & , (dxLoglx - #1] + exLoglx - #1]x#174)/(-
(£x#173) + 2%e™2x#177) & 1/4



83

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

d + ex*
fdz — fxt + e2x8 ax

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + exx"4)/(d"2 - f*x74 + e~2%x78),x]
[Out] IntegrateAlgebraic[(d + exx"4)/(d"2 - f*x~4 + e"2*x78), x]
fricas [B] time = 1.62, size = 3051, normalized size = 4.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e~2*x"8-f*x~4+d"2),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(((4*xd~4*e”2 - 4*d~3*xexf + d~2xf72)*sqrt(-(2xd*xe + £)/(
8xd"7*xe"3 - 12xd"6*xe”2*xf + 6xd"bkexf"2 - d74xf73)) + f)/(4xd"4*e”2 - 4%d”3%
exf + d72xf72)))*arctan(1/4*(2*xsqrt(1/2)*((8*d"5*xe”3 - 12xd"4*e~2*xf + 6*d~3
xexf72 - d724f73) *xx*sqrt (- (2*%d*e + £)/(8%xd"7*xe”3 - 12xd~6*xe”2*xf + 6xd bkexf
T2 - d74*£73)) + (4xd72xe72 - 4dxdxexf + £72)*x)*sqrt(((4*xd74xe”2 - 4*xd"3*ex
f + d72xf72)*sqrt (-(2xd*xe + £)/(8*%d"7*e”3 - 12*d"6%e”2xf + 6*%d"6xe*xf~2 - 4~
4x£73)) + f)/(4xd"4*%e”2 - 4*d"3xexf + d72%xf72)) - (4xd"2%e”2 - 4xdkexf + f~
2 + (8*%d"b*e”3 - 12+d"4*e”2xf + 6*d"3xexf"2 - d72xf"3)*sqrt(-(2*xd*e + £)/(8
*xd"7*xe”3 - 12xd"6*xe”2*xf + 6%xd"5kxexf"2 - d74xf73)))*sqrt(((4*d"4*e”2 - 4%d"3
xexf + d72xf72)*sqrt (- (2xd*xe + £)/(8%d"7xe”3 - 12%d"6xe”2*f + 6xd"5xexf~2 -
d~4x£73)) + f)/(4*d"4*xe”2 - 4*xd"3xexf + d72xf72))*sqrt((2*e”2*x"2 - sqrt(l
/2) % (2xd*xexf - £72 - (8%d"5*xe”3 - 12xd"4*e”2*xf + 6*%d"3*%exf"2 - d72*f73)*sqr
t(-(2*d*e + £)/(8*%d"7*xe"3 - 12+%d"6*e”2xf + 6xd"5xexf"2 - d~4*f"3)))*sqrt (((
4xd"4*xe”2 - 4*xd"3xexf + d72*f72)*sqrt(-(2xd*e + f)/(8*%d"7*e”3 - 12*%d"6*e 2%
f + 6%d"b*xexf"2 - d74x£f73)) + f)/(4*d"4*e”2 - 4xd"3*exf + d72*x£72)))/e"2))*
sqrt(sqrt(1/2)*sqrt (((4xd~4*e”2 - 4*xd"3*exf + d72*%f72)*sqrt(-(2xd*e + £)/(8
*d"7*e”3 - 12%d"6xe”2*f + 6xd"bkexf"2 - d74*£73)) + f)/(4xd"4*e”2 - 4xd"3*e
xf + d72%£72)))/e) + sqrt(sqrt(1/2)*sqrt(-((4*d"4*e”2 - 4xd"3*exf + d~2*f72
)*sqrt (- (2xdxe + £)/(8*d"7*e”3 - 12*%d"6xe”2+f + 6xd"b*exf~2 - d74*xf"3)) - f
)/ (4%d"4*e”2 - 4xd"3*xexf + d"2*xf72)))*arctan(1/4*(2*sqrt(1/2)*((8*%d"5xe”3 -
12xd~4*xe~2*f + 6*%d"3*exf"2 - d"2*xf73) *x*sqrt(-(2xd*e + £)/(8*d"7*e”3 - 12%
d"6xe"2xf + 6xd"bxexf"2 - d74*f73)) - (4xd"2*%e”2 - 4xdkexf + f£72)xx)*sqrt(s
qrt (1/2) *sqrt (- ((4xd"4xe"2 - 4xd"3xexf + d"2xf72)*sqrt(-(2xdxe + f)/(8xd"7*
e”3 - 12*%d"6%e”"2+f + 6%d"bkxexf"2 - d74x£73)) - £)/(4xd"4*e”2 - 4*d"3kexf +
d72%£72)) ) *sqrt (- ((4*d"4*e”2 - 4*xd"3*exf + d"2*f72)*sqrt(-(2*d*xe + £f)/(8*%d~
7Txe”~3 - 12*%d"6*xe"2xf + 6xd"bxexf~2 - d74*xf73)) - f)/(4xd"4*e”2 - 4*xd"3xexf
+ d72%£72)) + (4*%d"2xe”2 - 4xdxexf + £72 - (8xd"b*e”3 - 12%d"4xe”2*f + 6xd”
3kexf"2 - d72%xf73)*sqrt(-(2%d*e + £)/(8*%d"7*e"3 - 12%d"6*e”2xf + 6*d Hxexf~
2 - d74x£73)) ) *sqrt(sqrt(1/2) *sqrt (- ((4*d"4*e”2 - 4*xd"3*exf + d72*f72)*sqrt
(-(2*%dxe + £)/(8xd"7*xe”3 - 12xd"6xe”2*xf + 6xd"5*xexf~2 - d74xf73)) - f)/(4xd
“4xe”2 - 4xd"3kxexf + d72x£72)))*sqrt(-((4*xd"4*e”2 - 4xd"3xexf + d72xf72)*sq
rt(-(2xdxe + £)/(8%d"7*e”3 - 12%d"6xe”2*f + 6xd"b*exf~2 - d~4*f~3)) - £)/(4
xd"4*xe”2 - 4*d"3kexf + d72%f72))*sqrt((2%xe”2xx"2 - sqrt(1/2)*(2xd*xexf - £72
+ (8*%d"b*e”3 - 12+d"4*e”2xf + 6*%d"3xexf"2 - d72xf"3)*sqrt(-(2*xd*e + f)/ (8%
d~7*e”3 - 12*%d"6*e”2xf + 6*%d"b*exf~2 - d74*f73)))*sqrt(-((4*d"4*e”2 - 4%d"3
xexf + d72xf72)*sqrt (- (2xd*xe + £)/(8%d"T7xe”3 - 12%d"6%e”2*f + 6xd"5xexf~2 -
d~4*£73)) - £)/(4xd"4xe”2 - 4xd"3*exf + d72*x£72)))/e"2))/e) + 1/4xsqrt(sqr
t(1/2)*sqrt (((4*d~4*e”2 - 4*d~3xexf + d™2*xf72)*sqrt(-(2*d*e + f)/(8*d"7*xe"3
- 12xd"6*xe"2*f + 6xd"bkexf"2 - d74xf73)) + f)/(4*d"4*e”2 - 4xd"3xexf + d72
x£72)) ) xlog(exx + 1/2%(2xd*e + (4xd"4*xe”2 - 4*d"3*exf + d™2+f72)*sqrt(-(2xd
xe + £)/(8xd"7*xe”3 - 12xd"6%e”2*xf + 6xd"bxexf~2 - d74xf"3)) - f)*sqrt(sqrt(
1/2) *sqrt (((4*d~4*e”2 - 4xd"3xexf + d"2xf72)*sqrt(-(2xd*e + £)/(8+%d"7*xe"3 -
12%d~6xe~2*f + 6xd"b*xe*xf~2 - d74*f73)) + f)/(4xd"4*e”2 - 4xd"3kexf + d72*f
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72)))) - 1/4*sqrt(sqrt(1/2)*sqrt(((4*xd~4*xe”2 - 4*d"3*exf + d72*f72)*sqrt(-(
2xd*xe + £)/(8%d"7*e”3 - 12*d"6%e”"2*f + 6%d"bkexf"2 - d74*£73)) + f)/(4*xd"4x*
€72 - 4xd"3%exf + d"2*xf72)))*log(e*xx - 1/2x(2xdxe + (4*d"4*e”2 - 4*d”3kexf
+ d72%£72) *sqrt (- (2*%d*e + £)/(8%d"7xe”3 - 12%d"6%e”2%f + 6%d bxexf~2 - d74x
£73)) - f)*sqrt(sqrt(1/2)*sqrt(((4*xd~4*e”2 - 4*d"3*exf + d72*f~2)*sqrt(-(2*
dxe + £)/(8%d"7xe”3 - 12*%d"6*%e"2+f + 6xd"bxexf~2 - d74xf73)) + f)/(4*xd"4xe”
2 - 4xd"3xexf + d72%£72)))) + 1/4*xsqrt(sqrt(1/2)*sqrt(-((4*d~4xe”2 - 4*xd~3*
exf + d72%f72)*sqrt(-(2xd*e + £)/(8%d"7*e”3 - 12%d"6%e”2*f + 6xd"bkexf~2 -
d74%£73)) - f)/(4xd"4*xe”2 - 4*xd"3xexf + d72%f72)))*log(e*x + 1/2x(2xd*e - (
4xd"4*xe”2 - 4*xd"3xexf + d72*f72)*sqrt(-(2xd*e + f)/(8*%d"7*e”3 - 12*%d"6*e 2%
f + 6xd"b*xexf~2 - d74x£73)) - f)*sqrt(sqrt(1/2)*sqrt(-((4*xd~4*e”2 - 4*d"3*e
*f + d72x£72) *sqrt (- (2xd*e + £)/(8%d"7*e™3 - 12%d~6%e”2+f + 6xd"bxexf"2 - d
“4x£73)) - f)/(4%d74xe”2 - 4xd"3kexf + d72%£72)))) - 1/4*sqrt(sqrt(1/2)*sqr
t(-((4xd"4*e”2 - 4xd"3*exf + d"2+f"2)*sqrt(-(2xdxe + f)/(8xd"7xe”3 - 12*d"6
xe"2+f + 6xd"bkexf"2 - d74*f73)) - f)/(4xd74*e”2 - 4xd"3kexf + d72*f72)))*1
og(exx — 1/2%(2*dxe - (4*xd~4*e”2 - 4xd~3xexf + d"2*xf72)*sqrt(-(2xd*xe + £)/(
8%d~7*e”3 - 12*%d"6*xe"24f + 6xd"bkxe*xf"2 - d74*f"3)) - f)x*sqrt(sqrt(1/2)*sqrt
(-((4xd~4xe™2 - 4xd"3xexf + d"2+f"2)*sqrt(-(2+d*e + £)/(8%d"7*e”3 - 12*d"6%
e”2*f + 6x%d"bkxexf"2 - d74%x£73)) - f)/(4*d"4*xe”2 - 4*d"3*exf + d72*x£72))))

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x~8-f*x~4+d"2),x, algorithm="giac")
[Out] Timed out

maple [C] time = 0.03, size = 55, normalized size = 0.07

(RootOf (¢2_7° ~ f_7* + &%) e + d) In (RootOF (7" - f_7* + %) + x)

7 3
8RootOf (¢2_Z° - f_Z* + d?) ¢2 — 4RootOf (2_2° - f _Z2* +d?) f
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x"4+d)/(e"2*%x"8-f*x"4+d"2),x)

[Out] 1/4*sum((_R~4*e+d)/(2x _R™7*e”~2- R™3*f)*1n(- R+x), R=Root0f( Z"8*e~2- Z 4xf+
d~2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

ex* +d
f dx
e2x8 — fxt +d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~4+d)/(e”2*x"8-f*x~4+d"2),x, algorithm="maxima")
[Out] integrate((exx"4 + d)/(e”2%x”8 - f*x"4 + d72), x)

mupad [B]  time = 4.20, size = 10343, normalized size = 13.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"4)/(d"2 - f*x"4 + e72%x78),x)

[Out] 2*atan(((((£73 + ((f - 2*xd*e) 5x(f + 2xd*e)) " (1/2) + 4*xd~2%e " 2*f - 4xd*xexf”
2)/(512%(16*%d"6*e~4 + d~2*%f~4 - 8%d " 3*xe*f~3 - 32%d"5xe " 3xf + 24%d"4*e " 2*f"2
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1)) (1/4) % ((x*x(65536%d"9*%e~15 + 32768*d"8*e”14xf - 1024*d"2%e"8*xf~7 - 2048
d"3xe”9xf"6 + 10240*%d"4*xe”10*%f"5 + 20480*d"5*e”11xf"4 - 32768*%d"6*xe”12*%f"3
- 65536*d"7*e”~13*f"2) - ((£f73 + ((f - 2*d*e) 5 (f + 2*xd*e)) (1/2) + 4*xd"2*e
“2xf - 4xdxexf”2)/(512%(16*%d"6*xe"4 + d"2*%f"4 - 8*d"3*exf~3 - 32xd"5*xe"3*f +
24xd~4*xe”2xf72)) )~ (1/4)*(262144%d"10%e”15 + 262144%d"9*e~14*xf - 4096%d"3*e
“8xf77 - 4096*%d"4*e”9xf"6 + 49152%d"bxe”10*f"5 + 49152xd"6*e"11xf"4 - 19660
8xd"7*xe"12*xf~3 - 196608*%d"8*e " 13*f " 2)*1i)*((£f73 + ((f - 2*d*e) "5x(f + 2*xd*e
))"(1/2) + 4xd"2*%e”2xf - 4xd*exf~2)/(512%(16*xd"6*e"4 + d™2xf~4 - 8*d~ 3xexf”
3 - 32%d"5xe"3*xf + 24xd"4*e”2xf72))) " (3/4)x1i - 256*%d"7xe"14 - 256%d"6%e”13
*f + 16*%d"3*e”10*f"4 + 64%d"4*e”11*xf73)*1i — x*(32xd"5*e”13*f + 4*xd~2*xe”~10%
74 + 24*xd"3%e"11*xf73 + 48+%d"4*e " 12*f72) )*x((£73 + ((f - 2*d*xe) "5x(f + 2xd*e
))"(1/2) + 4%d72*%e”2*%f — 4dxdxexf"2)/(512%(16*d"6*e”4 + d~2*xf~4 - 8*xd " 3*exf”
3 - 32%d"5xe”3*%f + 24xd"4*xe”2x£f72))) " (1/4) + (((£73 + ((f - 2*d*e) bx(f + 2
xdxe)) " (1/2) + 4xd"2*e”2xf - 4dxd*xexf~2)/(512%(16*d"6xe"4 + d"2+xf~4 - 8*d~3*
exf~3 - 32xd"5*xe " 3*xf + 24%d"4%xe”2*%f72))) " (1/4)*((x*(65536%d"9*e”15 + 32768%
d"8*e"14xf - 1024xd"2%e"8*f"7 - 2048*%d"3*xe"9xf"6 + 10240*d"4*xe”10*f"5 + 204
80xd~b*xe"11*xf"4 - 32768*%d " 6xe~12*xf~3 - 65536*%d"7xe"13*xf~2) + ((£f°3 + ((f -
2xdxe) "5k (f + 2xd*xe)) ~(1/2) + 4*xd~2%e"2xf - 4xd*xexf~2)/(512*%(16*%d"6*xe”4 + d
“2xf74 - 8%d"3%exf"3 - 32%d"b*xe"3xf + 24xd"4*xe”2xf72))) " (1/4)*(262144*xd"10%
e~ 15 + 262144*xd"9*xe”14*xf - 4096*d"3*e”"8*xf”~7 - 4096*xd"4*xe”9*xf"6 + 49152*%d " 5x*
e”10*xf~5 + 49152*d"6*e”11*xf"4 — 196608*d"7*xe~12*f~3 - 196608*d"8*e”13*xf~2)*
11)*((£73 + ((f - 2*d*e) 5x(f + 2xd*e))~(1/2) + 4*d"2*xe"2xf — 4xdxexf~2)/(5
12%x(16*%d"6xe~4 + d"2*%f"4 - 8*d"3*exf~3 - 32%d"5*e”3*f + 24*xd"4*xe"2xf~2))) " (
3/4)*1i + 256%d"7T*e"14 + 256*%d"6*e”13*xf - 16*%d"3*%e”10*%f"4 - 64*xd"4*xe”11%f"3
)*¥1i - x*(32%d"5*xe”13*f + 4*xd"2*%xe”10*%f"4 + 24*%xd"3*xe”11*f~3 + 48%xd " 4*xe " 12xf"~
2))%((£73 + ((f - 2xd*xe) 5 (f + 2*d*e))~(1/2) + 4xd"2xe"2+f - 4xd*xexf~2)/(5
12% (16%xd"6*e"4 + d"2*xf"4 — 8*d " 3*exf"3 — 32xd"5xe”3xf + 24xd"4*xe"2xf"2))) " (
1/4))/((((£73 + ((f - 2*xd*e) "bx(f + 2xd*e))~(1/2) + 4*xd"2*xe”2*xf - 4xd*e*xf~2
)/ (512%x(16*d"6xe”4 + d~2*xf"4 - 8%d " 3*exf~3 - 32%d"5*xe"3xf + 24*xd"4*xe”2xf"2)
)) " (1/4) % ((x*x(65536*%d~9*e”15 + 32768*d"8*e”14xf - 1024*d"2*xe”8*f~7 - 2048%d
“3*%e”9xf76 + 10240*%d"4*e”"10*%f75 + 20480*xd"5xe”11xf"4 - 32768*d"6*e”"12%f"3 -
65536*%d " 7*xe~13*f"2) - ((£f73 + ((f - 2*d*xe) 5 (f + 2%d*xe)) " (1/2) + 4xd"2*e”
2+%f - 4xdxexf"2)/(512*x(16*%d"6*e"4 + A"2*f"4 - 8*xd"3xe*xf~3 - 32*%d"5*xe " 3*f +
24xd"4xe”2%xf72)) )~ (1/4) *(262144*xd"10*%e” 15 + 262144*d"9*e~14*xf - 4096*d"3*e”
8*xf~7 - 4096*%d"4*e”9*xf"6 + 49152*%d"5*e " 10*f"5 + 49152xd"6*xe"11xf"4 - 196608
*Q"T7*e”12*%f73 - 196608*d"8xe”13xf"2)*11i)*((£73 + ((f - 2*d*e) 5 (f + 2xdx*e)
)7(1/2) + 4%d72*%e”2*%xf — 4xdxexf~2)/(512*%(16*d"6*e"4 + d~2%f~4 - 8*d " 3*xe*xf~3
- 32x%d"5*%xe"3*f + 24%xd"4xe"2xf"2))) " (3/4)*1i - 256%d"7*xe"14 - 256*d"6xe”13x%
f + 16%d"3*%e”10*xf"4 + 64*d"4*e”11*xf"3)*1i - x*(32%d"5*xe”13*f + 4*xd~2*e”10%f
"4 + 24%d73%e”11xf"3 + 48%d"4*xe”12xf72) ) *x ((£f73 + ((f - 2*dx*xe) "b*x(f + 2xdx*xe)
)7(1/2) + 4xd"2%e”2xf - 4xd¥xexf~2)/(512%(16*xd"6*e”"4 + d"2xf"4 - 8+d " 3*exf~3
- 32x%d"5*e"3*f + 24xd"4xe"2xf"2))) " (1/4)*1i - (((£73 + ((f - 2xdxe) " bx(f +
2%d*e)) " (1/2) + 4xd"2%e"2+f - 4*xd*xexf~2)/(512x(16*%d"6*e"4 + d"2*f"4 - 8xd~
3xexf~3 - 32%d"5*e”3*f + 24xd"4xe”2x£72))) " (1/4)*x((x*(65536*d"9*e”~15 + 3276
8*xd"8*e”14*xf - 1024*d"2*%e"8xf"7 - 2048*d"3*xe”9xf"6 + 10240*d"4*xe”10*xf"5 + 2
0480%d"5*e~11*f~4 - 32768*d"6xe~12*xf~3 - 65536*d"7*e”~13%f"2) + ((£f73 + ((f
- 2xdx*e) "Bk (f + 2xd*xe))~(1/2) + 4*d"2*e”2*xf - 4xdxexf~2)/(512+%(16*d"6*e"4 +
d"2%f"4 - 8%d"3xexf”"3 - 32%xd"5*xe”3xf + 24xd"4*xe"2%f"2))) " (1/4)*(262144*xd"1
O*xe”~15 + 262144xd"9*xe”14*f - 4096*d"3*%e " 8xf"7 - 4096*d"4*e”9*xf~6 + 49152*d"~
5%e”710*xf"5 + 49152xd"6*%e”11xf"4 - 196608*%d"7*xe~12*%f~3 - 196608*d"8xe”13*f"2
Y*¥1i)*((£73 + ((f - 2*xd*xe) " 5x(f + 2xdx*e)) " (1/2) + 4xd"2xe"2%f - 4xd*e*xf~2)/
(512%(16*%d"6*e"4 + d"2*xf~4 - 8+d"3*e*f~3 - 32xd"5*xe"3*f + 24*xd"4*e”2*f"2)))
~(3/4)*11i + 256%d"7*e"14 + 256%d"6*e”13*%f — 16*%d"3*%e”10*xf~4 - 64*d"4*xe”11x*f
“3)x1i - x*(32%d"b*e”13%f + 4xd"2%e”10*%f"4 + 24xd"3*e”11xf"3 + 48*%d"4*e”12x%
£f72))%((£73 + ((f - 2*xdxe) "5x(f + 2xd*e)) ~(1/2) + 4*d"2xe"2*xf - 4*xd*xexf~2)/
(512%(16*%d"6*e"4 + d"2*xf~4 - 8+d"3*e*f~3 - 32xd"5*xe"3*f + 24*xd"4*e”2*%f"2)))
“(1/4)%11))*((£73 + ((f - 2+dxe) "5k (f + 2*xd*xe))~(1/2) + 4*d"2*e”2*%f - 4xdxe
*f72)/(512%x(16*%d"6*xe"4 + d"2*xf~4 - 8xd"3*kexf~3 - 32%d"5*xe"3*f + 24*xd"4*e” 2%
£72)))°(1/4) - atan(((((£f73 + ((f - 2*xd*xe) 5x(f + 2*d*e)) " (1/2) + 4*xd"2*xe"2
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*f - 4*xd*xexf~2)/(512*x(16%d"6*e"4 + d"2*f"4 - 8*xd"3*e*xf~3 - 32*d"5*xe”3*xf + 2
4xd~4xe”2x£72))) ~(1/4) * ((x*(65536*%d"9*e” 15 + 32768*d"8xe~14*f - 1024*d"2xe”
8xf~7 - 2048*%d"3*%e”9*xf"6 + 10240*%d"4*e”10*f"5 + 20480*xd"bxe"11xf~4 - 32768%
d"6xe"12*xf~3 - 65536*d"7*e"13xf"2) + ((£f73 + ((f - 2*dxe) 5x(f + 2*xd*e)) (1
/2) + 4*xd72*%e”2*xf — 4xdxexf~2)/(512*%(16*d"6*e”"4 + d~2xf~4 - 8+%d"3*exf"3 - 3
2%d"bxe " 3xf + 24xd~4xe”2xf72)) )~ (1/4)*(262144%d"10%e"15 + 262144*d"9*e~14x*f
- 4096*%xd"3*%e"8*%f"7 - 4096xd"4*xe”9*%f"6 + 49152%xd"5*e”10*xf"5 + 49152*%d"6*xe”1
1xf~4 - 196608*d"7*xe"12+%f~3 - 196608*%d"8*%e”~13*f~2) )*((£73 + ((f - 2*d*e) 5x*
(f + 2xd*e)) " (1/2) + 4xd~2xe~2*f - 4xd*xexf~2)/(512*x(16%d"6*e”4 + d"2*xf"4 -
8*d " 3*kexf~3 — 32xd"5*e”3*f + 24*xd"4*xe"2xf"2))) " (3/4) - 256xd"7*xe"14 - 256%*d
“6xe"13%f + 16*%d"3%e”10*%f"4 + 64*xd"4*xe"11xf~3) + x*(32*xd"5*e”13*%f + 4xd"2x*e
“10%xf~4 + 24%d"3%e"11*f"3 + 48xd"4*xe"12%f72) )% ((£73 + ((f - 2*%d*e) "bx(f + 2
*d*e)) " (1/2) + 4xd"2xe"2xf - 4xd*e*xf~2)/(512x(16xd"6*e"4 + d"2*f~4 - 8xd~3x%
exf~3 - 32xd"5*e " 3xf + 24%d"4*xe"2xf"2))) " (1/4)*1i + (((£73 + ((f - 2xd*e)”5
*(f + 2xd*e)) " (1/2) + 4xd"2%e"2*f - 4xd*xexf~2)/(512%(16*d"6*e"4 + d"2xf~4 -
8xd"3*e*xf"3 - 32xd"5*xe " 3%f + 24xd"4*xe"2%f"2))) " (1/4) *((x*(65536%d"9*e~15 +
32768*%d"8xe”14*f - 1024*%d"2*e " 8*%f"7 - 2048%xd"3*%e”9*f"6 + 10240*%d"4*e " 10xf~
5 + 20480%d"5*e”11xf"4 - 32768*xd"6*e”~12%f~3 - 65536%d"7*xe~13*xf"2) - ((£°3 +
((f - 2%d*e) bk (f + 2xd*e))~(1/2) + 4%d"2*e”2*xf - 4xdxexf~2)/(512%(16*d"6*
e”4 + d"2xf74 - 8xd"3*kexf~3 - 32%d"5*xe"3*f + 24*xd"4xe”2xf"2))) " (1/4)* (26214
4xd~10%e”15 + 262144xd"9*e”14xf - 4096*xd"3xe”8*f"7 - 4096*d"4*e"9*xf"6 + 491
52xd"5*xe”10*%f"5 + 49152*%d"6*e”11xf"4 - 196608*d"7*e"12xf~3 - 196608*xd " 8*xe”1
3kf72))*x((£73 + ((f - 2*d*e) "5k (f + 2*xd*e))~(1/2) + 4*d"2%e”2*xf - 4d*xd*exf~2
)/ (512%(16*%d"6%e"4 + d"2*xf~4 - 8+d"3*e*xf"3 - 32*xd"b*xe"3xf + 24*xd"4*xe”2*xf"2)
))"(3/4) + 256%d"7*xe"14 + 256*%d"6%e”13*xf - 16%d"3*e~10*f~4 - 64*xd~4*e”11xf"
3) + x*(32%d"5*xe”13*f + 4*d"2xe”10*xf"4 + 24%d"3*e”11*f~3 + 48%d"4*xe"12*xf"2)
Yx((£73 + ((f - 2*xd*e) 5x(f + 2xd*e)) " (1/2) + 4*xd"2xe~2xf - 4xd*exf~2) /(512
*(16%d"6*%e"4 + d"2xf"4 - 8*d"3xexf”~3 - 32xd"5*xe " 3xf + 24xd"4x*xe"2xf"2))) " (1/
4)x11) /((((£73 + ((f - 2*d*e) 5k (f + 2*xd*xe)) " (1/2) + 4*d"2*xe"2*f - 4*xd*xexf”
2)/(512%(16xd"6*xe”4 + d~2*%f"4 - 8*d " 3*xexf~3 - 32xd"5*e”3*f + 24*xd"4*xe"2xf"2
1)) (1/4) % ((x*x(65536%d"9*%e~15 + 32768*d"8*e”14xf - 1024*d"2%e”8*xf~7 - 2048%
d"3xe”9xf"6 + 10240*%d"4*xe”10*f"5 + 20480*d"5*e”11xf"4 - 32768*%d"6*e”12*%f"3
- 65536*%d"7*e"13*xf"2) + ((£f73 + ((f - 2*d*e) 5x(f + 2xd*e)) " (1/2) + 4*xd"2*e
“2*xf - 4xdxexf”2)/(512%x(16*%d"6*xe"4 + d"2*%f"4 - 8*d"3*exf~3 - 32xd"5*xe"3*f +
24xd"4*e”2%£72)) )" (1/4)*x(262144*%d"10*%e" 15 + 262144*xd"9*xe”14*xf - 4096*d"3*e
“8xf77 - 4096*%d"4*xe”9xf76 + 49152%d"5*%xe”10*%f"5 + 49152xd"6*%e”11xf"4 - 19660
8xd~T7*e"12xf"3 — 196608*%d"8*e"13*%f"2))*((£f73 + ((f - 2*xd*e) " 5x(f + 2xdx*e))”
(1/2) + 4%d"2*e"2*xf — 4xdxexf~2)/(512*%(16*d"6*e”"4 + d~2*xf~4 - 8+d"3*e*xf~3 -
32xd"5*xe " 3*f + 24xd"4*e”2xf72))) " (3/4) - 256*%d"T7*e"14 - 2656*%d"6xe"13*xf + 1
6%d"3x%e”10*xf"4 + 64*d"4*xe"11*f~3) + x*(32*d"5%e”13%f + 4%d"2*e~10*f~4 + 24x%
d"3%e"11*f~3 + 48%d"4*xe~12*f"2))*x((£73 + ((f - 2xd*e) "5x(f + 2xdx*xe))~(1/2)
+ 4xd72*%e”2xf — 4xdxexf~2)/(512%(16*d"6*e"4 + d~2%f~4 - 8*d " 3*exf~3 - 32xd~
5%e73*f + 24*xd"4*xe”2xf72)))"(1/4) - (((£f73 + ((f - 2*d*e) 5k (f + 2*xd*e)) (1
/2) + 4*xd"2%e"2xf - 4xdxexf~2) /(512 (16*xd"6*e”4 + d~2*xf"4 - 8+d"3*exf"3 - 3
2xd"5xe " 3*f + 24xd"4xe”2*x£72))) " (1/4)*x((x*(65536%d"9*e”~15 + 32768*d 8*e”14x%
f - 1024%d"2%e"8*f"7 - 2048*%d"3*xe”9*xf"6 + 10240*d"4*xe”~10*f~5 + 20480*d"5%*e”
11xf~4 - 32768*xd"6*xe~12%f"3 - 65536*%d " 7xe"13*xf~2) - ((£f73 + ((f - 2*d*xe) ~5x
(f + 2+d*e)) " (1/2) + 4xd"2xe"2+f - 4*d*exf~2)/(512*x(16*d"6%e"4 + A" 2*xf"4 -
8xd"3*exf~3 - 32xd"5*xe”3*f + 24xd"4*xe"2*xf"2))) " (1/4)*(262144*xd~10*e”"15 + 26
2144%d"9xe”14*xf - 4096*%d"3*e"8*f~7 - 4096*xd"4*xe”9*%f"6 + 49152*%xd"5*e~10*xf"5
+ 49152*d"6%e”11*xf~4 - 196608*d~7*e~12+%f~3 - 196608*d"8*e~13*f~2))*((£f~3 +
((f - 2+dxe) bk (f + 2xd*xe))~(1/2) + 4*d"2*e”2*f - 4xdxexf~2)/(512*(16*d"6*e
“4 + d72%f74 - 8xd"3*exf~3 - 32%d"5*xe”3*f + 24%xd"4xe"2xf"2))) " (3/4) + 256*d
“Txe~14 + 256*%d"6xe”13%xf - 16%d"3*%e”10*%f"4 - 64*xd"4*e”11xf"3) + x*(32%d"5x*e
“13*%f + 4xd"2%e”10%f74 + 24*d"3%e”11*xf73 + 48*%d"4*xe"12*xf"2) ) *x((£73 + ((f -
2%d*xe) "5k (f + 2xd*xe))~(1/2) + 4%d"2%e”2*xf - 4xdxexf~2)/(512%(16*d"6*e”4 + d
“2%f74 - 8%d7"3*%exf"3 - 32%d"5*e”3*f + 24*xd"4*xe"2xf72))) " (1/4)))*((£73 + ((f
- 2%d*e) "5k (f + 2xdxe))~(1/2) + 4*xd"2*xe”2xf - 4xd*xexf~2)/(512*x(16*d"6*xe”4
+ d72%f74 - 8*%d"3%exf"3 - 32xd"5*xe”3xf + 24xd"4*xe"2xf"2))) " (1/4)*2i - atan(
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((((£f73 = ((f - 2*xd*e) " bx(f + 2*d*e)) " (1/2) + 4*xd"2xe"2xf - 4*d*xexf~2) /(512
*(16*%d"6*%e"4 + d72*xf"4 - 8+d"3*e*f"3 - 32*xd"b*e"3xf + 24*xd"4*xe”2xf"2))) " (1/
D*x((((£73 = ((£f - 2%d*e) b5k (f + 2xd*xe))~(1/2) + 4*d"2*e"2*xf - 4dxdxexf~2)/(
512+ (16*d"6*e”4 + d"2*xf~4 - 8+d"3*e*f~3 - 32*xd"5xe"3*f + 24*d"4*e”2xf"2)))"
(1/4)*(262144%d"10%e"15 + 262144xd"9*e”~14*f — 4096*xd~3*e”"8xf~7 — 4096*%d~4*e
“Oxf76 + 49152%d"5xe”10*%f"5 + 49152%d"6*e”"11xf74 - 196608*xd"7*e"12xf"3 - 19
6608*%d"8*e”13*f"2) + x*(65536*%d"9*e”15 + 32768*d"8xe~14*f - 1024*d"2*e " 8*f~
7 - 2048*%d"3xe”9*xf76 + 10240*%d"4*xe”10*f~5 + 20480*d"b5*e”~11xf~4 - 32768*d"6x*
e"12%f~3 - 65536%xd " 7Txe"13%f"2))*x((£73 - ((f - 2*xd*e) bk (f + 2xd*e))~(1/2) +
4xd"2xe"2xf - 4*d*exf~2)/(512%(16*xd"6*xe"4 + d"2+%f"4 - 8*d"3*exf~3 - 32%d75
xe"3xf + 24xd"4xe"2%f72))) " (3/4) - 256*%d"7*xe"14 - 256*d"6*e”13xf + 16%d"3*e
~10%xf~4 + 64%d"4*xe"11*f"3) + x*x(32%d"5*xe”13xf + 4xd"2*%e”10*f"4 + 24*xd"3*e”1
1*%f73 + 48+%d"4*e”12*xf"2) ) *x((£73 - ((f - 2*d*e) 5+ (f + 2xd*xe)) (1/2) + 4*xd~2
*e 2+f - 4dxdxexf~2)/(512%(16*%d"6*e"4 + d"2*xf~4 - 8xd"3*e*xf~3 - 32*d”"5*xe”3*f
+ 24*%d74*xe”2xf72)) )" (1/4) %11 - (((£73 = ((f - 2xd*e) 5 (f + 2*xd*xe))~(1/2)
+ 4xd72*%e”2xf — 4xd*xexf~2)/(512%(16*d"6*xe"4 + d~2*%f~4 - 8*d"3*kexf~3 - 32xd”
5%e73*f + 24*xd"4*xe”2xf72))) " (1/4) *((((£f73 - ((f - 2*d*e) 5% (f + 2*d*e)) " (1/
2) + 4%d72*%e”2*xf — 4xdxexf"2)/(512%(16*d"6*e"4 + d"2*%f"4 - 8*d"3*kexf~3 - 32
*d"bxe"3xf + 24xd"4*xe”2xf"2))) " (1/4)*(262144%xd"10%e” 15 + 262144xd"9*e” 14x*f
- 4096*%d"3xe"8*xf"7 - 4096*%d"4*e"9*xf"6 + 49152%d"5*e”10*f"5 + 49152xd"6*xe”11
*f74 - 196608*d"7*xe”12*xf~3 - 196608*d~8*e”13*%f"2) - x*(65536*d~9*e”15 + 327
68xd"8*xe~14xf - 1024*d"2%e”8xf"7 - 2048*d"3*%e”9xf"6 + 10240*%d"4*e”10*xf"5 +
20480*d"5*e"11*f~4 — 32768*d"6%e"12%f"3 - 65536*xd"7*e~13*%f"2))*((£f°3 - ((f
- 2%d*e) "5k (f + 2*xd*e)) " (1/2) + 4%d"2*e”2*xf - 4xdxexf"2)/(512%(16*d"6*e”4 +
d"2*f"4 - 8xd"3%exf~3 - 32xd"5*xe”3*f + 24%d"4*xe”2*%f72))) " (3/4) - 256%d"T*e
~14 - 256*%d"6%e”13%f + 16%d"3*e”10*f"4 + 64xd"4*e"11*%f"3) - x*x(32*%d"5xe”13x%
f + 4%d72%xe”10%f"4 + 24xd"3*e"11*%f"3 + 48%xd"4*e”12+%f72) )*((£f°3 - ((f - 2*dx*
e) "5k (f + 2xd*e)) " (1/2) + 4*d"2%e"2*f - 4d*xd*exf~2)/(512+%(16*%d"6*e”4 + d~2*f
“4 - 8x%d"3%exf"3 - 32%d"5*e”3*f + 24*xd"4*xe”2xf"2))) " (1/4)*11i)/((((£f73 - ((f
- 2%d*e) "5k (f + 2xd*xe))”~(1/2) + 4xd"2xe”2*f - 4xdxexf~2)/(512%(16*d"~6%e”4
+ d72*%f74 - 8%d"3xexf”3 - 32*%d"5*xe”3*xf + 24xd"4*e”2+xf72))) " (1/4)*x((((£73 -
((f - 2+d*e) bk (f + 2*xd*xe))~(1/2) + 4*d"2*e”2*xf - 4xdxexf~2)/(512*%(16*d"6*e
“4 + d72%f74 - 8xd"3*exf"3 - 32x%d"5*xe”3*f + 24xd"4xe"2xf"2))) " (1/4)* (262144
*d"10%xe”15 + 262144*%xd"9*e”14xf - 4096xd"3*xe"8*f"7 - 4096*%d " 4*xe”9*xf"6 + 4915
2xd"5*e”10*xf75 + 49152%d"6*xe”"11*xf"4 - 196608*d " 7*xe~12*f~3 - 196608*d"8*xe”~13
*f72) + x*(65536%d"9*e”15 + 32768*%d"8xe”14*xf - 1024*d"2*e"8*f~7 - 2048%d"3x*
e”9xf76 + 10240*%d"4*xe~10*xf~5 + 20480*%d"5*e”11xf~4 - 32768*d"6*xe~12*xf~3 - 65
536%d"7*e " 13*f"2) ) *x((f73 - ((f - 2*d*e) "5k (f + 2*xd*xe))~(1/2) + 4*d"2*e”2x*f
- 4xdxe*xf~2)/(512*x(16*d"6%e”4 + d"2*xf~4 - 8*xd"3*exf~3 - 32%d"5*xe"3*f + 24x*d
“4xe”2%f72))) " (3/4) - 256%d"7T*xe"14 - 256*%d"6%e”13*xf + 16*%d"3*e"10*f"4 + 64x*
d"4xe”11%f~3) + x*(32*d"5%e”13%f + 4%d"2*e~10*f~4 + 24*xd~3*e”"11%xf~3 + 48*d~
4xe”12xf72) )% ((£73 - ((f - 2*xd*xe) " 5x(f + 2*dxe)) " (1/2) + 4xd"2xe~2xf - 4xd*
exf~2)/(512x(16*d"6*%e"4 + d"2*xf~4 - 8xd " 3xexf"3 — 32%d"bxe"3xf + 24*xd"4*xe”2
*£72)))7(1/4) + (((£73 = ((f - 2*d*e) 5k (f + 2*xd*e))~(1/2) + 4*d"2*e”2*f -
dxdxexf~2) /(512 (16*d"6*e"4 + d™2*xf~4 - 8+d"3*e*f~3 - 32xd"5*xe"3xf + 24xd"4
*e72xf72)) )" (1/4)*((((£f73 = ((f - 2*xdxe) "5x(f + 2xd*e)) " (1/2) + 4*d~2xe”2x*f
- 4*xd*exf~2) /(512 (16*%d"6%e"4 + d"2*f"4 - 8xd"3xexf~3 - 32%d"5*e”3*f + 24x*
d"4xe"2xf"2))) " (1/4)*(262144*xd"10*e~15 + 262144*xd"9*e”14*f — 4096*d~3*e”8*f
7 - 4096*%xd"4*e”9*%f"6 + 49152%d"5*%e”10xf"5 + 49152*%d"6*xe”11xf"4 - 196608*d”
Txe~12*%f~3 - 196608*d"8xe~13*xf~2) - x*(65536*%d"9*e~15 + 32768*%d"8*e~14x*f -
1024%d"2*%e"8*f"7 - 2048*%d"3*xe”9xf"6 + 10240%d"4*xe”10*f"5 + 20480*d"5*e”11xf
4 - 32768*%d"6*xe”"12*xf~3 - 65536%d"7*e " 13*f72) ) *x((£73 - ((f - 2*d*e) "5x(f +
2%d*xe)) " (1/2) + 4xd"2xe"2xf - 4xd*e*xf~2)/(512%x(16*xd"6*xe"4 + d"2%f"4 - 8%d"3
xe*xf"3 - 32xd"5*xe"3*f + 24*xd74*e”2*%f72))) " (3/4) - 256*%d"7*e"14 - 256*d"6*xe”
13*%f + 16%d"3*e”10*xf"4 + 64*xd"4*e”11xf~3) - x*(32*d"5*xe”13*f + 4*xd"2xe”10*f
“4 + 24%d73%e”11xf"3 + 48%d"4*xe”12xf72))*x ((£f73 - ((f - 2*dx*xe) "b*x(f + 2xdx*xe)
)T(1/2) + 4%d72*%e”2*xf — 4xdxexf~2)/(512*%(16*d"6*xe"4 + d~2*xf~4 - 8*d " 3*exf~3
- 32%d"5*xe"3*f + 24xd74xe"2xf"2))) " (1/4)))*((£f73 - ((f - 2*d*xe) 5k (f + 2xd
xe)) " (1/2) + 4xd~2*xe”2+f - 4xdxexf~2)/(512*x(16*d"6%e~4 + d"2+xf~4 - 8*d " 3*ex
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£f73 - 32xd"5*xe " 3xf + 24xd"4*xe”2xf72))) " (1/4)*2i - 2*atan(((((£f°3 - ((f - 2%
d*xe) "5k (f + 2xd*e))~(1/2) + 4*d"2*xe”2*xf — 4xdxexf~2)/(512%(16*d"6*e”4 + d~2
xf~4 - 8%d"3xe*xf"~3 - 32%d"5xe”3*f + 24%xd"4xe”2%f~2))) " (1/4)*((((£°3 - ((f -
2xd*xe) "5k (f + 2*xd*e)) " (1/2) + 4*d"2xe"2*xf - 4xd*xexf~2)/(512*(16*d"6xe"4 +
d"2*f"4 - 8xd"3xexf"3 - 32*%d"5*e”3*f + 24xd"4xe”2%f72))) " (1/4)*(262144*d"10
*e~15 + 262144%d"9*xe”14*xf - 4096*%d"3*%e " 8*xf"7 - 4096*xd"4*e"9*%f"6 + 49152%d"5
*e"10*%f"5 + 49152%xd"6*e"11*xf"4 - 196608*d " 7*xe~12*xf~3 - 196608*d~8*e " 13*xf~2)
*¥1i + x*(65536*%d"9*e”15 + 32768*%d"8*e”14*xf - 1024*%d"2%e”8*f~7 - 2048*d~3*e”
9xf76 + 10240*%d"4*xe”10*f"5 + 20480*d"5*e"11xf"4 - 32768*d"6*xe~12*xf~3 - 6553
6%d"7*e " 13*f72) ) *x ((£73 = ((f - 2+d*e) "5k (f + 2xd*xe))~(1/2) + 4*d"2*e”2*f -
dxdxexf~2)/(512% (16%xd"6*%e”4 + A" 2*xf"4 - 8*d " 3*xexf"3 — 32xd"5*e”3*xf + 24xd"4
*e"2xf72))) " (3/4)*1i + 256*%d"7*xe"14 + 256*d"6%e”13*xf - 16%d"3*xe~10%f"4 - 64
*d"4*xe"11xf73) %11 - x*(32%d"5*e”13*f + 4*xd"2*e”10*%f~4 + 24*xd"3*e”11*%f"3 + 4
8xd~4*e”12xf"2) )x ((£73 - ((f - 2%d*e) 5k (f + 2xd*xe)) " (1/2) + 4%d"2*xe"2*f -
dxdxexf~2) /(512 (16*d"6*e”4 + d™2*xf~4 - 8+d"3*e*f~3 - 32xd"5*xe"3xf + 24xd"4
*e"2+%f72))) " (1/4) - (((£73 - ((f - 2*xd*e) bx(f + 2xd*e)) " (1/2) + 4*xd~2*xe”2x
f — 4xdxexf~2)/(512%(16%d"6*%e"4 + d~2*%f"4 — 8*xd"3*e*xf~3 - 32xd~5*xe”3xf + 24
*d"4*e”2%£72))) " (1/4)*((((£73 - ((f - 2*d*e) bx(f + 2*dxe)) ~(1/2) + 4*xd"2*e
“2%f - 4xd*xexf”2)/(512x(16%d"6%e"4 + d"2*f"4 - 8*d"3xexf~3 - 32*%d"b*e”3*f +
24xd~4*e”2xf72)) )~ (1/4)*x(262144%d"10%e”15 + 262144%d"9*e~14*xf - 4096%d"3*e
“8xf”"7 - 4096*%d"4*xe”9xf76 + 49152%d"5*%xe”10*%f"5 + 49152xd"6*%e”11xf"4 - 19660
8xd~7*e"12xf"3 - 196608*%d"8*xe~13*f"2)*1i - x*(65536*d"9*e”15 + 32768*d " 8*e”
14%xf - 1024*%d"2*%e " 8*%f"7 - 2048*xd"3*e”9*%f"6 + 10240*%d"4*e”10*xf"5 + 20480*d"5
xe"11xf~4 - 32768*xd"6*e"12+%f~3 - 65536*%d " 7T*xe"13*f"2))*x((£73 - ((f - 2%d*e)”
5¥(f + 2%d*e)) " (1/2) + 4xd"2*xe”2xf - 4xd*exf~2)/(512*%(16*xd"6*e”~4 + d~2xf"4
- 8%d"3*exf~3 - 32%d"5*xe"3*f + 24*xd"4xe”2xf"2))) " (3/4)*1i + 256%d"7*xe"14 +
256xd"6*%e”13%f — 16%d"3*e”10*f"4 - 64xd"4*xe"11*xf"3)*1i + x*(32*xd~5*xe~13*f +
4xd"2%e”10*%f"4 + 24xd"3*e”11xf"3 + 48%d"4xe”12%xf"2))*x((£73 - ((f - 2%d*e)”
5¥(f + 2%d*e)) " (1/2) + 4xd~2*xe”2xf - 4xd*exf~2)/(512%(16*xd"6*e™4 + d~2xf~4
- 8%d"3*e*f"3 - 32*xd"5xe"3*f + 24*d"4*e”2xf72))) " (1/4))/((((£73 - ((f - 2*d
xe) "Bk (f + 2xd*xe)) " (1/2) + 4%d"2%e”2*f - 4dxdxexf~2)/(512*%(16*d"6*e”4 + d~2x
f74 - 8xd"3%exf~3 - 32xd"5*xe”3%f + 24xd"4*xe"2xf"2))) " (1/4)*x((((£°3 - ((f -
2%d*xe) "5k (f + 2*xd*xe))~(1/2) + 4*d"2%e”2*xf - 4dxdxexf~2)/(512*%(16*d"6*e”4 + d
“2xf74 - 8%d"3%exf”3 - 32%d"5ke"3xf + 24xd"4*xe”2xf72))) " (1/4)*(262144*xd"10*
e~ 15 + 262144*xd"9*xe”14*xf - 4096*d " 3*e”"8*xf~7 - 4096*xd"4*xe”9*xf"6 + 49152*%d " 5bx*
e”10*f~5 + 49152*d"6*e”11*xf"4 — 196608*d"7*xe~12*f~3 - 196608*d~8*e”~13*f~2)*
1i + x*(65536%xd~9*e” 15 + 32768*d"8xe~14*xf - 1024*d"2*xe~8*f"7 - 2048*d"3*e”9
*f76 + 10240%d"4*e”10xf"5 + 20480*%d"b5xe”11xf~4 - 32768*xd"6*e~12xf"3 - 65536
*Q"7xe"13*f72) )k ((£73 = ((f - 2xd*e) 5% (f + 2xd*xe))~(1/2) + 4*xd™2%e”2xf - 4
xdxexf~2) /(512x(16xd"6%e~4 + d"2*xf"4 - 8*d"3*exf~3 - 32xd"5*xe”3*f + 24*d74x
e"2xf72))) " (3/4)*1i + 256%d"7*xe"14 + 256*%d"6%e”13*xf - 16*%d"3*e~10*f~4 - 64x*
d"4xe”11xf~3)*1i - x*(32*%d"5*%e”13*f + 4*xd"2%e”10*xf"4 + 24%d"3xe”11*xf~3 + 48
*d"4*e”12%F72) ) *x ((£73 = ((f - 2+d*e) "5k (f + 2*xd*xe))~(1/2) + 4*d"2*e”2*xf - 4
*d*xe*xf"2) /(512%x(16*%d"6xe”4 + d"2*%f "4 - 8*xd"3*exf~3 - 32*%d"5*xe " 3*xf + 24*xd"4x*
e”2xf72))) " (1/4)*1i + (((£73 = ((f - 2xd*xe) "5k (f + 2xd*xe)) ~(1/2) + 4*d"2xe”
2xf — 4xd*exf~2)/(512*%(16*%d"6*e"4 + d"2*xf"4 - 8+d"3xexf~3 - 32%d"5*xe " 3*f +
24xd"4*xe”2+%£72))) " (1/4)* ((((£73 - ((f - 2*xd*xe) "5+ (f + 2*xd*e))~(1/2) + 4%4d"2
*e"2+f - 4xdxexf"2)/(512%(16*%d"6*e"4 + d"2*xf"4 — 8xd"3*exf~3 - 32*d"5*xe”3*f
+ 24xd"4xe”2%f72))) " (1/4)*(262144%d"10*%e” 15 + 262144*d"9xe"14xf - 4096*d"3
*e"8*%f"7 - 4096xd"4*xe”9*xf"6 + 49152*%d"5*e”10*xf"5 + 49152xd"6*xe”11xf"4 - 196
608*d~T7*e"12xf~3 - 196608*%d"8*e~13*f~2)*1i — x*(65536*d"9*e”15 + 32768*d " 8%
e"14xf - 1024*%d"2*xe"8*xf"7 - 2048*%d"3*%e”9*f"6 + 10240*%d"4*e”10*xf~5 + 20480*d
“Bxe"11%f"4 - 32768*%d"6xe”12*xf~3 - 65536%d"7T*e”"13*xf"2))*x((£f73 - ((f - 2*dx*e
)7Ex(f + 2%d*e)) " (1/2) + 4xd"2xe”2+f - 4xd*xexf”2)/(512*x(16*%d"6*%e"4 + A" 2*xf"
4 - 8xd"3xexf~3 - 32%d"5*xe”3*xf + 24*xd"4xe”2+xf72))) " (3/4)*1i + 256*xd"T*e"14
+ 2656%d"6*xe"13xf - 16%d"3*%e”10*f"4 - 64xd"4xe”11+xf73)*1i + x*(32*%d"5xe~13*f
+ 4*xd72*%e”10*f"4 + 24%d73%e”11*f73 + 48*d"4*xe"12xf72) ) x((£73 - ((f - 2*d*e
)TEx(f + 2+d*e)) " (1/2) + 4xd"2xe”2+f - 4*xd*xexf”2)/(512x(16*%d"6*e"4 + d"2*f"
4 - 8%d"3%e*xf"3 - 32%xd"5*xe”3%f + 24xd"4*xe"2%f"2))) " (1/4)*1i))*((£f°3 - ((f -
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2xd*e) "5k (f + 2xd*e)) " (1/2) + 4xd"2%e”2%f - 4xd*xexf”2)/(512x(16*d"6*e”4 +
d"2xf~4 - 8%d"3xexf"3 - 32%d"5xe”3*xf + 24xd"4xe”2xf72)))~(1/4)

sympy [A] time = 7.25, size = 136, normalized size = 0.18

409615d*¢2 — 409615de f + 1024154 f2 + 4tde — 4t
RootSum (zs (1048576d%" — 2097152d%° f +1572864de? f2 — 5242883 f* + 6553642 f*) + 4 (~1024d2e2 f + 1024def? - 256 %) + €2, (t i tlog (x + of + f7 + dtde — 4tf )))

e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**4+d)/(e*x*2*xx**8-f*x**4+d**2) ,X)

[Out] RootSum(_t*x8%(1048576xd**6xe*x*4 — 2097152xd**5xe*x*3+xf + 1572864*d**4*xe**2%
fxx2 — 524288*d**3xe*xfx*3 + 65536xd**2xf**4) + trkd*(-1024xd**2xe**x2xf + 1
024*d*xexf**2 - 2656%f**3) + ex*2, Lambda(_t, _t*log(x + (4096%_t*xbkxd*x*4xe*x

2 — 4096* _txxbkxdx*x3kexf + 1024* tx*x5xdx*2xf**2 + 4% txd*e - 4*_txf)/e)))
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4

39 [— o _dx

1+bx4+x8

Optimal. Leaf size=411

log(—\/2—\/27bx+x2+1) log(\/2—\/27bx+x2+1) log(—\/\/ZTb +2x+x2+1) log(\/\/?

- +

8v2-V2-b 8v/2-V2-b _ 8vYV2-b +2

Rubi [A] time = 0.29, antiderivative size = 411, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 18,

number of rules _ ) 333, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

oy [ V2-vzb 2x o[ VVZRe2-2x o[ V2 V2B eex o[ V2R e220
log(f 27\/2717;»“%1) log( 2—\/27hx+x2+1) ]og(f \/271;+2x+x2+1) Icg(\/\/27b+2,r+,\l+]) tan [ ] tan [ tan’ tan —
. _ . _ Wb ) N2-V2b . VV2b+2 . N2-vV2-b
8\/2—\/2—1; 8\/2—\/2—17 8\/\/2—b+2 8\/\/2—b+2 4\/\/2—b+z 4\/2—\/2—b 4\/\/2—b+2 4\/2—\/2—b

Antiderivative was successfully verified.

[In] Int[(1 + x"4)/(1 + b*x"4 + x78),x]

[Out] -ArcTan[(Sqrt[2 - Sqrt[2 - b]] - 2%x)/Sqrt[2 + Sqrt[2 - b]1]1/(4%Sqrt[2 + Sq

rt[2 - bl]) - ArcTan[(Sqrt[2 + Sqrt[2 - bl] - 2*x)/Sqrt[2 - Sqrt[2 - bl1]1/(
4xSqrt[2 - Sqrt[2 - bl]) + ArcTan[(Sqrt[2 - Sqrt[2 - b]] + 2*x)/Sqrt[2 + Sq
rt[2 - bl]]/(4*Sqrt[2 + Sqrt[2 - bl]) + ArcTan[(Sqrt[2 + Sqrt[2 - b]] + 2x*x
)/Sqrt[2 - Sqrt[2 - bl1]/(4*Sqrt[2 - Sqrt[2 - bl]) - Logl[l - Sqrt[2 - Sqrt[
2 - bll*x + x72]1/(8*Sqrt[2 - Sqrt[2 - b]]) + Logl[l + Sqrt[2 - Sqrt[2 - b]]*
x + x72]/(8%Sqrt[2 - Sqrt[2 - b]]) - Logll - Sqrt[2 + Sqrt[2 - bllxx + x7~2]
/(8%Sqrt[2 + Sqrt[2 - b]]) + Logl[l + Sqrt[2 + Sqrt[2 - bll*x + x72]/(8*Sqrt
[2 + Sqrt[2 - bl])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1094

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 21}, Wwith[{r = Rt[2*q - b/c, 2]}, Dist[1/(2xcxq*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xq*r), Int[(r + x)/(q + r*x + x72), x], x]1] /

N



; FreeQ[{a, b,

Rule 1419

Int[((d_) + (e
_Symbol]

c}, x] && NeQ[b~2 - 4xaxc,

_)x(x_)" (L)) /((a) + (b_
:> With[{q = Rt[(2xd)/e - b/c,
g*x~(n/2) + x"n, %],
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0] && NegQ[b~2 - 4x*axc]

D% (x_)"(n_) + (c_
213}, Distle/(2x%c),
x] + Dist[e/(2%c),

D*x(x_ )" (n2.)), x
Int[1/Simp[d/e +

x], Int[1/Simp[d/e - gq*x~(n/2) + x

“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[cxd™2 - a*e”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il C 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, ex*Rt[a/c, 211))
Rubi steps
1+ x* j‘ +1j‘ 1 p
_ — X
1+bx4+x8 “2J 1o b2 + x4 2J 1+V2— b2+ 44
f 2-V2-b —x i \/2 V2-b +x f \2+ f 2+V2-b +x
12 V2-b x+x2 1++/2- bx+x2 1-4/2+V2 bx+x2 1442+ V2-b x+x2
442 -V2-0 442 -2 -0 442 +V2-b 442 +V2-b
1 1 1 1 1
-5/ dx+ gf i+ [
1-42-V2-bx+x2 —V2-bx+x2 1-~2+ V-
log(l— 2—V2—bx+x2) log( 2—\/2—bx+x2) log(l— 2+ V2 -
= +
8v2-V2-b 8v2-V2-b 84/2 + V2 -
1| V2-Va-b -2« 1| V2 v2-b -2« 1| V2-Va2-b +2x 1| V2 v2-b
tan tan tan tan
2+2-b 2-v2-b 2+v2-b 2-1/2-
442 +V2 -0 4+/2 -V2-D 442 + V2 -b 4+/2 — V2 -

Mathematica [C]

1
ZRootSum

time = 0.03, size = 55, normalized size = 0.13

#1410g(x #1) + log(x - #1)

#1° + #1%0 + 1&, —
2#17 + #1°b

‘

Antiderivative was successfully verified.

[In] Integrate[(1 + x74)/(1 + b*x~4 + x78),x]

[Out] RootSum[1 + b*#174 + #17°8 & , (Loglx - #1] + Loglx - #1]1x#174)/(b*#173 + 2%

#1°7) & 1/4

IntegrateAlgebraic [F]

time = 0.00, size = 0, normalized size = 0.00

1+t
1, 89X
1+bx*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 + bxx~4 + x78),x]

[Out] IntegrateAlgebraic[(1 + x74)/(1 + b*xx"4 + x78), xI
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fricas [B] time = 1.41, size = 1443, normalized size = 3.51
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+b*x~4+1),x, algorithm="fricas")

[Out] sqrt(sqrt(1/2)*sqrt(((b~2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6%b~2 + 12%b + 8))
- b)/(b”2 + 4xb + 4)))*arctan(1/2*sqrt(1/2)*(b"2 + (b"3 + 6%b"2 + 12*%b + 8
)*ksqrt((b - 2)/(b7™3 + 6%b~2 + 12%b + 8)) + 4*b + 4)*sqrt(x”2 + 1/2*xsqrt(1/2
k("2 + (b73 + 6%b~2 + 12xb + 8)*sqrt((b - 2)/(b~3 + 6%b"2 + 12*%b + 8)) +
2xb) *sqrt (((b~2 + 4%b + 4)*sqrt((b - 2)/(b”3 + 6*%b~2 + 12%xb + 8)) - b)/(b~2
+ 4xb + 4)))*sqrt(sqrt(1/2)*sqrt(((b”™2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6*b~
2 + 12%b + 8)) - b)/(b72 + 4%b + 4)))*sqrt(((b~2 + 4*b + 4)*sqrt((b - 2)/(b
"3 + 6%xb72 + 12%b + 8)) - b)/(b72 + 4xb + 4)) - 1/2%sqrt(1/2)*((b~3 + 6%b~2
+ 12xb + 8)*x*sqrt((b - 2)/(b”3 + 6*%b"2 + 12%xb + 8)) + (b72 + 4xb + 4)*x)*
sqrt(sqrt(1/2)*sqrt (((b~2 + 4%b + 4)*sqrt((b - 2)/(b"3 + 6*%b~2 + 12%b + 8))
- b)/(b”2 + 4xb + 4)))*sqrt(((b™2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6*b"2 + 1
2xb + 8)) - b)/ (P72 + 4xb + 4))) - sqrt(sqrt(1/2)*sqrt(-((b"2 + 4*b + 4)*sq
rt((b - 2)/(b"3 + 6%b™2 + 12%b + 8)) + b)/(b"2 + 4xb + 4)))*arctan(-1/2*(sq
rt(1/2)*(b"2 - (b™3 + 6%b"2 + 12*b + 8)*sqrt((b - 2)/(b"3 + 6%b~2 + 12%b +
8)) + 4xb + 4)xsqrt(x”2 + 1/2*sqrt(1/2)*(b"2 - (b~3 + 6%b~2 + 12%xb + 8)*sqr
t((b - 2)/(b73 + 6%b~2 + 12%b + 8)) + 2*b)*sqrt(-((b~2 + 4xb + 4)*sqrt((b -
2)/(b"3 + 6%b~2 + 12%b + 8)) + b)/(b"2 + 4*b + 4)))*sqrt(-((b"2 + 4xb + 4)
xsqrt((b - 2)/(0b73 + 6%xb™2 + 12%b + 8)) + b)/(b"2 + 4xb + 4)) + sqrt(1/2)*(
(b™3 + 6%b72 + 12%b + 8)*x*sqrt((b - 2)/(b~3 + 6*%b"2 + 12%b + 8)) - (b72 +
4xb + 4)*xx)*sqrt(-((b~2 + 4%b + 4)*sqrt((b - 2)/(b"3 + 6*%b~2 + 12%xb + 8)) +
b)/ (072 + 4xb + 4)))*sqrt(sqrt(1/2)*sqrt(-((b~2 + 4xb + 4)*sqrt((b - 2)/(b
"3 + 6*%b72 + 12%b + 8)) + b)/(b”2 + 4xb + 4)))) - 1/4*xsqrt(sqrt(1/2)*sqrt(-
((0"2 + 4%b + 4)*sqrt((b - 2)/(b"3 + 6*%b"2 + 12%b + 8)) + b)/(b"2 + 4xb + 4
)))*Log(1/2x((b~™2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6*%b”2 + 12%b + 8)) - b - 2
)*sqrt (sqrt (1/2) *sqrt (-((b"2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6*%b~2 + 12%b +
8)) + b)/(b72 + 4xb + 4))) + x) + 1/4xsqrt(sqrt(1/2)*sqrt(-((b"2 + 4xb + 4)
*sqrt((b - 2)/(b73 + 6%xb~2 + 12%b + 8)) + b)/(b™2 + 4*b + 4)))*Llog(-1/2%((b
T2 + 4%b + 4)*xsqrt((b - 2)/(b”3 + 6*%b72 + 12%b + 8)) - b - 2)*sqrt(sqrt(1/2
)ksqrt (-((b~2 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6%b~2 + 12%b + 8)) + b)/(b"2 +
4xb + 4))) + x) + 1/4xsqrt(sqrt(1/2)*sqrt(((b"2 + 4xb + 4)*sqrt((b - 2)/(b
"3 + 6%b72 + 12%b + 8)) - b)/(b"2 + 4xb + 4)))*log(1/2x((b"2 + 4xb + 4)*sqr
t((b - 2)/(b7™3 + 6%b~2 + 12%b + 8)) + b + 2)*sqrt(sqrt(1/2)*sqrt(((b~2 + 4%
b + 4)*sqrt((b - 2)/(b73 + 6%xb~2 + 12%b + 8)) - b)/(b"2 + 4*%b + 4))) + x) -
1/4%sqrt (sqrt (1/2) *sqrt (((b72 + 4xb + 4)*sqrt((b - 2)/(b"3 + 6%b”"2 + 12*b
+8)) - b)/ (72 + 4%b + 4)))*x1log(-1/2%((b"2 + 4*b + 4)*sqrt((b - 2)/(b~3 +
6%xb~2 + 12xb + 8)) + b + 2)*sqrt(sqrt(1/2)*sqrt(((b"2 + 4xb + 4)*sqrt((b -
2)/(b"3 + 6*%b~"2 + 12%b + 8)) - b)/(b"2 + 4xb + 4))) + x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+b*x~4+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;0UTPUT:Evaluation time: 0.75Unable to convert to re
al 1/4 Error: Bad Argument Value

maple [C] time = 0.06, size = 42, normalized size = 0.10

(RootOf (_28 +b 7+ 1)4 + 1) In (— RootOf (_28 +b 7+ 1) + x)

8RootOf (28 +b_7* +1) +4RootOf (25 +b_7*+1) b
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~4+1)/(x"8+b*x~4+1) ,x)
[Out] 1/4*sum(( _R™4+1)/(2* R~7+ R™3*b)*1n(- R+x), R=Root0f( _Z~8+ Z 4x*b+1))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

¥ +1
f—dx
x8 +bxt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+b*x74+1),x, algorithm="maxima"
[Out] integrate((x”4 + 1)/(x78 + b*x"4 + 1), x)

mupad [B]  time = 3.68, size = 5341, normalized size = 13.00
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(b*x"4 + x~8 + 1),x)

[Out] - atan((((-(4*%b + ((b - 2)*%(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512%(32*b + 24x*
b2 + 8%b"3 + b4 + 16)))"(1/4)*(((-(4xb + ((b - 2)*x(b + 2)75)"(1/2) + 4%b~
2 + b~3)/(512%(32%xb + 24*b~2 + 8%b~3 + b~4 + 16)))~(1/4)*(262144*b + 196608
*b~2 - 196608%b~3 - 49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7 - 262144) +
x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4 + 10240%b~5 + 2048%b~6 - 10
24%b~7 - 65536))*%(-(4*%b + ((b - 2)*(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512%(32
*b + 24%b~2 + 8%b~3 + b~4 + 16)))"(3/4) - 256%b + 64*b~3 - 16%b~4 + 256) +
x*x(32%b - 48%b~2 + 24xb"3 - 4xb"4))*x(-(4xb + ((b - 2)*x(b + 2)75)"(1/2) + 4x
b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b"3 + b~4 + 16)))~(1/4)*1i - ((-(4xb + (
(b - 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 +
16)))"(1/4)*(((-(4xb + ((b - 2)*(b + 2)7°5)"(1/2) + 4xb~2 + b~3)/(512%(32*b
+ 24%b”2 + 8%b”3 + b™4 + 16)))"(1/4)*(262144%b + 196608*b~2 - 196608*b~3 -
49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7 - 262144) - x*(32768%b + 65536
*b~2 - 32768%b~3 - 20480%b~4 + 10240%b~5 + 2048+%b~6 - 1024*b~7 - 65536))*(-
(4%b + ((b - 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*xb~2 + 8%b~3
+ b™4 + 16)))7~(3/4) - 256%b + 64%b~3 - 16%b~4 + 256) - x*(32%b - 48%b~2 +
24%b~3 - 4xb~4))*(-(4*%b + ((b - 2)*(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512%(32
*b + 24*b72 + 8%b"3 + b74 + 16)))"(1/4)*11)/(((-(4xb + ((b - 2)*x(b + 2)75)~
(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%xb~2 + 8*%b~3 + b~4 + 16)))~(1/4)*(((-(4
b + ((b - 2)*%(b + 2)75)7(1/2) + 4*%b™2 + b~3)/(512%(32*b + 24*b~2 + 8*xb~3 +
b~4 + 16)))~(1/4)*(262144xb + 196608%b~2 - 196608*b~3 - 49152%b~4 + 49152%
b~5 + 4096%b”6 - 4096%b~7 - 262144) + x*(32768*b + 65536%b~2 - 32768*b~3 -
20480*b~4 + 10240%b~5 + 2048%b~6 - 1024%b~7 - 65536))*(-(4*%b + ((b - 2)*(b
+ 2)75)7(1/2) + 4%b”2 + b~3)/(512%x(32%b + 24%b”2 + 8%b~3 + b~4 + 16)))"(3/4
) — 256x%b + 64*b”3 - 16*b"4 + 256) + x*x(32*b - 48*b"2 + 24%b"3 - 4*xb~4))*(-
(4%b + ((b - 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3
+ b4 + 16)))"(1/4) + ((-(4*b + ((b - 2)*(b + 2)75)7(1/2) + 4xb~2 + b~3)/(
512%(32%b + 24%b™2 + 8%b~3 + b™4 + 16))) " (1/4)*(((-(4*b + ((b - 2)*(b + 2)~
5)°(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b4 + 16)))~(1/4)*(26
2144xb + 196608%b~2 - 196608*b~3 - 49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%
b~7 - 262144) - x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4 + 10240%b~5
+ 2048%b~6 - 1024%b~7 - 65536))*(-(4*b + ((b - 2)*(b + 2)75)~(1/2) + 4xb~2
+ b73)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(3/4) - 256%b + 64%b~3 - 1
6%b"4 + 256) - x*x(32%b - 48*%b”"2 + 24xb~3 - 4xb"4))*(-(4xb + ((b - 2)*x(b + 2
)"5)~(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(1/4)))
*(-(4xb + ((b - 2)*x(b + 2)75)7(1/2) + 4*%b~2 + b~3)/(512%(32*b + 24*b~2 + 8%
b~3 + b74 + 16)))7(1/4)*2i - 2*atan((((-(4*b + ((b - 2)*x(b + 2)75)7(1/2) +
4xb~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))"(1/4)*(256%b + ((-(4
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b + ((b - 2)*%(b + 2)75)°(1/2) + 4%b™2 + b~3)/(512%x(32*b + 24*xb~2 + 8*xb~3 +
b~4 + 16)))"(1/4)*(262144xb + 196608%b~2 - 196608%b~3 - 49152%xb~4 + 49152x
b~5 + 4096%b~6 - 4096%b~7 - 262144)*1i + x*(32768*b + 65536%b~2 - 32768%b"3
- 20480%b~4 + 10240%b~5 + 2048xb~6 - 1024*b~7 - 65536))*(-(4xb + ((b - 2)x
(b + 2)75)7(1/2) + 4*b~2 + b73)/(512%(32%b + 24xb~2 + 8*b~3 + b™4 + 16)))"(
3/4)*1i - 64xb~3 + 16%b~4 - 256)*1i - x*(32%b - 48%b~2 + 24%b~3 - 4%xb~4))*(
-(4xb + ((b - 2)*(b + 2)75)~(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8xb~
3+ Db74 + 16)))°(1/4) - ((-(4%b + ((b - 2)x(b + 2)75)"(1/2) + 4%b~2 + b~3)/
(512*%(32%b + 24*b~2 + 8%b~3 + b™4 + 16))) " (1/4)*(256*b + ((-(4xb + ((b - 2)
*(b + 2)75)7(1/2) + 4*xb™2 + b~3)/(512%x(32%b + 24*b~2 + 8%b~3 + b™4 + 16)))"
(1/4)*(262144%b + 196608%b~2 - 196608*b~3 - 49152%b~4 + 49152%b~5 + 4096%b~
6 - 4096%b”~7 - 262144)*1i - x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4
+ 10240%b~5 + 2048%b~6 - 1024%b~7 - 65536))*(-(4xb + ((b - 2)*(b + 2)°5)~(1
/2) + 4%b~2 + b~3)/(512%(32%b + 24*%b~2 + 8%b~3 + b™4 + 16)))”"(3/4)*1i - 64x
b~3 + 16%b~4 - 256)*%1i + x*(32%b - 48%b~2 + 24xb~3 - 4xb~4))*x(-(4*b + ((b -
2)*(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8*b~3 + b4 + 16)
))"(1/4))/(((=(4xb + ((b - 2)*x(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512%(32*b +
24%b~2 + 8%b~3 + b™4 + 16)))"(1/4)*(256%b + ((-(4*b + ((b - 2)x(b + 2)75)"(
1/2) + 4xb”™2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b~4 + 16)))~(1/4)*(262144
*xb + 196608%b~2 - 196608%b~3 - 49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7
- 262144)*1i + x*(32768%b + 65536%b~2 - 32768%b~3 - 20480*b~4 + 10240%b~5 +
2048*b~6 - 1024*b~7 - 65536))*(-(4xb + ((b - 2)x(b + 2)75)7(1/2) + 4*xb~2 +
b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(3/4)*1i - 64*b~3 + 16xb~4
- 256)*1i - x*(32%b - 48%b~2 + 24%b~3 - 4%b~4))*(-(4xb + ((b - 2)*(b + 2)75
)"(1/2) + 4%b72 + b~3)/(512%(32%b + 24%b™2 + 8%b~3 + b~4 + 16))) " (1/4)*1i +
((-(4xb + ((b - 2)*%(b + 2)75)7(1/2) + 4%b™2 + b~3)/(512%(32%b + 24xb™2 + 8
*b~3 + b™4 + 16)))7(1/4)*(256%b + ((-(4*b + ((b - 2)*(b + 2)75)7(1/2) + 4%b
~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b~4 + 16))) "~ (1/4)*(262144%b + 19660
8%b~2 - 196608%b~3 - 49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7 - 262144)x*
1i - x*(32768*b + 65536%b~2 - 32768*b~3 - 20480*b~4 + 10240%b~5 + 2048%b~6
- 1024*b~7 - 65536))*(-(4xb + ((b - 2)*(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512
*x(32%b + 24%b"2 + 8%b~3 + b4 + 16)))"(3/4)*1i - 64%b~3 + 16%b~4 - 256)*1i
+ x*x(32%b - 48%b”2 + 24*b~3 - 4*b”~4))*(-(4*b + ((b - 2)*x(b + 2)75)"(1/2) +
4xb~2 + b~3)/(512%(32%b + 24%b"2 + 8*%b"3 + b™4 + 16)))"(1/4)*11i))*x(-(4*xb +
((b = 2)*%(b + 2)75)7(1/2) + 4%b"2 + b~3)/(512%(32*b + 24%b~2 + 8*b~3 + b~4
+ 16)))"(1/4) - atan((((-(4%b - ((b - 2)*(b + 2)7°5)"(1/2) + 4%b~2 + b~3)/(5
12%(32%b + 24%b72 + 8%b~3 + b™4 + 16)))"(1/4)*(((-(4*b - ((b - 2)*(b + 2)75
)"(1/2) + 4%b”2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(1/4)*(262
144xb + 196608%b~2 - 196608*b~3 - 49152%xb~4 + 49152%b~5 + 4096%b~6 - 4096%b
~7 - 262144) + x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4 + 10240%b~5 +
2048%b~6 - 1024*b~7 - 65536))*(-(4*%b - ((b - 2)*(b + 2)75)"(1/2) + 4*b~2 +
b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))"(3/4) - 256%b + 64%b~3 - 16
*b"4 + 256) + x*(32%b - 48%b"2 + 24*xb~3 - 4xb"4))*x(-(4xb - ((b - 2)*x(b + 2)
~5)~(1/2) + 4*%b~2 + b~3)/(512*%(32%b + 24%b~2 + 8*xb~3 + b~4 + 16))) " (1/4)*1i
- ((-(4*xb = ((b = 2)*(b + 2)75)7(1/2) + 4xb~"2 + b~3)/(512%(32*%b + 24*b~2 +
8%b~3 + b4 + 16))) " (1/4)*x(((-(4%b - ((b - 2)*(b + 2)75)"(1/2) + 4%b"2 + b
~3)/(512%(32%b + 24%b~2 + 8%b~3 + b™4 + 16)))~(1/4)*(262144xb + 196608%b~2
- 196608*b~3 - 49152%b~4 + 49152*%b~5 + 4096%b~6 - 4096%b~7 - 262144) - x*(3
2768%b + 65536%b~2 - 32768%b~3 - 20480%b~4 + 10240%b~5 + 2048%b~6 - 1024*b"~
7 - 65536))%x(—(4%b - ((b - 2)*(b + 2)75)~(1/2) + 4%b~2 + b~3)/(512%(32%b +
24%b"2 + 8*b"3 + b™4 + 16)))"(3/4) - 256%b + 64*b~3 - 16%b"4 + 256) - x*(32
xb - 48%b~2 + 24%b”3 - 4xb~4))*x(-(4*xb - ((b - 2)*(b + 2)75)"(1/2) + 4%b~2 +
b~3)/(512%x(32%b + 24%b~2 + 8%b~3 + b4 + 16)))~(1/4)*11)/(((-(4xb - ((b -
2)%(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8*b~3 + b4 + 16))
)7 (1/4)*(((-(4xb - ((b = 2)*(b + 2)75)7(1/2) + 4xb~™2 + b~3)/(512*%(32%b + 24
*b~2 + 8%b~3 + b~4 + 16))) " (1/4)*(262144%b + 196608%b~2 - 196608*b~3 - 4915
2%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7 - 262144) + x*(32768%b + 65536%b~2
- 32768%b~3 - 20480%b~4 + 10240%b~5 + 2048%b~6 - 1024%b~7 - 65536))*(-(4*b
- ((b - 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b~
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4 + 16)))"(3/4) - 256%b + 64xb~3 - 16%b~4 + 256) + x*(32%b - 48%b~2 + 24%b"
3 - 4xb74))*(=(4xb - ((b - 2)*(b + 2)75)7(1/2) + 4xb~2 + b~3)/(512*%(32xb +
24%b~2 + 8%b"3 + b™4 + 16)))7(1/4) + ((-(4xb - ((b - 2)*(b + 2)75)"(1/2) +
4%b~2 + b~3)/(512%(32%b + 24xb~2 + 8*b~3 + b4 + 16))) " (1/4)*(((-(4%b - ((b
- 2)*%(b + 2)75)"(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b™4 + 1
6))) " (1/4)*(262144%b + 196608*b~2 - 196608%b~3 - 49152%b~4 + 49152%b~5 + 40
96%b~6 - 4096%b~7 - 262144) - x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b"~
4 + 10240%b”~5 + 2048%b~6 - 1024xb~7 - 65536))*(-(4*%b - ((b - 2)*(b + 2)75)"
(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b™4 + 16)))~(3/4) - 256%
b + 64*b~3 - 16%b"4 + 256) - x*(32%b - 48%b"2 + 24*b"3 - 4*xb~4))*x(-(4xb - (
(b - 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b™4 +
16)))°(1/4)))*(-(4xb - ((b - 2)*(b + 2)7°5)7(1/2) + 4*xb~2 + b~3)/(512%(32*b
+ 24%b72 + 8*%b"3 + b74 + 16))) " (1/4)*2i - 2*xatan((((-(4*b - ((b - 2)*(b +
2)"5)"(1/2) + 4*b™2 + b~3)/(512%(32*b + 24*b™2 + 8*%b~3 + b4 + 16)))"(1/4)*
(266%b + ((=(4%b - ((b - 2)*(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512*(32xb + 24
*b~2 + 8%b~3 + b™4 + 16)))"(1/4)*(262144xb + 196608%b~2 - 196608%b~3 - 4915
2%b~4 + 49152%b~5 + 4096%b~6 - 4096%b~7 - 262144)*1i + x*(32768%b + 65536%*b
~2 - 32768%b~3 - 20480%b~4 + 10240%b~5 + 2048%b~6 - 1024*b~7 - 65536))*(-(4
b - ((b - 2)*%(b + 2)75)7(1/2) + 4*%b™2 + b~3)/(512%(32*b + 24*b~2 + 8*b~3 +
b~4 + 16)))"(3/4)*1i - 64*b~3 + 16%b~4 - 256)*1i - x*(32%b - 48%b~2 + 24%b
"3 - 4xb74))*(=(4xb - ((b - 2)x(b + 2)75)7(1/2) + 4*b~2 + b~3)/(512%x(32*b +
24%b72 + 8xb~3 + b™4 + 16)))7(1/4) - ((-(4*b - ((b - 2)*(b + 2)75)7(1/2) +
4xb~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(1/4)*(256%b + ((-(
4%b - ((b - 2)*(b + 2)75)7(1/2) + 4xb~2 + b~3)/(512%(32%b + 24xb~2 + 8*b~3
+ b™4 + 16)))"(1/4)*(262144%b + 196608%b~2 - 196608%b~3 - 49152*%b~4 + 49152
*b~5 + 4096%b~6 - 4096%b~7 - 262144)*1i - x*(32768%b + 65536%b~2 - 32768%b"”
3 - 20480%b~4 + 10240%b~5 + 2048%b~6 - 1024*b~7 - 65536))*(-(4xb - ((b - 2)
*(b + 2)75)7(1/2) + 4*%b~2 + b~3)/(512%(32*%b + 24*b"2 + 8%b”"3 + b™4 + 16)))"
(3/4)*1i - 64*xb~3 + 16%b~4 - 256)*1i + x*(32*b - 48*b~2 + 24x%b~3 - 4%b~4))x*
(-(4%b - ((b - 2)%(b + 2)75)"(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8*b
"3 4+ b74 + 16)))7(1/4))/(((=(4%¥b - ((b - 2)*(b + 2)75)"(1/2) + 4*b™2 + b~3)
/(512%(32%b + 24*b~2 + 8%b~3 + b™4 + 16))) " (1/4)*(256*%b + ((-(4*b - ((b - 2
Yk(b + 2)75)7(1/2) + 4xb~2 + b~3)/(512%(32%b + 24*b~2 + 8%b~3 + b4 + 16)))
~(1/4)*(262144%b + 196608%b~2 - 196608%b~3 - 49152%b~4 + 49152%b~5 + 4096%*b
~6 - 4096%b"7 - 262144)*1i + x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4
+ 10240%b™5 + 2048xb~6 - 1024%b~7 - 65536))*(-(4xb - ((b - 2)*(b + 2)75)"(
1/2) + 4%b™2 + b~3)/(512%(32%b + 24xb~2 + 8%b~3 + b~4 + 16)))"(3/4)*1i - 64
*b~3 + 16%b~4 - 256)*1i - x*(32%b - 48%b~2 + 24*b~3 - 4%xb~4))*(-(4%b - ((b
- 2)x(b + 2)75)7(1/2) + 4%b~2 + b~3)/(512*(32%b + 24*b~2 + 8*b~3 + b~4 + 16
)" (1/4)*1i + ((-(4xb - ((b - 2)*(b + 2)75)7(1/2) + 4*%b~2 + b~3)/(512*(32%
b + 24xb~2 + 8*%b~3 + b74 + 16))) " (1/4)*(256xb + ((-(4xb - ((b - 2)*(b + 2)~
5)°(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b~4 + 16)))~(1/4)*(26
2144%b + 196608*b~2 - 196608*b~3 - 49152%b~4 + 49152%b~5 + 4096%b~6 - 4096%
b~7 - 262144)%1i - x*(32768%b + 65536%b~2 - 32768%b~3 - 20480%b~4 + 10240%b
"5 + 2048%b"6 - 1024*b”~7 - 65536))*(-(4xb - ((b - 2)*(b + 2)75)"(1/2) + 4xb
2 + b~3)/(512%(32%b + 24*b~2 + 8*%b~3 + b4 + 16)))"(3/4)*1i - 64*b~3 + 16%
b~4 - 256)*1i + x*(32%b - 48%b"2 + 24*b~3 - 4*xb~4))*x(-(4*b - ((b - 2)*(b +
2)75)"(1/2) + 4%b~2 + b~3)/(512%(32%b + 24%b~2 + 8%b~3 + b™4 + 16)))"(1/4)*
1i))*(-(4xb - ((b - 2)x(b + 2)75)"(1/2) + 4*b~2 + b~3)/(512%x(32*%b + 24*b~2
+ 8%b~3 + b4 + 16)))"(1/4)

sympy [A] time = 3.67, size = 75, normalized size = 0.18
RootSum (£ (65536b* + 524288b° + 1572864b% + 2097152b + 1048576) + 4 (256b° + 102412 + 1024b) +1, (¢ 1 tlog (1024152 + 409615D + 40961° + 4tb + 4t + x)))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8+bxx**4+1) ,x)

[Out] RootSum(_t**8*(65536*b**4 + 524288*b*x*3 + 1572864*b**2 + 2097152*b + 104857
6) + _tx*k4x(256%b**3 + 1024*b**2 + 1024xb) + 1, Lambda(_t, _t*log(1024* txx*



Sxb**2 + 4096* tx*5xb + 4096* tx*5 + 4*x txb + 4x t + x)))
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4

310 [ o dx

1+3x4+x8

Optimal. Leaf size=451

_\4/3+\/§ 1og(2x2—2,4/2(3—\/5)x+,/2(3—x/5)) \3+5 1og(2x2+2,4/2(3—\/5)x+,/2(3—«

4 23/4\/5 4 23/4\/5

Rubi [A] time = 0.41, antiderivative size = 451, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 7, integrand size = 18,

number of rules _ ) 389, Rules used = {1420, 211, 1165, 628, 1162, 617, 204}

integrand size

e e B L. ) i E TR BT E E BT s BT Ve anifi- B a2 1) BBt [1- 2] BB [
VB log (222 <20 VB x+ 2B VB)) {5 vB log(2¢+ 202 VB)x+ \EB-B) ) Y5 B log(2-24B(w vB)x + {35 B)) VB log(2e+ 202 (e VB ks (2 B)) VP VS (1 g= ] V3B | et BB an - =] 3V =

42945

Antiderivative was successfully verified.
[In] Int[(1 + x"4)/(1 + 3*x"4 + x78),x]

[Out] -((3 + Sqrt[5])~(1/4)*ArcTan[1 - (27(3/4)*x)/(3 - Sqrt[5]1)~(1/4)]1)/(2%2~(3/
4)x3qrt[5]) + ((3 + Sqrt[5])~(1/4)*ArcTan[1l + (27(3/4)*x)/(3 - Sqrt[5])~(1/
4)1)/(2%x27(3/4)*Sqrt [5]) - ((3 - Sqrt[5])~(1/4)*ArcTan[1 - (27(3/4)*x)/(3 +
Sqrt [61)7(1/4)1)/(2%x27(3/4)*Sqrt [6]) + ((3 - Sqrt[5])~(1/4)*ArcTan[1 + (27
(3/4)*x) /(3 + Sqrt[5]1)~(1/4)1)/(2x27(3/4)*Sqrt[6]) - ((3 + Sqrt[5])~(1/4)+L
og[Sqrt[2*(3 - Sqrt[51)] - 2*(2%(3 - Sqrt[5]1))~(1/4)*x + 2*x~2])/(4*2~(3/4)
*3qrt [6]) + ((38 + Sqrt[5])~(1/4)*Logl[Sqrt[2*(3 - Sqrt[5])] + 2x(2%x(3 - Sqrt
[51))~(1/4)*x + 2%x~2])/(4%2"(3/4)*Sqrt[5]) - ((3 - Sqrt[5])~(1/4)*LoglSqrt
[2%x(3 + Sqrt[6])] - 2*x(2%(3 + Sqrt[5]))~(1/4)*x + 2*x72])/(4%27(3/4)*Sqrt[5
1) + ((3 - Sqrt[5])~(1/4)*Log[Sqrt[2*(3 + Sqrt[5])] + 2*(2x(3 + Sqrt[5]))~(
1/4)*x + 2*x~2])/(4%27(3/4)*Sqrt [5])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 211

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*xx~4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x]]1 /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[9~2, 1] || !'RationalQ[b~2 - 4xa*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)*x(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 1162
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Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 21}, Distle/(2xc), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2%c), Int[1/Simpl[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, ¢, d, e}, x] &
& EqQ[c*d”™2 - axe”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x )"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2%d)/e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - gq*x - x72, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e”2, 0] && NegQ[dx*e]

Rule 1420

Int[((d) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2%c*xd - bxe)/(2xq),

Int[1/(b/2 - q/2 + c*x"n), x], x] + Dist[e/2 - (2%c*d - b*xe)/(2xq), Int[1/(
b/2 + q/2 + ¢cxx"n), x], x]] /; FreeQ[{a, b, ¢, d, e, n}, x] & EqQ[n2, 2*n]
&& NeQ[b~2 - 4*axc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && GtQ[b~2
- 4xaxc, 0]

Rubi steps
1+ 1 1 1 1
1+3x4+x8dxzﬁ(5_\/§)f3 V5 4dx+ﬁ(5+\/§)f3 \/5 4dx
T + X -+ —+X
f\/3 V5 - x/ix f V35 +v2:2 p f\/3+«/' «/Ex p f \3+5 +\/§x
;— +x4 g—§+x4 * x4 * = —+x4
+
2410 2410 2x/ﬁ 2\@

f ! dxf ! dxf !

o ) R -{ G i o) R - G o o k)
45 445 445

\J3+5 log(\/2(3—\/§) —242(3—\/§)x+2x2) \3+5 log( 2(3-5) -

423445 4 23/

tan~! (l— 3/&) tan~! (1+ 3/23/1] tan~! (l \/i%_] tan™! (1+%]
2\/_./ V5) 2\/_,/ V5)  2v542(3++5) 2x/’,/ (3++5)

Mathematica [C] time = 0.02, size = 55, normalized size = 0.12

#141 —#1)+1 —#1
#15 1 3814 4 18, T 108(x —#1) + log(x )&l

2#17 + 3#1°

1
—RootSum
4

Antiderivative was successfully verified.

[In] Integratel[(1 + x74)/(1 + 3*x74 + x78),x]

[Out] RootSum[1 + 3*#174 + #1°8 & , (Loglx - #1] + Loglx - #1]1x#174)/(3*#173 + 2%
#1°7) & 1/4
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IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

1+x*
1.8
1+3x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 + 3*x~4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 + 3*x74 + x78), x]
fricas [B] time = 1.24, size = 951, normalized size = 2.11
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+3*x74+1),x, algorithm="fricas")

[Out] 1/80*sqrt(10)*(2*xsqrt(5) + 6)~(3/4)*sqrt(sqrt(5) + 3)*(sqrt(5) - 3)*arctan(
1/80*sqrt (10) *sqrt (20*xx~2 + sqrt(10)*x(sqrt(5)*sqrt(2)*x - 5*xsqrt(2)*x)*(2*s
qrt(5) + 6)7(1/4) - 5*xsqrt(2xsqrt(5) + 6)*(sqrt(5) - 3))*(2*sqrt(5) + 6)~(5
/4)*sqrt(sqrt(5) + 3)*x(sqrt(b5) - 2) + 1/40%sqrt(10)*(2*sqrt(5)*x — 5xx)* (2%
sqrt(56) + 6)7(5/4)*sqrt(sqrt(5) + 3) - 1/8*(sqrt(5)*sqrt(2) - 3x*sqrt(2))*sq
rt (2xsqrt(5) + 6)*sqrt(sqrt(5) + 3)) + 1/80*sqrt(10)*(2*sqrt(5) + 6)7(3/4)*
sqrt(sqrt(5) + 3)*(sqrt(5) - 3)*arctan(1/80*sqrt(10)*sqrt(20*x~2 - sqrt(10)
*(sqrt (B) *sqrt (2)*x - bxsqrt(2)*x)*(2xsqrt(5) + 6)7(1/4) - bxsqrt(2xsqrt(5)
+ 6)*(sqrt(5) - 3))*(2*sqrt(5) + 6)7(5/4)*sqrt(sqrt(5) + 3)*(sqrt(5) - 2)
+ 1/40%sqrt (10)* (2xsqrt (5) *x - 5*x)*(2xsqrt(5) + 6)7(5/4)*sqrt(sqrt(5) + 3)
+ 1/8*%(sqrt(5)*sqrt(2) - 3*sqrt(2))*sqrt(2*sqrt(5) + 6)*sqrt(sqrt(5) + 3))
- 1/80*sqrt(10)*(sqrt(5) + 3)*sqrt(-sqrt(5) + 3)*(-2*sqrt(b) + 6)~(3/4)*ar
ctan(1/80*sqrt (10) *sqrt (20%x~2 + sqrt(10)*(sqrt(5)*sqrt(2)*x + 5xsqrt(2)*x)
*x(-2xsqrt(5) + 6)7(1/4) + 5x(sqrt(5) + 3)*sqrt(-2*sqrt(5) + 6))*(sqrt(5) +
2)*sqrt (-sqrt(5) + 3)*(-2*sqrt(5) + 6)7(5/4) - 1/40%(sqrt(10)*(2*xsqrt(5)*x
+ b*x)*(-2*sqrt(5) + 6)7(5/4) + b5x(sqrt(5)*sqrt(2) + 3*sqrt(2))*sqrt(-2*sqr
t(5) + 6))*sqrt(-sqrt(5) + 3)) - 1/80*sqrt(10)*(sqrt(5) + 3)*sqrt(-sqrt(5)
+ 3)*(-2xsqrt(5) + 6)7(3/4)*arctan(1/80*sqrt(10)*sqrt(20*x~2 - sqrt(10)*(sq
rt (5) *sqrt (2) *x + 5*xsqrt(2)*x)*(-2*sqrt(5) + 6)~(1/4) + 5%(sqrt(5) + 3)*sqr
t(-2%sqrt(5) + 6))*(sqrt(5) + 2)*sqrt(-sqrt(5) + 3)*(-2*sqrt(5) + 6)~(5/4)
- 1/40%(sqrt (10) *(2*sqrt (5)*x + 5xx)*(-2xsqrt(5) + 6)7(5/4) - 5x(sqrt(5)*sq
rt(2) + 3*sqrt(2))*sqrt(-2*sqrt(5) + 6))*sqrt(-sqrt(5) + 3)) - 1/80*sqrt(10
)*sqrt (2) *(2xsqrt(56) + 6)7(1/4)*1og(20%x~2 + sqrt(10)*(sqrt(5)*sqrt(2)*x -
5xsqrt (2) *x) * (2*xsqrt(56) + 6)7(1/4) - 5*sqrt(2*sqrt(5) + 6)*(sqrt(5) - 3)) +
1/80*sqrt (10) *sqrt (2) * (2*sqrt(5) + 6)~(1/4)*1log(20%x~2 - sqrt(10)*(sqrt(5)
xsqrt (2)*x - Bxsqrt(2)*x)*(2*xsqrt(5) + 6)7(1/4) - B*xsqrt(2*sqrt(5) + 6)*(sq
rt(5) - 3)) + 1/80%sqrt(10)*sqrt(2)*(-2*sqrt(5) + 6)~(1/4)*1log(20*%x~2 + sqr
t(10)*(sqrt (5) *sqrt (2)*x + bxsqrt(2)*x)*(-2*sqrt(5) + 6)~(1/4) + 5*(sqrt(5)
+ 3)*sqrt(-2xsqrt(5) + 6)) - 1/80*sqrt(10)*sqrt(2)*(-2xsqrt(5) + 6)~(1/4)*
log(20*x72 - sqrt(10)*(sqrt(5)*sqrt(2)*x + 5*xsqrt(2)*x)*(-2*sqrt(5) + 6)~(1
/4) + 5x(sqrt(5) + 3)*sqrt(-2*sqrt(5) + 6))

giac [A] time = 0.93, size = 239, normalized size = 0.53

5t NS =5 5 o {1 600 £ VS o 1 1600 55+ 1 0] - V5 - (B 1) 0]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x"8+3*x"4+1),x, algorithm="giac")

[Out] 1/80%(pi + 4*arctan(x*sqrt(sqrt(5) + 1) + 1))*sqrt(5*xsqrt(5) + 5) - 1/80*(p
i + 4xarctan(-x*sqrt(sqrt(5) + 1) + 1))*sqrt(5xsqrt(5) + 5) + 1/80*(pi + 4%
arctan(x*sqrt(sqrt(5) - 1) - 1))*sqrt(b*sqrt(56) - 5) - 1/80*(pi + 4*arctan(
-x*sqrt(sqrt(5) - 1) - 1))*sqrt(5*sqrt(5) - 5) + 1/40*sqrt(5*sqrt(5) - 5)*1
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0g(16900* (x + sqrt(sqrt(b5) + 1))72 + 16900%x72) - 1/40*sqrt(5*sqrt(5) - 5)*
log(16900*(x - sqrt(sqrt(5) + 1))72 + 16900%x~2) + 1/40*sqrt(5*sqrt(5) + 5)
*1og(2500*(x + sqrt(sqrt(5) - 1))72 + 2500*%x72) - 1/40*sqrt(5*sqrt(5) + 5)*
log(2500%(x - sqrt(sqrt(5) - 1))72 + 2500%x~2)

maple [C] time = 0.01, size = 42, normalized size = 0.09

(RootOf (_28 +3 74+ 1)4 + 1) In (— RootOf (_Z8 +3 74+ 1) + x)

8 RootOf (78 +3_7* +1) +12RootOf (_2° +3_2* +1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8+3*xx"4+1),x)
[Out] 1/4*sum(( R~4+1)/(2% R~7+3% R~3)*1ln(- R+x), R=RootOf( Z~8+3% Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

a2t +1
f—dx
x8+3x4+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+3*x74+1),x, algorithm="maxima")
[Out] integrate((x”4 + 1)/(x78 + 3*x"4 + 1), x)

mupad [B] time = 0.18, size = 459, normalized size = 1.02

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x™4 + 1)/(3*x"4 + x"8 + 1),x)

[Out] (27(3/4)*57(1/2)*atan((7*27(3/4)*x* (- 57(1/2) - 3)7(1/4)) /(2% (2+x27(1/2)* (-
57(1/2) - 3)7(1/2) + 27(1/2)*67(1/2)*(- 57(1/2) - 3)7(1/2))) + (3*27(3/4)*5
T(1/2)*xx (- 57(1/2) - 3)7(1/4)) /(2% (2%27(1/2)*(- 57(1/2) - 3)~(1/2) + 27(1/
2)*%57(1/2)* (- 57(1/2) - 3)7(1/2))))*(- 57(1/2) - 3)7(1/4))/20 - (27(3/4)*5~
(1/2)*atan((27(3/4) *x* (- 57(1/2) - 3)7(1/4)*71) /(2% (2x27(1/2)*(- 57(1/2) -
3)7(1/2) + 27(1/2)*57(1/2)*(- 57(1/2) - 3)7(1/2))) + (27(3/4)*5~(1/2)*x* (-
57(1/2) - 3)7(1/4)*31) /(2% (2%27(1/2)*(- 57(1/2) - 3)~(1/2) + 27(1/2)*57(1/2
)x(- 57(1/2) - 3)7(1/2))))*(- 57(1/2) - 3)7(1/4)*11)/20 - (27(3/4)*57(1/2)*
atan ((7%27(3/4) *x*(57(1/2) - 3)7(1/4))/(2x(2%27(1/2)*(57(1/2) - 3)~(1/2) -
27(1/2)*57(1/2)*(67(1/2) - 3)7(1/2))) - (3*x27(3/4)*5~(1/2)*x*(57(1/2) - 3)~
(1/74)) /(2% (2%x27(1/2)*(57(1/2) - 3)7(1/2) - 27(1/2)*57(1/2)*(57(1/2) - 3)~(1
/2))))*(57(1/2) - 3)7(1/4))/20 + (27(3/4)*57(1/2)*atan((27(3/4) *x* (57 (1/2)
- 3)7(1/4)x71) /(2% (2%x27(1/2)*(57(1/2) - 3)7(1/2) - 27(1/2)*57(1/2)*(57(1/2)
- 3)7(1/2))) - (27(3/4)*57(1/2)*x*(57(1/2) - 3)7(1/4)*31i) /(2% (2%27(1/2)*(5
“(1/2) - 3)7(1/2) - 27(1/2)*57(1/2)*(57(1/2) - 3)7(1/2))))*(67(1/2) - 3)~(1
/4)*11) /20

sympy [A] time = 1.48, size = 24, normalized size = 0.05
RootSum (409600003 + 19200t +1, (¢ > tlog (25600¢° + 16t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8+3xx**4+1) ,x)

[Out] RootSum(40960000% t**8 + 19200*_t**4 + 1, Lambda(_t, _txlog(25600%_t**5 + 1
6% t + x)))
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4

341 [ dx

14+2x% 428
Optimal. Leaf size=85
log (x2 —V2x+ 1) log (xz +V2x + 1) tan”! (1 - \/Ex) tan™? (\/Ex + 1)

- +

2 ¥ N W 2

Rubi [A] time = 0.05, antiderivative size = 85, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 7, integrand size = 18,

oumber of rwles _ ).389, Rules used = {28, 211, 1165, 628, 1162, 617, 204}

integrand size

log(xz—\/zx+1) log(x2+ 2x+1) tan‘l(l—\/ix) tan‘l(\/§x+1)
- + - +

442 442 242 242

Antiderivative was successfully verified.
[In] Int[(1 + x74)/(1 + 2%x"4 + x78),x]

[Out] -ArcTan[1 - Sqrt[2]#*x]/(2%Sqrt[2]) + ArcTan[1l + Sqrt[2]*x]/(2%Sqrt[2]) - Lo
gll - Sqrt[2]*x + x72]/(4*Sqrt[2]) + Logl[l + Sqrt[2]*x + x~2]/(4*Sqrt[2])

Rule 28

Int[(u_.)*((a_) + (c_)*x(x_)"(n2_.) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[u*x(b/2 + c*x™n)~(2%p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4x*axc, 0] && IntegerQ[p]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 211

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*xx~4),
x], x] + Dist[1/(2*r), Int[(r + s*x~2)/(a + b*xx~4), x], x]] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[gq~2, 1] || !RationalQ[b~2 - 4*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]

Rule 1162

Int[((d ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
(2%d) /e, 2]}, Distl[e/(2xc), Int[1/Simp[d/e + g*x + x72, x], x], x] + Distl[e
/(2xc), Int[1/Simp[d/e - q*x + x"2, x], x], x]] /; FreeQ[{a, ¢, 4, e}, x] &
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& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*cxq), Int[(q - 2*x)/Simpld/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d"2 - a*e”™2, 0] && NegQ[d*e]

Rubi steps

1+t f
1+2x4+x8 1+x4

1-x2 1 1+x
dx + =
2 1+ x4 2J 1+

f 1\/§+2x f \/_ -2x

1 f 1 1 V2 x-x2 ~1+V2x— xz
L —f—dx
4J 1-\2x+x2 4J 1+2x+x2 42 RVG)
log(1-v2x+22) log(1+V2x+21?) SUbSt( Zx) Subst (f
= — + + —
442 442 242
tan”! (1 - \/Ex) tan”! (1 + \/Ex) log (1 —V2x+ xz) log (1 +V2x+ xz)
= — =+ — +
242 242 442 442

Mathematica [A] time = 0.02, size = 64, normalized size = 0.75

—log(xz—\/zx+1) +10g(x2+ 2x+1) —2tan™! (1 —\/Ex) +2tan™! (\/§x+1)

42

Antiderivative was successfully verified.

[In] Integratel[(1 + x74)/(1 + 2*x™4 + x78),x]

[Out] (-2*ArcTan[l - Sqrt[2]*x] + 2*ArcTan[l + Sqrt[2]*x] - Logl[l - Sqrt[2]*x + x
~2] + Logll + Sqrt[2]*x + x72])/(4*Sqrt[2])

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+x*
1. 8
1+2x*+x

Verification is not applicable to the result.
[In] IntegrateAlgebraic[(1 + x74)/(1 + 2%x"4 + x78),x]

[Out] IntegrateAlgebraic[(1 + x74)/(1 + 2xx~4 + x78), x]

fricas [A] time = 1.01, size = 95, normalized size = 1.12

1 1 1 1
- 2arctan(f\f2x+\&\/x2+\/§x+l 71)7i\f2arctan(f\ﬁx+\f2\/xzf\f2x+1 +1)+§\610g(x2+ 2x+1)7§\/§log(xzf\ﬁx+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x"8+2*x~4+1),x, algorithm="fricas")

[Out] -1/2*sqrt(2)*arctan(-sqrt(2)*x + sqrt(2)*sqrt(x”2 + sqrt()*x + 1) - 1) - 1
/2*sqrt(2)*arctan(-sqrt(2)*x + sqrt(2)*sqrt(x™2 - sqrt(2)*x + 1) + 1) + 1/8
*xsqrt (2)*log(x~2 + sqrt(2)*x + 1) - 1/8*sqrt(2)*log(x”"2 - sqrt(2)*x + 1)
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giac[A] time = 0.39, size = 72, normalized size = 0.85

Zarctan(z\/_(2x+\/_)) \/Earctan(;\/i(Zx—\/z))+:—g\/Elog(x2+ 2x+1)—%\/§10g(x2—\/§x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x"8+2*x"4+1),x, algorithm="giac")

[Out] 1/4*sqrt(2)*arctan(1/2*xsqrt(2)*(2*x + sqrt(2))) + 1/4*sqrt(2)*arctan(1/2*sq
rt(2)*(2xx - sqrt(2))) + 1/8*xsqrt(2)*log(x~2 + sqrt(2)*x + 1) - 1/8*sqrt(2)
xlog(x~2 - sqrt(2)*x + 1)

maple [A] time = 0.00, size = 58, normalized size = 0.68

V2 arctan(\/ix—l) V2 arctan(\/ix'i‘l) V2 In (x2 \éii)

+
4 4 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8+2*xx"4+1),x)
[Out] 1/4*%x2~(1/2)*arctan(2”(1/2)*x-1)+1/8%2~(1/2)*1n((x"2+2"(1/2)*x+1)/(x~2-2"(1/

2)*xx+1))+1/4%27(1/2) *arctan (2~ (1/2) *x+1)

maxima [A] time = 1.59, size = 72, normalized size = 0.85

Zarctan(z\/_(2x+\/_)) \/Earctan(;\/i(Zx—\/z))+%\/Elog(x2+ 2x+1)—%\/§10g(x2—\/§x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"4+1)/(x"8+2*x"4+1),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*arctan(1/2*xsqrt(2)*(2*x + sqrt(2))) + 1/4*sqrt(2)*arctan(1/2*sq
rt(2)*(2xx - sqrt(2))) + 1/8*xsqrt(2)*log(x~2 + sqrt(2)*x + 1) - 1/8*sqrt(2)

xlog(x~2 - sqrt(2)*x + 1)

mupad [B] time = 1.56, size = 33, normalized size = 0.39

1 1 1 1 1 1
\/Eatan(\/ix(z—z )) (Z 11)+\/_atan(\/§ (E E)) (Z—Zl)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(2*x"4 + x~8 + 1),x)

[Out] 27 (1/2)*atan(2°(1/2)*x*x(1/2 - 1i/2))*(1/4 + 1i/4) + 2~ (1/2)*atan(2”(1/2)*xx*
(1/2 + 1i/2))*(1/4 - 1i/4)

time = 0.15, size = 73, normalized size = 0.86

sympy [A]
\/Elog(xz—\/ix+1) \/Elog(x2+ 2x+1) \/Eatan(\/ix—l) \/Eatan(\/ix+1)
- + + +
8 8 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8+2xx**4+1) ,x)
[Out] -sqrt(2)*log(x**2 - sqrt(2)*x + 1)/8 + sqrt(2)*log(x**2 + sqrt(2)*x + 1)/8
+ sqrt(2)*atan(sqrt(2)*x - 1)/4 + sqrt(2)*atan(sqrt(2)*x + 1)/4
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4
312 [ dx

T+x%+x8

Optimal. Leaf size=140

1 log(xZ_\/§x+1) log(x2+ 3x+1) tan_l(lx—/gx) :

8

83 83 443 4

Rubi [A] time = 0.10, antiderivative size = 140, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 16,

number of rules _ ).375, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

-1 (1-2x 1 [2x+1
log (2~ V3x+1) log(x®+V3x+1) tan 1(@) 1 tan (f) 1
8\/3 + 8\/§ - 4\/3 —itan (\/5—2x)+ 4\/3 +itan (2x+\6)

1 1
—glog(xz—x+1)+glog(x2+x+l)—

Antiderivative was successfully verified.
[In] Int[(1 + x74)/(1 + x~4 + x78),x]

[Out] -ArcTan[(1 - 2#*x)/Sqrt[3]]1/(4*Sqrt[3]) - ArcTan[Sqrt[3] - 2*x]/4 + ArcTan[(
1 + 2xx)/Sqrt[3]]/(4*Sqrt([3]) + ArcTan[Sqrt[3] + 2*x]/4 - Logll - x + x72]/

8 + Logl[l + x + x72]/8 - Logl[l - Sqrt[3]*x + x72]/(8*Sqrt[3]) + Logl[l + Sqr
t[3]*x + x72]/(8*%Sqrt[3])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQl{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1094

Int[((a_) + (b_)*x(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rtl[a/
c, 21}, With[{r = Rt[2*q - b/c, 2]}, Dist[1/(2xc*q*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xq*r), Int[(r + x)/(q + r*x + x72), %], x]1] /
; FreeQ[{a, b, c}, x] &% NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4*axc]

Rule 1419

Int[((d_) + (e_.)*(x_)"(n_))/((a)) + (b_)*(x_)"(n_) + (c_)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2*d)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +

—= log(xz—x+1)+%log (x2+x+1)— + - —= tan
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g*x~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simp[d/e - g*x~(n/2) + x
“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - a*e”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]

[l C 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, ex*Rt[a/c, 211))

Rubi steps

1+ % f f N
1+x4+x8 —2J1- x2+x4 2 1+x2+x4

V3 -x V3 +x
10 1-x 10 1+x I 5= Jime

= | ———dx+- | ———
1) 1T x+2P 73 ) T+ 2™ 44/3 44/3

f 1 —1+2x f 1 1+ 2x +1
dx— = | ———— dx + X+ —
8 1- x+x2 8 1—x+x2 8 1+x+x2 8J) 1+x+22 8

:—glog(l x+x) %log(1+x+x2

83 83

wl) ),
:—W——tan ( 2X) T+Ztan (3+2x)—§log(1_

Mathematica [C] time = 0.17, size = 135, normalized size = 0.96

41—8 ~6log (x> —x +1) + 6log (x2 + x +1) + 4iy/-6 - 6iV3 tan’l(%(1—i\/§)x)—4i\/—6+6i\6 tan™! (%(1+i\6) )+4\ftan1( 7 )+4\[t 1(29%1))

Warning: Unable to verify antiderivative.

[In] Integratel[(1 + x74)/(1 + x"4 + x78),x]

[Out] ((4*I)*Sqrt[-6 - (6%I)*Sqrt[3]]*ArcTan[((1 - I*Sqrt([3])*x)/2] - (4*I)*Sqrtl
-6 + (6%I)*Sqrt[3]]*ArcTan[((1 + I*Sqrt[3])*x)/2] + 4xSqrt[3]*ArcTan[(-1 +
2*xx)/Sqrt[3]] + 4xSqrt[3]*ArcTan[(1 + 2#*x)/Sqrt[3]] - 6*Logl[l - x + x72] +
6*xLog[l + x + x72])/48

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+ x*
1.8
T1+x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 + x™4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 + x74 + x78), x]

fricas [A] time = 1.46, size = 211, normalized size = 1.51

s 1 | s T e IR 1 Vs B\l (v et L e
—ﬁvé\/E‘Enman(—;WWE\/E(+§\’IY\’3\Jvhﬁ\+2\~+2—\’3)—17Vﬁﬁvlamnn(—;\'mﬁ\ﬁ\+§Wv‘s\/—\'nv,\+ @ +w)+wwzh,g V6 VB 23 +2) - 10 VEVE log (V6 V2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+x"4+1),x, algorithm="fricas")

[Out] -1/12%sqrt(6)*sqrt(3)*sqrt(2)*arctan(-1/3*sqrt(6)*sqrt(3)*sqrt(2)*x + 1/3%*s
qrt (6)*sqrt (3) *sqrt (sqrt (6) *sqrt (2)*x + 2*x~2 + 2) - sqrt(3)) - 1/12*sqrt(6
)*sqrt (3)*sqrt (2) *arctan(-1/3*sqrt (6) *sqrt (3) *sqrt (2) *x + 1/3*sqrt(6)*sqrt(
3)*xsqrt (-sqrt(6) *sqrt(2)*x + 2*x~2 + 2) + sqrt(3)) + 1/48*sqrt(6)*sqrt(2)*1

)_log(l—\/§x+x)+10g(1+\/§x+x2)_

J
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og(sqrt(6)*xsqrt(2)*x + 2*x~2 + 2) - 1/48%sqrt(6)*sqrt(2)*log(-sqrt(6)*sqrt(

2)*x + 2%x72 + 2) + 1/12+sqrt(3)*arctan(1/3*sqrt(3)*(2%x + 1)) + 1/12xsqrt(

3)*arctan(1/3*sqrt(3)*(2*xx - 1)) + 1/8%log(x”2 + x + 1) - 1/8%log(x”2 - x +
1)

giac [A] time = 0.42, size = 108, normalized size = 0.77

1

+—
12

o 3arctan(]g\/gaxfl))+2174\/§10g(x2+ 3x+1)72]74\/glog(;(Z,x/gxﬂ)+‘]Iarctan(2x+\/§)+jI arctan(fo\/E)Jr% ]og(x2+x+l)—% log(x27x+1)

1 1
— V3 arctan (§ V3(@2x +1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8+x74+1),x, algorithm="giac")

[Out] 1/12x%sqrt(3)*arctan(1/3*sqrt(3)*(2*xx + 1)) + 1/12xsqrt(3)*arctan(1/3*sqrt(3
)k (2*%x - 1)) + 1/24xsqrt(3)*log(x™2 + sqrt(3)*x + 1) - 1/24xsqrt(3)*log(x~2

- sqrt(3)*x + 1) + 1/4*arctan(2*x + sqrt(3)) + 1/4xarctan(2*x - sqrt(3)) +
1/8*%log(x”2 + x + 1) - 1/8*log(x”2 - x + 1)

maple [A] time = 0.02, size = 109, normalized size = 0.78

V3 @-1)v3
V3 arctan (Z02) 5 arctan (22} an (2x- v5) arctan (20 +¥3) V3 In(2-V3x+1) V3 In(@+V3x+1) In(@-x+1) In(2+x+1)
2 * 1 * 1 * 1 B 2 * 2 T8 7T s

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8+x74+1),x)

[Out] 1/8*1n(x"2+x+1)+1/12%3"(1/2)*arctan(1/3*x(2xx+1)*3~(1/2))-1/24*x3"(1/2)*1n(x"
2-37(1/2) *x+1)+1/4*arctan (2*¥x-3"(1/2))+1/24*3"(1/2) *1n(x"2+3"(1/2) *x+1)+1/4
xarctan(2xx+37(1/2))-1/8*1n(x"2-x+1)+1/12%3~(1/2)*arctan(1/3*(2*x-1)*3~(1/2

))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1 1 1 1 1 1
\/garctan(g\/g(Zx—l))+§ f—dx+§ log(x2+x+1)—§ log(xZ_x+1)

1 1
o 3arctan(§\/§(2x+l))+ﬁ P11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x"8+x74+1),x, algorithm="maxima")

[Out] 1/12%sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/12%sqrt(3)*arctan(1/3*sqrt(3
)*(2*%x - 1)) + 1/2*integrate(1/(x"4 - x72 + 1), x) + 1/8xlog(x”2 + x + 1) -
1/8%log(x”2 - x + 1)

mupad [B] time = 0.14, size = 95, normalized size = 0.68

) (2 (10 0] 2[5, 22 ) (1)

2x 1
atan -—+ - -
(—1+\/§11)[4 12 1+431/4 12 -1++31i/ 12 4 1++31i/(12 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"4 + x~8 + 1),x)

[Out] atan((2*x)/(37(1/2)*1i - 1))*((37(1/2)*1i)/12 - 1/4) + atan((2*x)/(37(1/2)*
11 + 1))*((37(1/2)*1i)/12 + 1/4) + atan((x*21)/(37(1/2)*1i - 1))*(37(1/2)/1
2 + 1i/4) + atan((x*21)/(37(1/2)*11i + 1))*(37(1/2)/12 - 1i/4)

sympy [C] time = 0.70, size = 190, normalized size = 1.36

1 +3i \3i 1 VB 1 3Bi 1 VB VB (1 B V3i 1 4EiY) (1 B 1 VBi) B .
[fgfﬂ]log[xflfTJrQZlé[fgfj +| =5+ los|x=1+9216| g+ S|+ o | g - [log|x+ 1= S5 49216\ g - Sn| || S+ o flog x4 14+9216( g Sm | S|+ RootSum (230411 + 481 +1, (- tlog (92161 + 8t + 1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8+x**4+1),x)
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[Out] (-1/8 - sqrt(3)*I/24)x*log(x - 1 - sqrt(3)*I/3 + 9216%(-1/8 - sqrt(3)*I/24)x*
*5) + (-1/8 + sqrt(3)*I/24)*log(x - 1 + 9216%(-1/8 + sqrt(3)*I/24)**5 + sqr
t(3)*I/3) + (1/8 - sqrt(3)*I/24)*log(x + 1 - sqrt(3)*I/3 + 9216%(1/8 - sqrt
(3)*xI/24)*x5) + (1/8 + sqrt(3)*I/24)*log(x + 1 + 9216%(1/8 + sqrt(3)*I/24)x

x5 + sqrt(3)*I/3) + RootSum(2304*_t**4 + 48%_t**2 + 1, Lambda(_t, _t*log(92

16% t**5 + 8% t + x)))



108

4
33 [ dx

1+x8

Optimal. Leaf size=347

_log(xz—Mx+1) log(x2+\/2—7\/§x+1) log(xz—mx+l) log(x2+mx+1

+ - -

842 - V2 842 - V2 8+/2 + V2 842 + V2

Rubi [A] time = 0.25, antiderivative size = 347, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 13,

number of rules _ ) 462, Rules used = {1413, 1094, 634, 618, 204, 628}

integrand size

l(»g((zfxZ*\/E).+1)+|0g(‘{2+yZf\ﬁx+1)7|03(‘{7— 2+\/§‘(+1)+lug(r2+‘2+\/i‘(+1)71 1(27\5)‘3“‘[,24&72‘]71 1(24,\/})‘?,“1['2“/5’2‘]4,1 1(2—\/5)|an‘[2” ]+l 1(2“5)‘3"‘[2\ ]
8y2-V2 8y2-12 8\2+12 8y2+ V2 av2 N I -vz ) A2 aeva ) AV -v2

Antiderivative was successfully verified.
[In] Int[(1 + x74)/(1 + x78),x]

[Out] -(Sqrt[(2 - Sqrt[2])/2]*ArcTan[(Sqrt[2 - Sqrt[2]] - 2#*x)/Sqrt[2 + Sqrt[2]11]
)/4 - (Sqrt[(2 + Sqrt[2])/2]*ArcTan[(Sqrt[2 + Sqrt[2]] - 2%x)/Sqrt[2 - Sqrt
[2111)/4 + (Sqrt[(2 - Sqrt[2])/2]*ArcTan[(Sqrt[2 - Sqrt[2]] + 2*x)/Sqrt[2 +
Sqrt[2]111)/4 + (Sqrt[(2 + Sqrt([2])/2]*ArcTan[(Sqrt[2 + Sqrt[2]] + 2xx)/Sqr

t[2 - Sqrt[2]1])/4 - Logl[l - Sqrt[2 - Sqrt[2]]1*x + x~2]/(8xSqrt[2 - Sqrt[2]

1) + Logl[l + Sqrt[2 - Sqrt[2]]*x + x72]/(8*Sqrt[2 - Sqrt[2]]) - Log[l - Sqr

t[2 + Sqrt[2]]*x + x72]/(8*%Sqrt[2 + Sqrt[2]]) + Logl[l + Sqrt[2 + Sqrt[2]]*x

+ x72]/(8*Sqrt[2 + Sqrt[2]])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 0]1)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1094

Int[((a_) + (b_)*x(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rtl[a/
c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc*q*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xqg*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] &% NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4*axc]
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Rule 1413

Int[((d) + (e_)*x(x )" (. ))/((a)) + (c_)*x(x_ )" (n2_)), x_Symbol] :> With[{
q = Rt[2*xd*e, 2]}, Dist[e”2/(2*c), Int[1/(d + g*x~(n/2) + exx"n), x], x] +
Dist[e”2/(2%c), Int[1/(d - g*x~(n/2) + e*x"n), x], x]]1 /; FreeQl[{a, c, d, e
}, x] && EqQ[n2, 2*n] && EqQ[cxd”™2 - a*xe”2, 0] && IGtQ[n/2, 0] && PosQ[dx*el

Rubi steps

1+ % 1f 1 p +1f 1 p
X== | ———ax+ - | —————ax
1+a8 2J 1 V2x2 444 2J 14222+ x4

f \/2—\/§—x d f \[2—\/§+x dx f \[2+\/§—x dx \[2+\/§+x d

x J
1-4/2-V2 x+22 1+4/2-V2 x+x2 1-+/2+V2 x+x2 14~/2+V2 x+x2
+

= + +

4r/2 -2 2-42 4r[2 + 2 4r[2 +2

X

= + +
8+/2 - V2 8+/2 -2 8+/2 + V2
tan-1 2-2 -2x tan-! 2+2 -2x tan-1 2-/2 +2x tan-1 \2+2 +2x tog 1
3 2+2 2-42 N 2+42 N 2-2
442 +V2 4+J2 -2 4r]2 + V2 442 -2

Mathematica [A] time = 0.19, size = 258, normalized size = 0.74

O e B e I O T B PO T T RO I O R R I S T )R T O S R )

Antiderivative was successfully verified.

[In] Integratel[(1 + x74)/(1 + x78),x]

[Out] (2%ArcTan[Sec[Pi/8]*(x + Sin[Pi/8])]*(Cos[Pi/8] - Sin[Pi/8]) + 2*ArcTan[x*S
ec[Pi/8] - Tan[Pi/8]]1*(Cos[Pi/8] - Sin[Pi/8]) + Logl[l + x~2 + 2x*x*Cos[Pi/8]

1% (Cos[Pi/8] - Sin[Pi/8]) + Logl[l + x72 - 2*x*Cos[Pi/8]]*(-Cos[Pi/8] + Sin[
Pi/8]) + 2*ArcTan[(x - Cos[Pi/8])*Csc[Pi/8]]*(Cos[Pi/8] + Sin[Pi/8]) + 2*Ar
cTan[(x + Cos[Pi/8])*Csc[Pi/8]]*(Cos[Pi/8] + Sin[Pi/8]) - Logl[l + x72 - 2xx
*Sin[Pi/8]]1*(Cos[Pi/8] + Sin[Pi/8]) + Logll + x72 + 2x*x*Sin[Pi/8]]*(Cos[Pi/

8] + Sin[Pi/8]1))/8

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+ x*
1+ 8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 + x78), x]

fricas [B] time = 1.34, size = 991, normalized size = 2.86
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result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x78+1),x, algorithm="fricas")

[Out] -1/8*(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))*arctan(-(2*x - 2*sqrt(x”2 + x
*xsqrt (-sqrt(2) + 2) + 1) + sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - 1/8*(sq
rt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))*arctan(-(2xx - 2*xsqrt(x"2 - x*sqrt(-s
qrt(2) + 2) + 1) - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - 1/8*(sqrt(sqrt(
2) + 2) + sqrt(-sqrt(2) + 2))*arctan(-(2*x - 2*sqrt(x~2 + x*sqrt(sqrt(2) +
2) + 1) + sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) - 1/8x(sqrt(sqrt(2) + 2) +
sqrt(-sqrt(2) + 2))*arctan(-(2xx - 2*sqrt(x~2 - x*sqrt(sqrt(2) + 2) + 1) -
sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) - 1/8xsqrt(2)*sqrt(-sqrt(2) + 2)*ar
ctan(-(2*sqrt(2)*x - 2*sqrt(2)*sqrt(x”2 + 1/2*sqrt(2)*x*sqrt(sqrt(2) + 2) -
1/2*%sqrt (2) *x*sqrt (-sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2) - sqrt(-sqrt(2)
+ 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/8*sqrt(2)*sqrt(-sqrt(2)
+ 2)*arctan(-(2*sqrt(2)*x - 2*sqrt(2)*sqrt(x~2 - 1/2*sqrt(2)*x*sqrt(sqrt(2
) + 2) + 1/2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) - sqrt(sqrt(2) + 2) + sqrt(-
sqrt(2) + 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) + 1/8*sqrt(2)*sqrt(
sqrt(2) + 2)*arctan((2*sqrt(2)*x - 2*sqrt(2)*sqrt(x™2 + 1/2*sqrt(2)*x*sqrt(
sqrt(2) + 2) + 1/2*%sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2) +
sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/8xsqrt(2)
xsqrt (sqrt(2) + 2)*arctan((2*sqrt(2)*x - 2*sqrt(2)*sqrt(x~2 - 1/2*sqrt(2)*x
xsqrt (sqrt(2) + 2) - 1/2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) - sqrt(sqrt(2) +
2) - sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/32%
sqrt(2)*sqrt(-sqrt(2) + 2)*log(x~2 + 1/2xsqrt(2)*x*sqrt(sqrt(2) + 2) + 1/2x%
sqrt (2) *x*sqrt(-sqrt(2) + 2) + 1) + 1/32xsqrt(2)*sqrt(sqrt(2) + 2)*log(x~2
+ 1/2*%sqrt (2) *x*sqrt(sqrt(2) + 2) - 1/2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) -
1/32%sqrt (2) *sqrt (sqrt(2) + 2)*log(x™2 - 1/2*sqrt(2)*x*sqrt(sqrt(2) + 2) +
1/2xsqrt (2) *xxsqrt (-sqrt(2) + 2) + 1) - 1/32xsqrt(2)*sqrt(-sqrt(2) + 2)x*lo
g(x"2 - 1/2*sqrt(2)*x*sqrt(sqrt(2) + 2) - 1/2xsqrt(2)*x*sqrt(-sqrt(2) + 2)
+ 1) + 1/32x(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))*log(x~2 + xxsqrt(sqrt(
2) +2) + 1) - 1/32%(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))*log(x~2 - x*sq
rt(sqrt(2) + 2) + 1) + 1/32%(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))*log(x~
2 + xxsqrt(-sqrt(2) + 2) + 1) - 1/32x(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2
))*log(x”2 - x*sqrt(-sqrt(2) + 2) + 1)

giac [A] time = 0.88, size = 247, normalized size = 0.71

v wiyEe2| 1 e -y Vie2) 1 =
v {\’:T };\/,MH {VH |4 {

2o VEe2) 1 e (2x-VEe2) 1 = 1
U ACELS P NN 2 L g (VB2 1)
iz ) iz ) 6

L
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x78+1),x, algorithm="giac")

[Out] 1/8*sqrt(-2*sqrt(2) + 4)*arctan((2*x + sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2
)) + 1/8*sqrt(-2xsqrt(2) + 4)xarctan((2xx - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2
) + 2)) + 1/8xsqrt(2*sqrt(2) + 4)*arctan((2*x + sqrt(sqrt(2) + 2))/sqrt(-sq
rt(2) + 2)) + 1/8*sqrt(2*sqrt(2) + 4)*arctan((2*x - sqrt(sqrt(2) + 2))/sqrt
(-sqrt(2) + 2)) + 1/16*sqrt(-2*xsqrt(2) + 4)*log(x~2 + x*sqrt(sqrt(2) + 2) +
1) - 1/16%sqrt(-2*sqrt(2) + 4)*log(x”™2 - x*sqrt(sqrt(2) + 2) + 1) + 1/16%s
qrt (2xsqrt(2) + 4)*xlog(x~2 + x*sqrt(-sqrt(2) + 2) + 1) - 1/16*sqrt(2xsqrt(2
) + 4)xlog(x~2 - x*sqrt(-sqrt(2) + 2) + 1)

maple [C] time = 0.01, size = 27, normalized size = 0.08

(RootOf (22 +1)" + 1) In (- RootOf (_2° +1) + x)

8 RootOf (7 +1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((x"4+1)/(x"8+1),x)
[Out] 1/8*sum(( R~4+1)/ R™7*1n(-_R+x), R=Root0f( Z~8+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
4+l
f x8 dx
x°+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x78+1),x, algorithm="maxima")
[Out] integrate((x”4 + 1)/(x"8 + 1), x)

mupad [B] time = 2.28, size = 311, normalized size = 0.90

(s za) e T E
Il

K - [t ressi i | e[ { WE2u_xfVieru iolVEan vEn B ean) (Ve an v B ean| sn(e(E 3" (- 1)« vEa(E 42" (343 (20 VE i)
) [ e A i || T T | ® )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 + 1),x)

[Out] atan((x*(27(1/2) - 2)7(1/2)*1i)/2 + (xx(27(1/2) + 2)~(1/2)*11)/2 + (27(1/2)
*xx(27(1/2) - 2)7(1/2)*1i)/2 - (27 (1/2)*xx (27 (1/2) + 2)~(1/2)*1i)/2)*((2~(1
/2)*%(27(1/2) - 2)7(1/2)*11)/8 + (27(1/2)*(27(1/2) + 2)~(1/2)*1i)/8) - log((
(- 2%27(1/2) - 4)~(1/2)/16 - (4 - 2%27(1/2))"(1/2)/16) 3% (65536*x - 16384x*(
- 2%27(1/2) - 4)°(1/2) + 16384x(4 - 2x2°(1/2))"(1/2)) + 256)*((- 2%x2~(1/2)
- 4)"(1/2)/16 - (4 - 2%27(1/2))"(1/2)/16) - (atan(x*x(27(1/2) + 2)~(3/2)*(1
- 1i/2) - 27(1/2)*x*x(27(1/2) + 2)7(3/2)*(3/4 - 1i/4))*(2~(1/2)*(1 - 1i) - 2
)x(27(1/2) + 2)7(1/2)*11)/8 + (atan(x*(27(1/2) + 2)°(3/2)*(1/2 + 1i) - 271
/2)xxx(27(1/2) + 2)7(3/2)*x(1/4 + 3i/4))*x(27(1/2)*(1 + 1i) - 2i)*(27(1/2) +
2)7(1/2)*1i)/8 + 27 (1/2)*Llog(x - (27(1/2) + 2)7(3/2)*(1/2 + 1i) + 27(1/2)*(
27(1/2) + 2)7(8/2)*(1/4 + 3i/4))*x((2~(1/2) - 2)~(1/2)/16 + (27(1/2) + 2)~ (11
/2)/16)*1i

sympy [A] time = 2.78, size = 19, normalized size = 0.05
RootSum (1048576t% +1, (¢ > tlog (40961° + 4t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8+1),x)
[Out] RootSum(1048576%_t**8 + 1, Lambda(_t, _t*log(4096% t**5 + 4% t + x)))
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4
314 [ dx

1-x+x8

Optimal. Leaf size=331

log(xz—\/2—\/§x+1) log(x2+\/2—\/§x+1) log(xz— 2+\/§x+1) log(x2+\/2+\/§x+1

- + — +

842 - V3 84/2 -3 8+/2 + 3 8+/2 + V3

Rubi [A] time = 0.23, antiderivative size = 331, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 18,

mumber oS _ (.333, Rules used = {1419, 1094, 634, 618, 204, 628}

integrand size

+ + -
8y2-13 8y2-V3 8y2+3 8\2+13 4 243 2-43 2443

Antiderivative was successfully verified.
[In] Int[(1 + x74)/(1 - x”4 + x78),x]

[Out] -(Sqrt[2 - Sqrt[3]]*ArcTan[(Sqrt[2 - Sqrt[3]] - 2xx)/Sqrt[2 + Sqrt([3]]1])/4
- (Sqrt[2 + Sqrt[3]]*ArcTan[(Sqrt[2 + Sqrt[3]1] - 2*x)/Sqrt[2 - Sqrt[3]111)/4
+ (Sqrt[2 - Sqrt[3]]*ArcTan[(Sqrt[2 - Sqrt[3]] + 2xx)/Sqrt[2 + Sqrt[3]]1]1)/
4 + (Sqrt[2 + Sqrt[3]]*ArcTan[(Sqrt[2 + Sqrt[3]] + 2*x)/Sqrt[2 - Sqrt[3]1]1]1)
/4 - Logl[l - Sqrt[2 - Sqrt[3]]*x + x72]/(8*Sqrt[2 - Sqrt[3]]) + Logl[l + Sqr
t[2 - Sqrt[3]]1*x + x72]1/(8%Sqrt[2 - Sqrt[3]]) - Logl[l - Sqrtl[2 + Sqrt[3]]1*x
+ x72]/(8*%Sqrt[2 + Sqrt([3]]) + Logl[l + Sqrt[2 + Sqrt[3]]*x + x72]/(8*%Sqrt[
2 + Sqrt[3]1)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 0]1)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1094

Int[((a_) + (b_)*x(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rtl[a/
c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc*q*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xqg*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] &% NeQ[b~2 - 4xaxc, 0] && NegQ[b~2 - 4*axc]
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Rule 1419

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x~(n/2) + x
“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ¢ 'LtQ[(2%d)/e - b/c, 0] && EqQld, ex*Rtl[a/c, 2]11))

Rubi steps

1+x* dx—lf 1 dx+f
1—x*+x8 2J 1-\Bx2 44 2J 14322+ x4

e Ei e i F
\/7x+x2 N \/73x+x2 N \/7 N
44/2 - 3 4\/2— 3 442 + 3 4+/2 +

dx

x+x2 x+x2

1
f -+/2- 3x+x2dx+ f +4/2- x+x2 8f \/2+\/§x+x2
log(l— 2—\/§x+x2) log( x+x) log(l—\/2+ 3x+x2)

= - +

8y2-3 84/2 - 8y2+13

[ 2+4/3 2x] 1( 2- \/§+2x)
2- 2+43

+

&

Mathematica [C] time = 0.02, size = 55, normalized size = 0.17

#1* log(x — #1) + log(x — #1) ]

1
—RootSum |#1° — #1* + 1&, ——
4 2#17 - #1

Antiderivative was successfully verified.

[In] Integrate[(1 + x74)/(1 - x™4 + x78),x]

[Out] RootSum[1 - #174 + #178 & , (Loglx - #1] + Loglx - #1]*#174)/(-#173 + 2x#1~
7) & 1/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+x*
1—xt+2a8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - x74 + x78),x]
[Out] IntegrateAlgebraic[(1l + x74)/(1 - x74 + x78), x]

fricas [A] time = 1.32, size = 377, normalized size = 1.14
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-x"4+1),x, algorithm="fricas")

[Out] -1/8*sqrt(sqrt(3) + 2)*x(sqrt(3) - 2)*log(2*x~2 + 2*x*sqrt(sqrt(3) + 2) + 2)
+ 1/8%sqrt(sqrt(3) + 2)*(sqrt(3) - 2)*log(2*x~2 - 2xx*sqrt(sqrt(3) + 2) +
2) + 1/16%(sqrt(3) + 2)xsqrt(-4*sqrt(3) + 8)*log(2*x~2 + x*sqrt(-4x*sqrt(3)
+8) + 2) - 1/16%(sqrt(3) + 2)*sqrt(-4*sqrt(3) + 8)*log(2*x~2 - x*sqrt(-4x*s
qrt(3) + 8) + 2) - 1/2xsqrt(sqrt(3) + 2)*arctan(sqrt(2)*sqrt(2*x~2 + 2*x*sq
rt(sqrt(3) + 2) + 2)*sqrt(sqrt(3) + 2) - 2*xxsqrt(sqrt(3) + 2) - sqrt(3) -
2) - 1/2*%sqrt(sqrt(3) + 2)*arctan(sqrt(2)*sqrt(2*x~2 - 2*x*sqrt(sqrt(3) + 2
) + 2)xsqrt(sqrt(3) + 2) - 2*x*sqrt(sqrt(3) + 2) + sqrt(3) + 2) - 1/4xsqrt(
-4xsqrt(3) + 8)*arctan(1/2*sqrt(2)*sqrt(2*x~2 + x*sqrt(-4xsqrt(3) + 8) + 2)
*xsqrt (-4*sqrt(3) + 8) - x*sqrt(-4*sqrt(3) + 8) + sqrt(3) - 2) - 1/4xsqrt(-4
xsqrt (3) + 8)*arctan(1/2*sqrt(2)*sqrt(2*x~2 - x*xsqrt(-4*sqrt(3) + 8) + 2)*s
qrt (-4*sqrt(3) + 8) - x*sqrt(-4*sqrt(3) + 8) - sqrt(3) + 2)

giac [A] time = 0.50, size = 245, normalized size = 0.74

G- \,;)M‘,[%]*%(\g, "5)“'*‘““[“;;\25&}*%("Z* %) [“J;fvjf},i(« ) {“\”gﬂ’f},%(\@ 8o+ 12(V6 ) 1) (V6 -8 g1 £o(V5 + 8) 1) (V8 0 VB g 1o(5 ) 1) (16 8o 2 (6 - E) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-x"4+1),x, algorithm="giac")

[Out] 1/8%(sqrt(6) - sqrt(2))*arctan((4*x + sqrt(6) - sqrt(2))/(sqrt(6) + sqrt(2)
)) + 1/8%(sqrt(6) - sqrt(2))*arctan((4*x - sqrt(6) + sqrt(2))/(sqrt(6) + sq
rt(2))) + 1/8*(sqrt(6) + sqrt(2))*arctan((4*x + sqrt(6) + sqrt(2))/(sqrt(6)

- sqrt(2))) + 1/8x(sqrt(6) + sqrt(2))*arctan((4*x - sqrt(6) - sqrt(2))/(sq
rt(6) - sqrt(2))) + 1/16x(sqrt(6) - sqrt(2))*log(x~2 + 1/2*xx*(sqrt(6) + sqr
t(2)) + 1) - 1/16%(sqrt(6) - sqrt(2))*log(x~2 - 1/2xxx(sqrt(6) + sqrt(2)) +

1) + 1/16%(sqrt(6) + sqrt(2))*log(x™2 + 1/2*x*(sqrt(6) - sqrt(2)) + 1) -1
/16%(sqrt(6) + sqrt(2))*log(x~2 - 1/2xx*(sqrt(6) - sqrt(2)) + 1)

maple [C] time = 0.01, size = 42, normalized size = 0.13

(RootOf (28— 74 +1)' + 1) In (~ RootOf (_2° —_7* +1) +x)

8RootOf (78— _7*+1) — 4RootOf (78 — 74 +1)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-x"4+1),x%)
[Out] 1/4*sum(( R~4+1)/(2% R~7- R~3)*ln(- R+x), R=Root0f( Z~8- Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f ¥ +1 p
—  dx
B-xt+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-x"4+1),x, algorithm="maxima"
[Out] integrate((x74 + 1)/(x78 - x4 + 1), x)

mupad [B] time = 0.22, size = 145, normalized size = 0.44

o SE 08 () () oo (GO 2 o) oo O ) -2 oo (SR 0 ) (53

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((x"4 + 1)/(x"8 - x4 + 1),x)

[Out] - atan((67(1/2)*x*x(27 - 271))/(27*37(1/2) - 81i))*(27(1/2)*(1/8 + 1i/8) - 6
“(1/2)*%(1/8 - 1i/8)) - atan((67(1/2)*x*x(27 + 271))/(27%*37(1/2) - 81i))*(27(
1/2)x(1/8 - 1i/8) + 67(1/2)*(1/8 + 1i/8)) - atan((67(1/2)*xx(27 - 27i))/(27
*37(1/2) + 81i))*(27(1/2)*(1/8 + 1i/8) + 67(1/2)*(1/8 - 1i/8)) - atan((67(1
/2)*xx (27 + 271))/(27*37(1/2) + 81i))*(27(1/2)*(1/8 - 1i/8) - 67 (1/2)*(1/8

+ 11/8))

sympy [A] time = 3.10, size = 20, normalized size = 0.06
RootSum (65536t° — 25614 + 1, (t - tlog (1024 + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8-x**4+1) %)
[Out] RootSum(65536* t**8 - 2656% tx*4 + 1, Lambda(_t, _t*log(1024*_t*x*5 + x)))
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4

315 [ —o_dx

1-2x4+x8

Optimal. Leaf size=27

X 1 1 -1
— + Ztan}(x) + - tanh™ (x
S A g

Rubi [A] time = 0.01, antiderivative size = 27, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 18,

number of rules _ ) 578, Rules used = {28, 385, 212, 206, 203}

integrand size

1 1
— 4+ —tan (%) + - tanh_l(x)
2 (1 - x4) 4 4

Antiderivative was successfully verified.
[In] Int[(1 + x"4)/(1 - 2%x"4 + x78),x]
[Out] x/(2%(1 - x74)) + ArcTan([x]/4 + ArcTanh[x]/4

Rule 28

Int[(u_.)*((a_) + (c_.)*x(x_)"(n2_.) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*xx"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4*axc, 0] && IntegerQ[p]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
l[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 212

Int[((a_) + (b_.)*(x_)~4)~(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/Db),
2]], s = Denominator[Rt[-(a/b), 2]]1}, Dist[r/(2*a), Int[1/(r - s*x"2), x],
x] + Dist[r/(2*a), Int[1/(r + s*x”2), x], x]] /; FreeQ[{a, b}, x] && !GtQ
[a/b, O]

Rule 385

Int[((a_) + (b_)*(x_)"(@_))~(p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -8
imp[((b*c - axd)*x*(a + b*x™n) " (p + 1))/(a*b*nx(p + 1)), x] - Dist[(a*xd - b
xcx(nx(p + 1) + 1))/(axb*n*x(p + 1)), Int[(a + b*x™n) " (p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rubi steps
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1+x* 1+x*
e Lol el
Tt X (—1+x4)

X 1 1 p
2(1_x4)_§ I b

X +1f 1 p +1f 1 p
=+ = X+ - X
2(1—x4) 4J 1-x2 4J 1+x2

X

1 1 1
= ——— +—tan"'(x) + - tanh™ (%)
2(1-x4) 4 M+

Mathematica [A] time = 0.01, size = 31, normalized size = 1.15

1( 4x

s\ x-1

5 —log(1 —x) +log(x +1) +2 tan_l(x))

Antiderivative was successfully verified.

[In] Integratel[(1 + x74)/(1 - 2*x"4 + x78),x]
[Out] ((-4#x)/(-1 + x74) + 2*ArcTan([x] - Log[l - x] + Logl[1l + x])/8

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+x*
1,89
1-2x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - 2*%x"4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 - 2*x™4 + x78), x]

fricas [B] time = 1.49, size = 43, normalized size = 1.59

2 (x4 - 1) arctan(x) + (x4 - 1) log (x +1) - (x4 - 1) log(x—-1)-4x
8 (x4 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x78-2*x"4+1),x, algorithm="fricas")

[Out] 1/8%(2%(x74 - 1)*arctan(x) + (x74 - 1)*log(x + 1) - (x74 - Dxlog(x - 1) -
4xx)/(x"4 - 1)

giac[A] time = 0.52, size = 29, normalized size = 1.07

1 1 1
__ + 1 arctan(x) + 3 log (Ix + 1) = 3 log (|x —1])

2(xt-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x78-2%x"4+1),x, algorithm="giac")

[Out] -1/2#x/(x"4 - 1) + 1/4*arctan(x) + 1/8*log(abs(x + 1)) - 1/8*log(abs(x - 1)
)
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maple [A] time = 0.01, size = 42, normalized size = 1.56

X +a1rctan(x) 1n(x—1)+ln(x+1) 1 1
4x2 + 4 4 8 8 8(x+1) 8(x-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-2*x"4+1) ,x)
[Out] -1/8/(x+1)+1/8*1n(x+1)+1/4/(x"2+1)*x+1/4*arctan(x)-1/8/(x-1)-1/8%1n(x-1)

maxima [A] time = 1.33, size = 27, normalized size = 1.00

1 1 1
__ + 1 arctan(x) + 3 log (x +1) — 3 log (x —1)

2(xt-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"4+1)/(x78-2%x"4+1),x, algorithm="maxima")
[Out] -1/2*x/(x"4 - 1) + 1/4xarctan(x) + 1/8xlog(x + 1) - 1/8xlog(x - 1)
mupad [B] time = 0.05, size = 21, normalized size = 0.78

atan(x) atanh(x) ~ X
4 4 2 (xt-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 - 2*%x"4 + 1),x)
[Out] atan(x)/4 + atanh(x)/4 - x/(2x(x"4 - 1))

sympy [A] time = 0.15, size = 26, normalized size = 0.96

X log (x —1) N log (x +1) N atan (x)
2x4 -2 8 8 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8-2%x**4+1) %)

[Out] -x/(2xx*x4 - 2) - log(x - 1)/8 + log(x + 1)/8 + atan(x)/4
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4
316 [ —odx

1-3x%+x8

Optimal. Leaf size=131

-1 / 1 2 2 _ 2
tan ( ) tan™ ( 1+\/_) tanh™ ( \/glx) tanh ( 1+\/_)

2(v5 -1) 2(1++5) 2(v5 -1) 2(1++5

a1

\—/

Rubi [A] time = 0.09, antiderivative size = 131, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 18,

number of rules _ ).222, Rules used = {1419, 1093, 203, 207}

integrand size

tanfl( —gEIx) tan™ (\/Ifi; ) tanh” (\/____ ) tanh~ ( 2 x)
V(E-1) 0B BB (G

Antiderivative was successfully verified.

,_\
+
&

SN—"

[In] Int[(1 + x74)/(1 - 3*x"4 + x78),x]

[Out] ArcTan[Sqrt[2/(-1 + Sqrt[5])]*x]/Sqrt[2*(-1 + Sqrt[5])] - ArcTan[Sqrt[2/(1
+ Sqrt[5])]1*x]/Sqrt[2*x(1 + Sqrt[5])] + ArcTanh[Sqrt[2/(-1 + Sqrt([5])]1*x]/Sq
rt[2x(-1 + Sqrt[5])] - ArcTanh[Sqrt[2/(1 + Sqrt[5])]*x]/Sqrt[2*(1 + Sqrt[5]

)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 1093

Int[((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + cxx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xax*c,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*c), Int[1/Simp[d/e +
gxx~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x~(n/2) + x
“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, exRt[a/c, 211))

Rubi steps
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1+x% p 1f 1 d+1f 1 i
—  dx==- | ———dx+ - | — dx
1-3x* +x8 2 1—\/§x2+x4 2 1+\/§x2+x4
1 1 1 1 1
== dx+ - | ————dx -
2f 1 5 2 2f 2 zfl V5o, 5 fl V5 o,
—E—T+x ———+x _E 7+x 5+7+x

Mathematica [A] time = 0.08, size = 131, normalized size = 1.00

tan™! (\/%x)_tan_l (\/E x)+tanh_1 (\/%Z_x) tanh™ 1( o~ x)
FET e e e

Antiderivative was successfully verified.

N

—_

[In] Integratel[(1 + x74)/(1 - 3*x"4 + x78),x]

[Out] ArcTan[Sqrt[2/(-1 + Sqrt[5])]#*x]1/Sqrt[2*(-1 + Sqrt[5])] - ArcTan[Sqrt[2/(1
+ Sqrt[5])]1*x]/Sqrt[2*x(1 + Sqrt[5])] + ArcTanh[Sqrt[2/(-1 + Sqrt([5])]1*x]/Sq
rt[2x(-1 + Sqrt[5])] - ArcTanh[Sqrt[2/(1 + Sqrt[5])]*x]/Sqrt[2*(1 + Sqrt[5]

)]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+x*
1.8
1-3x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - 3*x~4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 - 3*x"4 + x78), x]

fricas [B] time = 1.57, size = 247, normalized size = 1.89

LT (L Gl miadin =

(Fr il o aid i)l i ool (VEvs - vE) ot -
hm(—lvq\v\/SJ4%Vzw~‘tv5~ ’s—l)t%vz\wstllog((»svz—w)ywsut-h)—lvz\,’\ﬁ|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-3*x"4+1),x, algorithm="fricas")

[Out] -1/2%sqrt(2)*sqrt(sqrt(5) + 1)*arctan(-1/2xsqrt(2)*x*xsqrt(sqrt(5) + 1) + 1/
2%sqrt (2*xx72 + sqrt(5) - 1)*sqrt(sqrt(5) + 1)) + 1/2%sqrt(2)*sqrt(sqrt(s) -
1)*arctan(-1/2*sqrt (2) *x*sqrt(sqrt(5) - 1) + 1/2xsqrt(2*x~2 + sqrt(5) + 1)
xsqrt(sqrt(5) - 1)) + 1/8*sqrt(2)*sqrt(sqrt(5) + 1)*log((sqrt(5)*sqrt(2) -
sqrt(2))*sqrt(sqrt(6) + 1) + 4*x) - 1/8*sqrt(2)*sqrt(sqrt(5) + 1)*log(-(sqr
t(5)*sqrt(2) - sqrt(2))*sqrt(sqrt(5) + 1) + 4%xx) - 1/8xsqrt(2)*sqrt(sqrt(5)
- D*xlog((sqrt(5)*sqrt(2) + sqrt(2))*sqrt(sqrt(5) - 1) + 4*x) + 1/8xsqrt(2
)*sqrt (sqrt(5) - 1)xlog(-(sqrt(5)*sqrt(2) + sqrt(2))*sqrt(sqrt(b) - 1) + 4%
x)

giac[A] time = 0.96, size = 147, normalized size = 1.12

1 1
Y -
2( 2

1 1
5 +=
[x + 2f+2

SVl

1 1
A5 -
2 2\/7

2

]

]+%\/2\@+210g(x+

]%‘/zﬁulog[k

]7%\/2\/57210;;[

]+%\/2\@7—210g[x—

i

x
1 1
Vi V53
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x"8-3*x"4+1),x, algorithm="giac")

[Out] -1/4x*sqrt(2*sqrt(5) - 2)*arctan(x/sqrt(1/2*xsqrt(5) + 1/2)) + 1/4*sqrt(2*sqr
t(5) + 2)*arctan(x/sqrt(1/2*sqrt(5) - 1/2)) - 1/8*sqrt(2*sqrt(5) - 2)*log(a

bs(x + sqrt(1/2xsqrt(5) + 1/2))) + 1/8xsqrt(2xsqrt(5) - 2)*log(abs(x - sqrt
(1/2%sqrt(5) + 1/2))) + 1/8xsqrt(2xsqrt(5) + 2)*log(abs(x + sqrt(1/2*sqrt(5

) - 1/2))) - 1/8xsqrt(2xsqrt(5) + 2)*log(abs(x - sqrt(1/2*xsqrt(5) - 1/2)))

maple [A] time = 0.04, size = 96, normalized size = 0.73

arctanh 2 arctanh 2 arctan 2 arctan 2
\J-242+5 \242+5 \J-242+5 24245

\-2+245 i \J2+245 ' \J-2+245 . \J2 +245

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-3*x74+1) ,x)

[Out] -1/(2+2%57(1/2))"(1/2)*arctanh(2/(2+2x5~(1/2)) " (1/2)*x)+1/(-2+2%5~(1/2))~ (1
/2)*arctan(2/(-2+2x%57(1/2)) " (1/2) *x)+1/(-2+2x5"(1/2) )~ (1/2) *arctanh(2/(-2+2
*57(1/2)) " (1/2)*x) -1/ (2+2%57(1/2) )~ (1/2) *arctan(2/ (2+2*x57(1/2) )~ (1/2) *x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

xt+1
[,
x8-3xt+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"4+1)/(x"8-3*x"4+1),x, algorithm="maxima")
[Out] integrate((x™4 + 1)/(x78 - 3*x"4 + 1), x)

mupad [B] time = 0.20, size = 269, normalized size = 2.05

1o [ N VEx Bl 1ssi Y 41 8751 N N VEx 145 187 Ex\i-em) [TE s VExyNB-11875 BBy VB 7 o1t

5-11 2 at: = + 5+11 2 at: = -V5 1i atan = + -V5-11i

75, ! atan 2(875 V5+1875) 2 +1875) ! atan 2(875 V5-1875) 5-1875, 2(875 V5 +1875) 2(875 V5 +1875)
- + +

4 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 - 3*x"4 + 1),x)

[Out] (2°(1/2)*atan((2°(1/2)*x*x(1 - 57(1/2))"(1/2)*18751)/(2* (8755~ (1/2) - 1875)
) = (27(1/2)*57(1/2)*xx (1 - 57(1/2))~(1/2)*8751) /(2% (87557 (1/2) - 1875)))*

(1 - 57(1/2))~(1/2)*1i) /4 - (2~ (1/2)*atan((2~(1/2)*x*x(5~(1/2) + 1)~ (1/2)*18

751) /(2% (875%57(1/2) + 1875)) + (27(1/2)*5~(1/2)*x*(57(1/2) + 1)~ (1/2)*875i

)/ (2% (875%5~(1/2) + 1875)))*(57(1/2) + 1)~ (1/2)*1i)/4 - (2~ (1/2)*atan((2"(1
/2)*xx(57(1/2) - 1)~ (1/2)*1875i) /(2% (875%x5~(1/2) - 1875)) - (2°(1/2)*57(1/2
Y*x*(57(1/2) - 1)~(1/2)*8751) /(2% (875%5~(1/2) - 1875)))*(5°(1/2) - 1)~(1/2)
*x1i)/4 + (27 (1/2)*atan((2°(1/2)*x*(- 57(1/2) - 1)~ (1/2)*18751i)/(2*(875%5" (1

/2) + 1875)) + (2°(1/2)*5~(1/2)*x*x (- 57(1/2) - 1)~(1/2)*8751) /(2% (8755~ (1/

2) + 1875)))*(- 57°(1/2) - 1)~(1/2)*1i)/4

sympy [A] time = 1.19, size = 49, normalized size = 0.37

RootSum (2561‘4 -1612 -1, (t — tlog (1024t5 -8+ x))) + RootSum (256154 +16t2 -1, (t — tlog (1024t5 -8t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8-3*x**4+1) ,x)

[Out] RootSum(256%*_t**4 - 16% t**2 - 1, Lambda(_t, _t*log(1024* t**5 - 8% t + x))
) + RootSum(256%*_t*x4 + 16%_t*x*2 - 1, Lambda(_t, _t*log(1024* t**5 - 8% t +
x)))
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4

317 [ =2 _dx

1-4x4+x8

Optimal. Leaf size=157

| Vex | Vax 1| Vex 1| Aex
tan” | —=— tan™1 | —— tanh | —— tanh
(W@—l] (Jwa ) [Jv@— J [st ]

2v2+/V3 -1 _2\4/5\/1“/5 ' 2V2+/V3 -1 . 2V2+/1+43

Rubi [A] time = 0.09, antiderivative size = 157, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 18,

number of rules _ 922, Rules used = {1419, 1093, 203, 207}

integrand size

tan™! —%x tan™! —%x ) tanh_l[ Vax J tanh_l[ Vax ]
VV3-1 V1+V3 V3-1 \1+v3

2v2+/V3 -1 _2\“/5\/1“/5 ' 2vV2+/V3 - i 2v24/1+3

Antiderivative was successfully verified.

[In] Int[(1 + x4)/(1 - 4%xx"4 + x78),x]

[Out] ArcTan[(27(1/4)*x)/Sqrt[-1 + Sqrt[3]111/(2*27(1/4)*Sqrt[-1 + Sqrt[31]) - Arc
Tan[(27(1/4)*x) /Sqrt[1 + Sqrt[3]]1]/(2*27(1/4)*Sqrt[1 + Sqrt[3]]) + ArcTanh[
(27(1/4)*x) /Sqrt [-1 + Sqrt[3]11]1/(2%27(1/4)*Sqrt[-1 + Sqrt[3]]) - ArcTanh[(2
~(1/4)*x)/Sqrt[1 + Sqrt[3]111/(2%27(1/4)*Sqrt[1 + Sqrt[3]1)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 1093

Int[((a_) + (b_)*x(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distlc/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Distl[c/q, Int
[1/(b/2 + q/2 + c*x72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b"2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x

_Symbol] :> With[{q = Rt[(2%d)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x~(n/2) + x

“n, x], x1, x1] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4

xaxc, 0] && EqQlc*d™2 - axe”™2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 21]1))

Rubi steps
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1+ a4 i 1f 1 i +1f 1
—_— X = = E———— N/ .8 —_ -
1—4dx*+28 2J 162+ x4 2J 1+ V6x2+ x4

4 4 ' 4 _t 4
_ f —\/g—%+x2 * . f \/g—%+x2 * B f —\/§+%+xz * B f \/§+%+x2 *

22 24/2 242 22

S| Vax | Vax | Vax 21| V2
tan!| ——=— | tan!|——=| tanh'|—=1-| tanh!|—=
) (] ] e
2V2A-1+V3  2V241+43  2v2+/-1+43 2v24/1+3

dx

Mathematica [C] time = 0.01, size = 53, normalized size = 0.34

1 #141 —#1) +1 —#1
gRootSum'#18—4#14+1&, og(x — #1) + log(x )&]

#17 - 2#1°
Antiderivative was successfully verified.

[In] Integrate[(1 + x74)/(1 - 4*x~4 + x78),x]

[Out] RootSum[1l - 4*#174 + #17°8 & , (Loglx - #1] + Loglx - #1]*#174)/(-2*#173 + #
177) & 1/8

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+ x*
1, 89
1-4x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - 4xx"4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 - 4xx"4 + x78), x]

fricas [B] time = 1.26, size = 331, normalized size = 2.11

( zfmuu[‘f\\“ﬁoh?ozw‘ﬁ(ﬁérv?ﬂrﬁ71177%1‘»705\7»?\1\7\?ozflr%v?\ﬁrzv%.vm.ml%(v‘ ,\cﬁ‘v’:,z,\v’:ﬁ,@wﬁ,(ﬁ\ih@]Jﬁ]ﬁ,zyf]‘;ﬁm.z,mx[(maﬁ]m.zf.:\ VBB 2 g (3VE )8 2+ 20) LS 4 (V5 VB 2 520 LB 4 e[ (1548 ¢ VE) 6 3 2]
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-4*x"4+1),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*(-sqrt(3) + 2)~(1/4)*arctan(1/2*sqrt(x”2 + (sqrt(3) + 2)*sqrt(-
sqrt(3) + 2))*(sqrt(3)*sqrt(2) + sqrt(2))*(-sqrt(3) + 2)7(3/4) - 1/2*(sqrt(
3)*sqrt(2)*x + sqrt(2)*x)*(-sqrt(3) + 2)7(3/4)) - 1/2*%sqrt(2)*(sqrt(3) + 2)
~(1/4)*arctan(1/2*(sqrt(x”2 - sqrt(sqrt(3) + 2)*(sqrt(3) - 2))*(sqrt(3)*sqr
t(2) - sqrt(2))*sqrt(sqrt(3) + 2) - (sqrt(3)*sqrt(2)*x - sqrt(2)*x)*sqrt(sq
rt(3) + 2))*(sqrt(3) + 2)7(1/4)) + 1/8*sqrt(2)*(sqrt(3) + 2)~(1/4)*log((sqr
t(3)*sqrt(2) - sqrt(2))*(sqrt(3) + 2)7(1/4) + 2*x) - 1/8*sqrt(2)*(sqrt(3) +
2)7(1/4)*1log(-(sqrt(3)*sqrt(2) - sqrt(2))*(sqrt(3) + 2)7(1/4) + 2*xx) - 1/8
*xsqrt (2)*(-sqrt(3) + 2)7(1/4)*log((sqrt(3)*sqrt(2) + sqrt(2))*(-sqrt(3) + 2
)7(1/4) + 2%x) + 1/8%sqrt(2)*(-sqrt(3) + 2)7(1/4)*1log(-(sqrt(3)*sqrt(2) + s
qrt(2))*(-sqrt(3) + 2)7(1/4) + 2*x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x~4+1)/(x"8-4*x"4+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Unable to convert to real 1/4 Error: Bad Arg
ument ValueUnable to convert to real 1/4 Error: Bad Argument Value

maple [C] time = 0.01, size = 40, normalized size = 0.25

(Rooﬂm(_zg—4_Z4+1)4+1)h1(-Rooﬂm(_ZS—4_Z4+1)+x)

8 RootOf (_28 -4 7 4 1)7 —16 RootOf (_z8 —4 7+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-4*xx"4+1),x)
[Out] 1/8*sum(( R~4+1)/(_R~7-2% R~3)*1ln(- R+x), R=RootOf( Z~8-4% Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

~f ¥ +1 p
—dx
x8—4xt+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-4*x"4+1),x, algorithm="maxima"
[Out] integrate((x™4 + 1)/(x78 - 4*x74 + 1), x)

mupad [B] time = 1.72, size = 399, normalized size = 2.54

mm"( D) (52" \Eazm\[
M

5 z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 - 4*x"4 + 1),x)

[Out] (27 (1/2)*atan((2~(1/2)*x*x(2 - 37(1/2))~(1/4)*51841)/(2160%3~(1/2)*(2 - 3~ (1
/2))7(1/2) - 3888%(2 - 37(1/2))7(1/2)) - (27(1/2)*37(1/2)*x*x(2 - 37(1/2))(
1/4)%30241) /(2160%37(1/2)*(2 - 37(1/2))~(1/2) - 3888x(2 - 37(1/2))~(1/2)))*
(2 - 37(1/2))~(1/4)*1i) /4 - (27 (1/2)*atan((5184%2~(1/2)*x*(2 - 37(1/2))~(1/
4))/(2160*%37(1/2)*(2 - 37(1/2))°(1/2) - 3888*(2 - 37(1/2))"(1/2)) - (3024%2
“(1/2)*37(1/2)*xx (2 = 37(1/2))°(1/4))/(2160%3~(1/2)*(2 - 37(1/2))~(1/2) - 3
888x(2 - 37(1/2))~(1/2)))*(2 - 37(1/2))~(1/4))/4 + (27 (1/2)*atan((5184*2~(1
/2)xxx(37(1/2) + 2)7(1/4))/(3888%(37(1/2) + 2)~(1/2) + 2160%3~(1/2)*(3"(1/2
) + 2)7(1/2)) + (3024%27(1/2)*37(1/2)*xx(37(1/2) + 2)7(1/4))/(3888%(37(1/2)
+ 2)7(1/2) + 2160%37(1/2)*(37(1/2) + 2)~(1/2)))*(3~(1/2) + 2)~(1/4))/4 - (
27 (1/2)*atan ((27(1/2) *x* (37 (1/2) + 2)~(1/4)*51841i)/(3888*(3~(1/2) + 2)~(1/2
) + 2160%3°(1/2)*(37(1/2) + 2)°(1/2)) + (2°(1/2)*3~(1/2)*x*x(3~(1/2) + 2)~(1
/4)*30241) /(3888*(37(1/2) + 2)7(1/2) + 2160*3~(1/2)*(37(1/2) + 2)~(1/2)))*(
37(1/2) + 2)~(1/4)*1i)/4

sympy [A] time = 0.19, size = 24, normalized size = 0.15
RootSum (104857613 - 40964 + 1, (t  tlog (40965 - 12t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8-4*xx**4+1) %)

[Out] RootSum(1048576%_t**8 - 4096%_tx*4 + 1, Lambda(_t, _t*log(4096%_t*x*5 — 12x%_
t +x)))
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4

318 [ o dx

1-5x%+x8

Optimal. Leaf size=171

tan_l( N ) tan™ (\/T\/_) tanh” ( \ﬁ\/gx)_tanh_( @i 7x)
6(V7 - V3) 6(V6-+V5) 6(V7 -+3) 6(V3 +V7)

Rubi [A] time = 0.15, antiderivative size = 171, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 18,

number of rules _ ).222, Rules used = {1419, 1093, 203, 207}

integrand size

tan_l( v?f 31) tan™ (\/_;:;j ) tanh” ( = Vgx)-_tanh_l( vﬁiV?X)
T8 e

Antiderivative was successfully verified.

%
Gl
%
=

[In] Int[(1 + x74)/(1 - 5%x"4 + x78),x]

[Out] ArcTan[Sqrt[2/(-Sqrt[3] + Sqrt[7])]#*x]/Sqrt[6*(-Sqrt[3] + Sqrt[7])] - ArcTa
n[Sqrt[2/(Sqrt[3] + Sqrt[7])]1*x]/Sqrt[6%(Sqrt[3] + Sqrt[7])] + ArcTanh[Sqrt
[2/(-Sqrt[3] + Sqrt[7])]1*x]/Sqrt[6*(-Sqrt[3] + Sqrt[7]1)] - ArcTanh[Sqrt[2/(

Sqrt [3] + Sqrt[71)]1*x]/Sqrt[6*(Sqrt[3] + Sqrt[7]1)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 1093

Int[((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + cxx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xax*c,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*c), Int[1/Simp[d/e +
gxx~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x~(n/2) + x
“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, exRt[a/c, 211))

Rubi steps
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1+x* p 1f 1 P +1f 1 p
— —dx== | —————dx+- | ———dx
1= 5x* + x5 2J 1 -\7x2 4 x4 2J 14722 + x4

1 1 1 1
S Jvwn® Jwaa® Jeao®

2 2 _ 2 2 " 2 "2 _ 2 "2

24/3 23 23 23

af [ 2 1 2 1 2 1 2
_tan ( Wx) tan ( Wx) tanh ( _\/§+\ﬁx) tanh ( N

BB E) (B eE) (B eE) e )

Mathematica [C] time = 0.01, size = 55, normalized size = 0.32

! #1* log(x — #1) + log(x — #1
ZRootSum'#18—5#14+1&’ og(x —#1) + log(x — #1) &]

2#17 — 5413

Antiderivative was successfully verified.

[In] Integrate[(1 + x74)/(1 - 5*x~4 + x78),x]

[Out] RootSum[1l - 5*#1°4 + #17°8 & , (Loglx - #1] + Loglx - #1]1*#174)/(-5*#1"3 + 2
*#177) & ]1/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+x*

—d
1—5x%+2a8 x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - 5xx~4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 - 5xx"4 + x78), xl

fricas [B] time = 1.65, size = 574, normalized size = 3.36

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"4+1)/(x"8-5*x"4+1),x, algorithm="fricas")

[Out] 1/6*sqrt(6)*sqrt(sqrt(2)*sqrt(-sqrt(7)*sqrt(3) + 5))*arctan(1/48*(sqrt(7)*s
qrt (6) *sqrt (3)*sqrt(2) + 3*sqrt(6)*sqrt(2))*sqrt(4*x~2 + (sqrt(7)*sqrt(3)*s
qrt(2) + bxsqrt(2))*sqrt(-sqrt(7)*sqrt(3) + 5))*sqrt(-sqrt(7)*sqrt(3) + 5)*
sqrt (sqrt (2) *sqrt (-sqrt(7)*sqrt(3) + 5)) - 1/24x(sqrt(7)*sqrt(6)*sqrt(3)*sq
rt(2)*x + 3*%sqrt(6)*sqrt(2)*x)*sqrt(-sqrt(7)*sqrt(3) + 5)*sqrt(sqrt(2)*sqrt
(-sqrt(7)*sqrt(3) + 5))) - 1/6*sqrt(6)*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) +
5))*arctan(1/48* ((sqrt(7)*sqrt (6)*sqrt(3)*sqrt(2) - 3*sqrt(6)*sqrt(2))*sqrt
(4%x72 - (sqrt(7)*sqrt(3)*sqrt(2) - 5*xsqrt(2))*sqrt(sqrt(7)*sqrt(3) + 5))*s
qrt(sqrt(7)*sqrt(3) + 5) - 2x(sqrt(7)*sqrt(6)*sqrt(3)*sqrt(2)*x - 3*sqrt(6)
*sqrt (2) *x) *sqrt (sqrt (7) *sqrt (3) + 5))*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) +
5))) + 1/24%sqrt(6)*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5))*log((sqrt(7)*sq
rt(6)*sqrt(3) - 3x*sqrt(6))*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5)) + 12%x)
- 1/24xsqrt(6)*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5))*log(-(sqrt(7)*sqrt(6
)*sqrt(3) - 3*sqrt(6))*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5)) + 12*x) - 1/
24xsqrt (6) *sqrt (sqrt (2) *sqrt (-sqrt (7)*sqrt(3) + 5))*log((sqrt(7)*sqrt(6)*sq
rt(3) + 3*sqrt(6))*sqrt(sqrt(2)*sqrt(-sqrt(7)*sqrt(3) + 5)) + 12xx) + 1/24x%
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sqrt (6) *sqrt (sqrt (2) *sqrt (-sqrt (7)*sqrt(3) + 5))*log(-(sqrt(7)*sqrt(6)*sqrt
(3) + 3*sqrt(6))*sqrt(sqrt(2)*sqrt(-sqrt(7)*sqrt(3) + 5)) + 12xx)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x78-5*x"4+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Unable to convert to real 1/4 Error: Bad Arg
ument ValueUnable to convert to real 1/4 Error: Bad Argument Value

maple [C] time = 0.01, size = 42, normalized size = 0.25

(RootOf (_28 -5 7%+ 1)4 + 1) In (— RootOf (_Z8 -5 7%+ 1) + x)

8 RootOf (7% ~5_7* +1)  ~ 20 RootOf (_Z* ~5_2* +1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-5*x"4+1) ,x)
[Out] 1/4%sum(( R~4+1)/(2% R~7-5% R~3)*1n(- R+x), R=Root0f( Z~8-5% Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f ¥ +1 p
- ix
x8—-5x4+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-5*x"4+1),x, algorithm="maxima"
[Out] integrate((x~4 + 1)/(x78 - 5*x"4 + 1), x)

mupad [B] time = 1.76, size = 483, normalized size = 2.82

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 - 5%x"4 + 1),x)

[Out] (27(8/4)*3~(1/2)*atan((12005%2~(3/4)*3~(1/2)*x*x(5 - 217(1/2))~(1/4)) /(2% (48
02%2~(1/2)*(5 - 217(1/2))"(1/2) - 1029%2~(1/2)*21~(1/2)*(5 - 21~(1/2))"(1/2
))) — (7889%27(3/4)*37(1/2)*21~(1/2)*x*x (5 - 217(1/2))~(1/4))/(6%(4802%2~(1/
2)*(5 - 217(1/2))7(1/2) - 1029%2~(1/2)*21~(1/2)*(5 - 21~(1/2))~(1/2))))*(5
- 217(1/2))"(1/4))/12 - (27(3/4)*37(1/2)*atan((27(3/4)*3~(1/2)*xx(5 - 21~ (1
/2))7(1/4)*120051) /(2% (4802*2~ (1/2)* (5 - 217(1/2))~(1/2) - 1029%2~(1/2)*21~
(1/2)%(5 - 217(1/2))°(1/2))) - (27(3/4)*3~(1/2)*21~(1/2) *x*x (5 - 21~(1/2))~(
1/4)*78891) / (6% (4802%27(1/2)*(5 - 217(1/2))~(1/2) - 1029%27(1/2)*21~(1/2)*(
5 - 217(1/2))7(1/2))))*(5 - 217(1/2))~(1/4)*11) /12 + (27(3/4)*3~(1/2) *atan(
(12005%27(3/4)*37 (1/2) *x* (217 (1/2) + 5)~(1/4))/(2%(4802%2~(1/2)*(217(1/2) +
5)7(1/2) + 1029%27(1/2)*217(1/2)*(217(1/2) + 5)7(1/2))) + (7889%27(3/4)*3"
(1/2)%217(1/2) *x* (217 (1/2) + 5)~(1/4))/(6%(4802%2~(1/2)*(217(1/2) + 5)~(1/2
) + 1029%27(1/2)*217(1/2)*(217(1/2) + 5)7(1/2))))*(217(1/2) + 5)~(1/4))/12
- (27(3/4)*3~(1/2)*atan((27(3/4) %3~ (1/2) *x* (21~ (1/2) + 5)~(1/4)*12005i) /(2
(4802427 (1/2)*(217(1/2) + 5)~(1/2) + 1029%2~(1/2)*21~(1/2)*(21~(1/2) + 5)~(
1/2))) + (27(3/4)*37(1/2)*217(1/2) *x*x (217 (1/2) + 5)~(1/4)*78891)/ (6% (4802%2
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~“(1/2)%(217(1/2) + 5)7(1/2) + 1029%27(1/2)*217(1/2)*(217(1/2) + 5)7(1/2))))
*(217(1/2) + B)~(1/4)*1i)/12

sympy [A] time = 0.19, size = 24, normalized size = 0.14
RootSum (5308416t — 11520+ + 1, (t — tlog (9216t> — 16t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x*x4+1)/(x**8-5*x**4+1) %)

[Out] RootSum(5308416%_t**8 — 11520% t**4 + 1, Lambda(_t, _t*log(9216% t**5 - 16%
_t+x)))



129

4

319 [ —o _dx

1-6x%+x8

Optimal. Leaf size=117

tan_l[ i
=) + _
44JV2 -1 J1+42 44V2 -1 4+J1+2

Rubi [A] time = 0.06, antiderivative size = 117, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 18,

number of rules _ ).222, Rules used = {1419, 1093, 203, 207}

tan_l[ a ] _1( a ) tanh_l[ a ) tanh_l[ a ]
V21 V142 N JV2-1 ~ 1+2

442 -1 _ J1+42 442 -1 41 +2

Antiderivative was successfully verified.

tan™! il tanh ™ 2 tanh ™ z
= =) =)
4

integrand size

tan
4

[In] Int[(1 + x74)/(1 - 6%x~4 + x78),x]

[Out] ArcTan[x/Sqrt[-1 + Sqrt[2]]]/(4*Sqrt[-1 + Sqrt[2]]) - ArcTan[x/Sqrt[1
t[2111/(4xSqrt[1 + Sqrt[2]]) + ArcTanh[x/Sqrt[-1 + Sqrt[2]]1]/(4*Sqrt[-1 + S
qrt[2]]) - ArcTanh[x/Sqrt[1 + Sqrt[2]]]/(4xSqrt[1 + Sqrt[2]11)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQla
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 0] || GtQ[b, 0])

Rule 1093

Int[((a_) + (b_)*(x_ )72 + (c_.)*x(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Distl[c/q, Int
[1/(b/2 + q/2 + c*xx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*axc,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2xc), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x~(n/2) + x
“n, xJ], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
*xaxc, 0] && EqQlc*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 2]11))

Rubi steps

+ Sqr
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1+ x* p 1f 1 P +1f 1
1-6x*+x8 2J 1-2v2x2 4+ x4 2J 142222 + x4

1f 1 P 1f 1 p +1f 1 p 1f 1
=— | ————dx—- | —————dx+~- | —————dx—— | ———
4J 12 +22 4J 1-2 +x2 4 142 +x2 4J 142+

) tan” [—m] tan” (E] tanh™ [—\/EJ ) tanh™ (m]
4\/—1+\/§

dx

441 +2 ' 44J-1+2 4+J1+2

Mathematica [A] time = 0.05, size = 111, normalized size = 0.95

41‘1[“1+\/§tan‘1[ \/;_1]—\/\6—1’(&&1‘1[ 1:-(\/5J+\[1+\/§tanh_l[—\/;_l]—\/ﬁtanh'l[ ljﬁ]]

Antiderivative was successfully verified.

[In] Integrate[(1 + x74)/(1 - 6*%x”4 + x78),x]

[Out] (Sqrt[1 + Sqrt[2]]*ArcTan[x/Sqrt[-1 + Sqrt[2]]] - Sqrt[-1 + Sqrt[2]]*ArcTan
[x/Sqrt[1 + Sqrt[2]]] + Sqrtl[1l + Sqrt[2]]*ArcTanh[x/Sqrt[-1 + Sqrt[2]]] - S
qrt[-1 + Sqrt[2]]*ArcTanh[x/Sqrt[1 + Sqrt[2]]1])/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+ x*
1.8
1-6x*+x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + x74)/(1 - 6*x~4 + x78),x]
[Out] IntegrateAlgebraic[(1 + x74)/(1 - 6*xx74 + x78), xI

fricas [B] time = 1.23, size = 181, normalized size = 1.55

B VB 1+ VB 1) LN o (N1 VB 1V 1) VN 1 o5 1NV 1 ) £V 1 ({5 1NV 1) 2V g (1 (V5 1) ) g N 1 (4 1) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-6*x"4+1),x, algorithm="fricas")

[Out] -1/2*sqrt(sqrt(2) + 1)*arctan(-x*sqrt(sqrt(2) + 1) + sqrt(x™2 + sqrt(2) - 1
)*sqrt(sqrt(2) + 1)) + 1/2xsqrt(sqrt(2) - 1)*arctan(-x*sqrt(sqrt(2) - 1) +
sqrt(x~2 + sqrt(2) + 1)*sqrt(sqrt(2) - 1)) - 1/8*sqrt(sqrt(2) - 1)x*log((sqr

t(2) + 1)*sqrt(sqrt(2) - 1) + x) + 1/8xsqrt(sqrt(2) - 1)*log(-(sqrt(2) + 1)
xsqrt(sqrt(2) - 1) + x) + 1/8*sqrt(sqrt(2) + 1)xlog(sqrt(sqrt(2) + 1)x*(sqrt

(2) - 1) + x) - 1/8*sqrt(sqrt(2) + 1)*xlog(-sqrt(sqrt(2) + 1)*x(sqrt(2) - 1)

+ x)

giac [A] time = 0.91, size = 123, normalized size = 1.05

—EV\/E—larctan [ +l\\/5+larctan L —lxﬁ—llng c+ V2 +1 X—\\/E+l
4 4 8

V21 N O e B
+ -

)

)+%\/ﬁlog(

)+é\/ﬁlog(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x74+1)/(x78-6*x"4+1),x, algorithm="giac")
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[Out] -1/4xsqrt(sqrt(2) - 1)*arctan(x/sqrt(sqrt(2) + 1)) + 1/4*xsqrt(sqrt(2) + 1)*
arctan(x/sqrt(sqrt(2) - 1)) - 1/8*sqrt(sqrt(2) - 1)*log(abs(x + sqrt(sqrt(2

) + 1))) + 1/8%sqrt(sqrt(2) - 1)*log(abs(x - sqrt(sqrt(2) + 1))) + 1/8*sqrt
(sqrt(2) + 1)x*log(abs(x + sqrt(sqrt(2) - 1))) - 1/8*sqrt(sqrt(2) + 1)xlog(a

bs(x - sqrt(sqrt(2) - 1)))

maple [A] time = 0.06, size = 78, normalized size = 0.67

arctanh | —— arctanh | —— arctan = arctan il
() enlgin) lg) ol

. 441 +2 44V2 -1 41 +42 4+JV2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4+1)/(x"8-6*x"4+1) ,x)

[Out] 1/4*arctan(x/(27(1/2)-1)"(1/2))/(27(1/2)-1)"(1/2)+1/4*arctanh(x/(27(1/2)-1)
~(1/2))/(27(1/2)-1)"(1/2)-1/4*arctan(x/(1+27(1/2))~(1/2)) / (1+27(1/2) ) ~(1/2)
-1/4*arctanh (x/(1+27(1/2))~(1/2))/ (1+27(1/2))~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f a2 +1 p
- dx
8—-6x4+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~4+1)/(x"8-6*x"4+1),x, algorithm="maxima"
[Out] integrate((x™4 + 1)/(x78 - 6*%x74 + 1), x)

mupad [B] time = 0.19, size = 233, normalized size = 1.99

atan[” V21491520 V2 \,54348\5.] 11 alan[“ V2+1 49152.+ V2 xV2+1 345\51] o +11i atan[“kﬁ 49152i \/E\‘pvi:«mm] N alan(“"ﬁi‘ Lo V2 xy-V2-1 mﬂm] 11
- +

4S16 V249152 34816 V249152 34816 V2 +49152 34816 V2 +49152 3416 V249152 34816 V249152 34816 V2 +49152 34816 V2 +49152
+
4 4 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4 + 1)/(x"8 - 6*%x"4 + 1),x)

[Out] (atan((x*x(1 - 27(1/2))7(1/2)%*49152i)/(34816%27(1/2) - 49152) - (27(1/2)*x*(
1 - 27(1/2))"(1/2)*348161) /(34816%27(1/2) - 49152))*(1 - 27(1/2))~(1/2)*1i)

/4 - (atan((x*x(27(1/2) + 1)7(1/2)*491521)/(34816%27(1/2) + 49152) + (27(1/2
)*xx*k(27(1/2) + 1)7(1/2)*348161)/(34816%27(1/2) + 49152))*(27(1/2) + 1)~(1/2
)*1i)/4 - (atan((x*(27(1/2) - 1)7(1/2)*491521)/(34816%27(1/2) - 49152) - (2
T(1/2)*xx(27(1/2) - 1)7(1/2)*348161)/(34816%27(1/2) - 49152))*(27(1/2) - 1)
“(1/2)*1i)/4 + (atan((x*(- 27(1/2) - 1)7(1/2)*49152i)/(34816%27(1/2) + 4915

2) + (27(1/2)*x*x (- 27(1/2) - 1)7(1/2)*348161)/(34816%27(1/2) + 49152))* (- 2
“(1/2) - 1)7(1/2)*1i) /4

sympy [A] time = 1.16, size = 49, normalized size = 0.42

RootSum (4096t* — 1282 — 1, ( — tlog (16384t° — 20t + x))) + RootSum (4096t + 12812 — 1, (¢ - tlog (16384 - 20t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**4+1)/(x**8-6*x**4+1) %)

[Out] RootSum(4096%_ tx*4 - 128%_t*x2 - 1, Lambda(_t, _t*log(16384*_t*x*5 - 20*_t +
x))) + RootSum(4096% t*x*4 + 128 t**2 - 1, Lambda(_t, _t*log(16384* t**5 -
20% t + x)))
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320 [

1+bx4+x8

Optimal. Leaf size=511

2-V2-b log(—\/Z—\/Z—bx+x2+1) 2-vV2-b log(\/Z—\/Z—bx+x2+1) JV2-b +21log

8V2-b 8V2-1b

Rubi [A] time = 0.36, antiderivative size = 511, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 20,

number of rules _ ),300, Rules used = {1421, 1169, 634, 618, 204, 628}

integrand size

V2T tog (2 VBT x e 41) 2B (V2 VBT e+ ) 2log (-7 + 1) VI 2 i0p(\NETT 2] VP ] [1] itz [ ] r+2mn"[vﬁ%z‘
8v2-b ) 2 b

7 - —
8V2-b 8v2-b 8V2-b P \F\/ﬁ =

Antiderivative was successfully verified.
[In] Int[(1 - x"4)/(1 + b*x"4 + x78),x]

[Out] -(Sqrt[2 + bl*ArcTan[(Sqrt[2 - Sqrt[2 - b]] - 2*x)/Sqrt[2 + Sqrt[2 - b]]11)/
(4xSqrt[2 - Sqrt[2 - bll*Sqrt[2 - b]) + (Sqrt[2 + bl*ArcTan[(Sqrt[2 + Sqrt[
2 - bl]] - 2%x)/Sqrt[2 - Sqrt[2 - bl]])/(4*Sqrt[2 + Sqrt[2 - b]]*Sqrt[2 - b]
) + (Sqrt[2 + b]*ArcTan[(Sqrt[2 - Sqrt[2 - bl] + 2*x)/Sqrt[2 + Sqrt[2 - b]l]
1)/(4*xSqrt[2 - Sqrt[2 - b]]l*Sqrt[2 - b]) - (Sqrt[2 + bl*ArcTan[(Sqrt[2 + Sq
rt[2 - b]] + 2%x)/Sqrt[2 - Sqrtl[2 - bl11)/(4*Sqrt[2 + Sqrt[2 - bll*Sqrt[2 -
b]) + (Sqrt[2 - Sqrt[2 - bll*Logl[l - Sqrt[2 - Sqrt[2 - bll*x + x72])/(8%Sq
rt[2 - b]) - (Sqrtl[2 - Sqrt[2 - bll*Log[l + Sqrt[2 - Sqrt[2 - bll*x + x~2])
/(8*Sqrt[2 - bl) - (Sqrt[2 + Sqrt[2 - bll*Logl[l - Sqrt[2 + Sqrt[2 - bll*x +
x"2])/(8*Sqrt[2 - bl) + (Sqrt[2 + Sqrt[2 - bll*Logl[l + Sqrt[2 + Sqrt[2 - b
11*x + x72])/(8*Sqrt[2 - bl)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4*axc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd — bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1169

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]
> With[{q = Rtla/c, 21}, With[{r = Rt[2*q - b/c, 2]}, Dist[1/(2%cxq*r), Int
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[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 1421

Int[((d_) + (e_)*(x_)"(n_))/((a_) + (b_.)*(x_)"(n_) + (c_)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(-2*d)/e - b/c, 2]}, Distle/(2%c*q), Int[(q - 2*x~
(n/2))/Simp[d/e + gq*x~(n/2) - x"n, x], x], x] + Distle/(2*c*q), Int[(q + 2%
x~(n/2))/Simp[d/e - g*x~(n/2) - x"n, x], x], x]] /; FreeQl[{a, b, c, d, e},
x] && EqQ[n2, 2*n] && NeQ[b~2 - 4*axc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[
n/2, 0] && 'GtQ[b~2 - 4xaxc, 0]

Rubi steps
V2-b +2:2 V2-b 242
f i f vied f i
1+ bx* + «8 2\/— 22 -b

\2-V2-b V2-b—(-2+V2-b )x \2- \/_b+ —2+V2-b )x \2+V2-b \/_ 241
f dx f dx f
1-+/2—- b x+x2 + 1++/2- b x+x2 1-4/2+ b X+X

42-V2-bV2-b 4\2-V2-b 4\2+v2-b

]

1( 2 )f 1 1( 2 )f
=—|-[-1+ dx|-=|-1+
A A T T, oy S I I AN R

1+\/2T/

2-vV2-b log(l— 2—\/2—bx+x2) 2-vV2-b 10g(1+\/2—\/2—bx+

8vV2 - b - 8vV2 - b

2+V2-b 2-v2-b

ot t[_) V>3 tan'! (L]
+ +

2+42-

4V2 -b 4V2 -b

Mathematica [C] time = 0.03, size = 57, normalized size = 0.11

#1* log(x — #1) — log(x — #1)
7 3 &
2#1° +#1°b

1
—ZRootSum [#18 +#1% + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 + b*x~4 + x78),x]

[Out] -1/4%RootSum[1 + b*#174 + #17°8 & , (-Loglx - #1] + Logl[x - #1]1*#174)/(bx#1~

3+ 2%#177) & ]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

4
—x

—  d

f1+bx4+x8 :

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 + bxx"4 + x78),x]
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[Out] IntegrateAlgebraic[(1 - x74)/(1 + bxx"4 + x78), x]
fricas [B] time = 1.35, size = 1443, normalized size = 2.82
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8+b*xx~4+1),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(((b~2 - 4*b + 4)*sqrt((b + 2)/(b"3 - 6%b~2 + 12%b - 8)
) = b)/(b72 - 4%b + 4)))*arctan(1l/2*sqrt(1/2)*(b"2 + (b~3 - 6*%b"2 + 12%b -
8)*sqrt((b + 2)/(b"3 - 6%xb~2 + 12%b - 8)) - 4xb + 4)*sqrt(x™2 + 1/2*sqrt(1/
2)*(b"2 + (b™3 - 6*%b72 + 12%b - 8)*sqrt((b + 2)/(b~3 - 6%b~2 + 12*%b - 8)) -
2xb) *sqrt (((b~2 - 4%b + 4)*sqrt((b + 2)/(b”"3 - 6%b~2 + 12%xb - 8)) - b)/(b~
2 - 4%b + 4)))*sqrt(sqrt(1/2)*sqrt(((b"2 - 4xb + 4)*sqrt((b + 2)/(b~3 - 6%b
"2 + 12%xb - 8)) - b)/(b72 - 4xb + 4)))*sqrt(((b72 - 4xb + 4)*sqrt((b + 2)/(
b~3 - 6%b™2 + 12%b - 8)) - b)/(b"2 - 4xb + 4)) - 1/2*sqrt(1/2)*((b~3 - 6%b~
2 + 12%b - 8)xx*sqrt((b + 2)/(b"3 - 6%b~2 + 12%b - 8)) + (b"2 - 4*b + 4)*x)
*sqrt (sqrt (1/2)*sqrt (((b72 - 4*xb + 4)xsqrt((b + 2)/(b"3 - 6%b~2 + 12*%b - 8)
) = b)/(b72 - 4xb + 4)))*sqrt(((b"2 - 4xb + 4)*sqrt((b + 2)/(b"3 - 6%b72 +
12%¥b - 8)) - b)/(b72 - 4*%b + 4))) + sqrt(sqrt(1/2)*sqrt(-((b~2 - 4*b + 4)x*s
grt((b + 2)/(b73 - 6%b~2 + 12*%b - 8)) + b)/(b"2 - 4xb + 4)))*arctan(-1/2*(s
qrt(1/2)* ("2 - (b™3 - 6%b”2 + 12%b - 8)*sqrt((b + 2)/(b"3 - 6%b™2 + 12%b -
8)) - 4xb + 4)*sqrt(x~2 + 1/2*sqrt(1/2)*(b"2 - (b~3 - 6%b~2 + 12%b - 8)*sq
rt((b + 2)/(b”3 - 6*%b™2 + 12%b - 8)) - 2*b)*sqrt(-((b"2 - 4*b + 4)*sqrt((b
+2)/(b73 - 6%b72 + 12%b - 8)) + b)/(b72 - 4%b + 4)))*sqrt(-((b"2 - 4%b + 4
Yksqrt((b + 2)/(b™3 - 6%b™2 + 12%b - 8)) + b)/(b"2 - 4xb + 4)) + sqrt(1/2)*
((b73 - 6%b~2 + 12*b - 8)*x*sqrt((b + 2)/(b~3 - 6%b"2 + 12*%b - 8)) - (b2 -
4xb + 4)*x)*sqrt(-((b"2 - 4*b + 4)*sqrt((b + 2)/(b”3 - 6%b~2 + 12xb - 8))
+ b)/ (72 - 4xb + 4)))*sqrt(sqrt(1/2)*sqrt(-((b~2 - 4xb + 4)*sqrt((b + 2)/(
b™3 - 6%b”2 + 12%b - 8)) + b)/(b"2 - 4xb + 4)))) + 1/4*xsqrt(sqrt(1/2)*sqrt(
-((b72 - 4xb + 4)*sqrt((b + 2)/(b™3 - 6%b"2 + 12*%b - 8)) + b)/(b"2 - 4*b +
4)))*log(1/2x((b"2 - 4xb + 4)*sqrt((b + 2)/(b"3 - 6%b”"2 + 12*%b - 8)) - b +
2)*sqrt (sqrt (1/2) *sqrt (-((b~2 - 4%b + 4)*sqrt((b + 2)/(b™3 - 6%xb~2 + 12%b -
8)) + b)/ (72 - 4xb + 4))) + x) - 1/4xsqrt(sqrt(1/2)*sqrt(-((b"2 - 4*xb + 4
Yksqrt((b + 2)/(b™3 - 6%b”™2 + 12%b - 8)) + b)/(b"2 - 4xb + 4)))*log(-1/2%((
b~2 - 4%b + 4)*sqrt((b + 2)/(b”™3 - 6*%b"2 + 12%xb - 8)) - b + 2)*sqrt(sqrt(1/
2)*sqrt (-((b"2 - 4*%b + 4)*sqrt((b + 2)/(b"3 - 6%b~2 + 12%b - 8)) + b)/(b"2
- 4xb + 4))) + x) - 1/4xsqrt(sqrt(1/2)*sqrt(((b"2 - 4xb + 4)*sqrt((b + 2)/(
b"3 - 6%b™2 + 12%b - 8)) - b)/(b"2 - 4%b + 4)))*log(1/2%((b~2 - 4%b + 4)*sq
rt((b + 2)/(b73 - 6*%b™2 + 12%b - 8)) + b - 2)*sqrt(sqrt(1/2)*sqrt(((b"2 - 4
*b + 4)*xsqrt((b + 2)/(b73 - 6%b"2 + 12*%b - 8)) - b)/(b™2 - 4xb + 4))) + x)
+ 1/4*%sqrt(sqrt(1/2)*sqrt(((b"2 - 4*%b + 4)*sqrt((b + 2)/(b"3 - 6%xb~2 + 12xb
- 8)) - b)/(b"2 - 4*%b + 4)))*log(-1/2%((b"2 - 4*b + 4)*sqrt((b + 2)/(p"3 -
6%b~2 + 12xb - 8)) + b - 2)*sqrt(sqrt(1/2)*sqrt(((b"2 - 4xb + 4)*sqrt((b +
2)/(073 - 6%b”2 + 12xb - 8)) - b)/(b72 - 4xb + 4))) + x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+b*x"4+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;0UTPUT:Evaluation time: 0.75Unable to convert to re
al 1/4 Error: Bad Argument Value
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maple [C] time = 0.00, size = 44, normalized size = 0.09

(— RootOf (78 +b_7* +1) + 1) In (~RootOf (_Z° +b_7* +1) +x)

8 RootOf (_28 +b 74+ 1)7 + 4 RootOf (_28 +b 7+ 1)3 b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8+b*x"4+1),x)
[Out] 1/4*sum((-_R74+1)/(2* _R~7+ R"3*b)*1n(- R+x), R=Root0f( _Z~8+ Z~4x*b+1))
maxima [F] time = 0.00, size = 0, normalized size = 0.00

4
x* -1
- f =g
x® +bx* +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+b*x~4+1),x, algorithm="maxima")
[Out] -integrate((x™4 - 1)/(x"8 + b*x™4 + 1), x)

mupad [B] time = 3.74, size = 5341, normalized size = 10.45
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(b*x"4 + x~8 + 1) ,x)

[Out] - atan((((-(4*b + ((b - 2)75x(b + 2))~(1/2) - 4*xb”2 + b~3)/(512*x(24%b"2 - 3
2x%b - 8%b~3 + b74 + 16)))"(1/4)*(256%b + ((-(4*%b + ((b - 2)75x(b + 2))~(1/2
) - 4%b”2 + b~3)/(512%(24%b”2 - 32%b - 8%b~3 + b™4 + 16))) " (1/4)*(262144%b
- 196608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 2
62144) + x*x(32768%b - 65536%xb~2 - 32768%b~3 + 20480%b~4 + 10240%b~5 - 2048%
b~6 - 1024%b~7 + 65536))*(-(4*xb + ((b - 2)76x(b + 2))7(1/2) - 4%b~"2 + b~3)/
(512%(24*%b~2 - 32%b - 8*%b~3 + b4 + 16)))"(3/4) - 64*b~3 - 16%b~4 + 256) -
x*(32%b + 48%b"2 + 24xb"3 + 4xb"4))*x(-(4xb + ((b - 2)75x(b + 2))"(1/2) - 4%
b~2 + b73)/(512%(24*%b~2 - 32%b - 8*%b~3 + b4 + 16))) " (1/4)*1i - ((-(4%b + (
(b = 2)76%(b + 2))7(1/2) - 4%b~2 + b~3)/(512%(24%b"2 - 32*b - 8*b~3 + b~4 +
16)))"(1/4)*(256%b + ((-(4xb + ((b - 2)75x(b + 2))~(1/2) - 4%b~2 + b~3)/(5
12%(24xb~2 - 32%b - 8*b~3 + b™4 + 16)))”(1/4)*(262144xb - 196608*b~"2 - 1966
08%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144) - x*(32768%b
- 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240%b~5 - 2048%b~6 - 1024*b”~7 + 65
536))*(=(4xb + ((b - 2)75x(b + 2))~(1/2) - 4%b~2 + b~3)/(512*%(24xb~2 - 32*Db
- 8%b”"3 + b™4 + 16)))"(3/4) - 64%b~3 - 16%xb~4 + 256) + x*(32%b + 48%b~2 +
24*b~3 + 4xb~4))*x(-(4xb + ((b - 2)75x(b + 2))7(1/2) - 4%b~2 + b~3)/(512%(24
*b™2 - 32%b - 8%b”3 + b4 + 16)))"(1/4)*1i)/(((-(4*b + ((b - 2)75*(b + 2))~
(1/2) - 4%b™2 + b~3)/(512%(24%b"2 - 32%b - 8*b~3 + b~4 + 16))) " (1/4)*(256%b
+ ((-(4%b + ((b - 2)76x(b + 2))7(1/2) - 4%b~2 + b~3)/(512%x(24%b"2 - 32*b -
8%b~3 + b4 + 16)))"(1/4)*(262144%b - 196608*b~2 - 196608%b~3 + 49152%b~4
+ 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144) + x*(32768*b - 65536%b~2 - 3276
8%b~3 + 20480*b~4 + 10240%b~5 - 2048%b~6 - 1024%b~7 + 65536))*(-(4*b + ((b
- 2)75x(b + 2))7(1/2) - 4xb~2 + b73)/(512*%(24*b~2 - 32%b - 8*b~3 + b™4 + 16
)))"(3/4) - 64%b~3 - 16*b~4 + 256) - x*x(32*%b + 48*b~2 + 24x%b"3 + 4xb~4))*(-
(4%b + ((b - 2)75x(b + 2))~(1/2) - 4xb~2 + b~3)/(512%(24%xb~2 - 32%b - 8*b~3
+ b4 + 16)))"(1/4) + ((-(4xb + ((b - 2)75x(b + 2))~(1/2) - 4xb~2 + b~3)/(
512%(24*b~2 - 32%b - 8%b"3 + b~4 + 16)))~(1/4)*(256*%b + ((-(4*b + ((b - 2)~
5x(b + 2))~(1/2) - 4xb~2 + b~3)/(512%(24*b~2 - 32%b - 8%b~3 + b™4 + 16)))~(
1/4)*(262144%b - 196608%b~2 - 196608*b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6
- 4096%b”7 + 262144) - x*(32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10
240%b"5 - 2048*b~6 - 1024*b~7 + 65536))*(-(4*b + ((b - 2)75x(b + 2))"(1/2)
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- 4%b~2 + b~3)/(512%(24%b"2 - 32%b - 8*%b~3 + b4 + 16)))"(3/4) - 64*b~3 - 1
6%b~4 + 256) + x*x(32%b + 48%b”2 + 24*%b~3 + 4xb"4))*x(-(4xb + ((b - 2)75x(b +
2))7(1/2) - 4%b"2 + b~3)/(512%(24%xb"2 - 32%xb - 8%b~3 + b™4 + 16)))~(1/4)))
*(=(4%b + ((b = 2)7Bx(b + 2))"(1/2) - 4*xb~"2 + b~3)/(512%(24%b~2 - 32%xb - 8%
b3 + b™4 + 16)))"(1/4)*%2i - 2*atan((((-(4xb + ((b - 2)756*x(b + 2))7(1/2) -
4%xb~2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b~ 4 + 16)))~(1/4)*(((-(4*b + ((b
- 2)75%(b + 2))7(1/2) - 4xb~2 + b73)/(512%(24xb~2 - 32%b - 8*b~3 + b™4 + 1
6))) " (1/4)*(262144*%b - 196608%b~2 - 196608%b~3 + 49152*%b~4 + 49152%b~5 - 40
96%b~6 - 4096%b~7 + 262144)*1i + x*(32768%b - 65536%b~2 - 32768%b~3 + 20480
*b~4 + 10240%b~5 - 2048%b~6 - 1024*b~7 + 65536))*(-(4%b + ((b - 2)"5x(b + 2
))"(1/2) - 4%b”2 + b”3)/(512%(24%b"2 - 32%b - 8%b~3 + b~4 + 16))) " (3/4)*1i
- 2656%b + 64*%b"3 + 16*b~4 - 256)*1i + x*(32%b + 48%b"2 + 24%b”3 + 4*xb~4))*(
-(4%b + ((b - 2)75x(b + 2))°(1/2) - 4xb~2 + b~3)/(512%x(24%b~2 - 32%b - 8%b~
3+ b4+ 16)))°(1/4) - ((-(4*b + ((b - 2)75*x(b + 2))~(1/2) - 4*b"2 + b~3)/
(512%(24*b”™2 - 32%b - 8%b™3 + b™4 + 16))) " (1/4)*(((-(4*b + ((b - 2)"5*(b +
2))7(1/2) - 4%b™2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b~4 + 16))) " (1/4)*(2
62144xb - 196608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096
*xb~7 + 262144)*1i - x*(32768*%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240%
b~5 - 2048%b~6 - 1024*b~7 + 65536))*(-(4*b + ((b - 2)75x(b + 2))~(1/2) - 4%
b~2 + b~3)/(512%x(24*%b"2 - 32%b - 8%b~3 + b~4 + 16)))~(3/4)*1i - 256%b + 64%
b~3 + 16%b~4 - 256)*%1i - x*(32%b + 48%b~2 + 24xb~3 + 4xb~4))*x(-(4*b + ((b -
2)"5x(b + 2))7(1/2) - 4%b™2 + b73)/(512%(24%b™2 - 32*%b - 8*b~3 + b4 + 16)
))"(1/4))/(((-(4%b + ((b - 2)75*(b + 2))~(1/2) - 4%b~2 + b~3)/(512%(24%b"2
- 32%b - 8*b~3 + b74 + 16)))7(1/4)*(((-(4*b + ((b - 2)75x(b + 2))7(1/2) - 4
*b~2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b~4 + 16)))~(1/4)*(262144xb - 196
608%b~2 - 196608*b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144
)*¥1i + x*(32768%b - 65536%b~2 - 32768%b~3 + 20480*b~4 + 10240%b~5 - 2048%b"~
6 - 1024%b~7 + 65536))*(-(4xb + ((b - 2)75*x(b + 2))~(1/2) - 4*b~2 + b~3)/(5
12*%(24%b"2 - 32+%b - 8*b"3 + b4 + 16)))~(3/4)*1i - 256%b + 64*b~3 + 16*b~4
- 256)*1i + x*x(32%b + 48%b"2 + 24*xb"3 + 4xb"4))*x(-(4xb + ((b - 2)"5x(b + 2)
)"(1/2) - 4%b”2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b™4 + 16)))"(1/4)*1i +
((=(4xb + ((b - 2)75x(b + 2))7(1/2) - 4%xb~2 + b~3)/(512%(24xb~2 - 32%b - 8
*b~™3 + b74 + 16))) " (1/4)*x(((-(4xb + ((b - 2)76*x(b + 2))~(1/2) - 4*%b"2 + b~3
)/ (512%(24%b~2 - 32%xb - 8%b~3 + b4 + 16))) " (1/4)*(262144%b - 196608%b~2 -
196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144)*1i - x*(
32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240%b~5 - 2048%b~6 - 1024%*b
~7 + 65536))*%(-(4xb + ((b - 2)75*x(b + 2))~(1/2) - 4%b~2 + b~3)/(512%x(24%b"~2
- 32%b - 8%b”™3 + b™4 + 16)))"(3/4)*1i - 256%b + 64xb~3 + 16%b"4 - 256)*1i
- x*%(32%b + 48%b~2 + 24*xb~3 + 4xb~4))*x(-(4xb + ((b - 2)75x(b + 2))~(1/2) -
4xb~2 + b~3)/(512%(24%b~2 - 32%b - 8%b~3 + b™4 + 16)))"(1/4)*1i))*(-(4%b +
((b - 2)75x(b + 2))~(1/2) - 4%b~2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b4
+ 16)))"(1/4) - atan((((-(4%b - ((b - 2)75%(b + 2))~(1/2) - 4%b~2 + b~3)/(5
12%x(24*b~2 - 32%b - 8%b”"3 + b™4 + 16))) " (1/4)*(256*b + ((-(4*b - ((b - 2)75
x(b + 2))7(1/2) - 4%b™2 + b~3)/(512%x(24%b"2 - 32%b - 8%b~3 + b™4 + 16)))~(1
/4)*(262144%b - 196608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6
- 4096%b~7 + 262144) + x*(32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 102
40%b~5 - 2048%b~6 - 1024*b~7 + 65536))*(~(4xb - ((b - 2)76x(b + 2))~(1/2) -
4xb~2 + b~3)/(512%(24*b~2 - 32%b - 8%b~3 + b~4 + 16)))~(3/4) - 64%b~3 - 16
*b"4 + 256) - x*x(32%b + 48%b”2 + 24*%xb~3 + 4xb"4))*x(-(4xb - ((b - 2)75x(b +
2))"(1/2) - 4%b~2 + b~3)/(512%(24%b"2 - 32%b - 8%xb~3 + b~4 + 16)))~(1/4)*1i
- ((-(4*b = ((b = 2)75%(b + 2))°(1/2) - 4*xb”2 + b~3)/(512%(24%b"2 - 32*b -
8%b"3 + b74 + 16)))"(1/4)*(256%b + ((-(4xb - ((b - 2)756x(b + 2))~(1/2) - 4
*b~2 + b~3)/(512%(24*b~2 - 32%b - 8%b~3 + b~4 + 16)))~(1/4)*(262144xb - 196
608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144
) - x*(32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240%b~5 - 2048%b~6 -
1024%b”7 + 65536))*(-(4*b - ((b = 2)75x(b + 2))~(1/2) - 4*b™2 + b~3)/(512%
(24%xb~2 - 32%b - 8*%b"3 + b~4 + 16)))"(3/4) - 64*b~3 - 16%b~4 + 256) + x*(32
*b + 48%b72 + 24*%xb~3 + 4xb"4))*x(-(4xb - ((b - 2)75x(b + 2))"(1/2) - 4xb"2 +
b~3)/(512%x(24%b~2 - 32%b - 8%b~3 + b~4 + 16)))~(1/4)*1i)/(((-(4*b - ((b -
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2)"5x(b + 2))~(1/2) - 4%b~2 + b~3)/(512%(24%b"2 - 32%b - 8*b~3 + b~4 + 16))
)~ (1/4)*(256%b + ((-(4xb - ((b - 2)75x(b + 2))7(1/2) - 4%b~2 + b~3)/(512%(2
4xb~2 - 32%b - 8%b”3 + b~4 + 16)))"(1/4)*(262144%b - 196608*b~2 - 196608*b™
3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 262144) + x*(32768*b - 65
536%b~2 - 32768*b~3 + 20480%b~4 + 10240%b~5 - 2048%b~6 - 1024%b~7 + 65536))
*(—(4xb - ((b - 2)7°5x(b + 2))"(1/2) - 4%b~2 + b~3)/(512%x(24%b"2 - 32%b - 8%
b~3 + b™4 + 16)))"(3/4) - 64xb~3 - 16%b~4 + 256) - x*(32%b + 48%b~2 + 24x%b"
3 + 4%b74))*x(-(4x¥b - ((b - 2)75*x(b + 2))°(1/2) - 4*b"2 + b~3)/(512*%(24*b"2
- 32%b - 8%b73 + b74 + 16)))7(1/4) + ((-(4xb - ((b - 2)76x(b + 2))~(1/2) -
4xb~2 + b~3)/(512%(24*%b"2 - 32%b - 8%b~3 + b~4 + 16)))~(1/4)*(256%b + ((-(4
xb — ((b - 2)75*x(b + 2))~(1/2) - 4xb~2 + b~3)/(512%(24xb~2 - 32%b - 8%b~3 +
b~4 + 16)))~(1/4)*(262144xb - 196608%b~2 - 196608*b~3 + 49152%b~4 + 49152%
b~5 - 4096%b~6 - 4096%b~7 + 262144) - x*(32768%b - 65536%b~2 - 32768%b~3 +
20480*b~4 + 10240%b~5 - 2048%b~6 - 1024%b~7 + 65536))*(-(4*b - ((b - 2)~5x*(
b+ 2))°(1/2) - 4%b”2 + b~3)/(512*%(24%b~2 - 32*%b - 8%b~3 + b™4 + 16)))~(3/4
) — 64xb~3 - 16%b"4 + 256) + x*x(32%b + 48*b”"2 + 24*b~3 + 4xb"4))*(-(4xb - (
(b = 2)75%(b + 2))7(1/2) - 4%b~2 + b~3)/(512%(24%b"2 - 32*b - 8*b~3 + b~4 +
16)))"(1/4)))*(-(4%b - ((b - 2)75%x(b + 2))~(1/2) - 4%b~2 + b~3)/(512%(24xDb
~2 - 32%b - 8*%b~3 + b™4 + 16)))"(1/4)*2i - 2*atan((((-(4*b - ((b - 2)°5%(b
+ 2))7(1/2) - 4%b"2 + b~3)/(512%(24%b"2 - 32%b - 8%b~3 + b~4 + 16))) "~ (1/4)*
(((=(4xb = ((b - 2)75*%(b + 2))°(1/2) - 4*xb~2 + b~3)/(512%x(24*b"2 - 32%b - 8
*b~3 + b™4 + 16)))"(1/4)*(262144%b - 196608*b~2 - 196608%b~3 + 49152%b~4 +
49152%b~5 - 4096%b~6 - 4096%b~7 + 262144)*1i + x*(32768%b - 65536%b~2 - 327
68*b~3 + 20480%b~4 + 10240%b~5 - 2048%b~6 - 1024*b~7 + 65536))*(-(4%b - ((b
- 2)75x(b + 2))7(1/2) - 4%xb~2 + b73)/(512%(24%xb"2 - 32%b - 8*xb~3 + b™4 + 1
6)))"(3/4)*1i - 256%b + 64%b~3 + 16%b~4 - 256)*1i + x*(32%b + 48%b~2 + 24%b
~3 + 4%b74))*(-(4xb - ((b - 2)7B*x(b + 2))~(1/2) - 4%b~2 + b~3)/(512%x(24%b"~2
- 32*%b - 8*%b”3 + b74 + 16)))7(1/4) - ((-(4*xb - ((b - 2)76x(b + 2))~(1/2) -
4xb~2 + 173)/(512%(24xb"2 - 32%b - 8*%b"3 + b™4 + 16))) " (1/4)*(((-(4%b - ((
b - 2)75x(b + 2))7(1/2) - 4%¥b"2 + b~3)/(512%(24*b"2 - 32*b - 8*b~3 + b4 +
16)))~(1/4)*(262144%b - 196608*b~2 - 196608*b~3 + 49152%xb~4 + 49152%b~5 - 4
096%b~6 - 4096%b~7 + 262144)*1i - x*(32768%b - 65536%b~2 - 32768%b~3 + 2048
0%b~4 + 10240%b~5 - 2048xb~6 - 1024*b~7 + 65536))*(-(4xb - ((b - 2)"5*(b +
2))"(1/2) - 4%b~2 + b~3)/(512%(24%xb"2 - 32%b - 8%xb~3 + b~4 + 16)))~(3/4)*1i
- 256*%b + 64*xb~3 + 16%b"4 - 256)*1i - x*(32*b + 48*b~2 + 24xb~3 + 4%b”4))x*
(-(4%b - ((b - 2)75%(b + 2))"(1/2) - 4%b~2 + b~3)/(512%(24%b~2 - 32xb - 8x*b
"3+ b4+ 16)))7(1/4))/(((=(4xb = ((b - 2)75*%(b + 2))7(1/2) - 4*b~2 + b~3)
/(512%(24%b™2 - 32*%b - 8%b~3 + b™4 + 16))) " (1/4)*(((-(4*b - ((b - 2)"5x(b +
2))7"(1/2) - 4%b~2 + b~3)/(512%(24%xb~2 - 32%b - 8%b~3 + b™4 + 16)))~(1/4)*(
262144xb - 196608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 409
6%b~7 + 262144)*1i + x*(32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240
*b~5 - 2048%b~6 - 1024*b~7 + 65536))*(-(4*xb - ((b - 2)76x(b + 2))7(1/2) - 4
*b~2 + b~3)/(512%(24%b~2 - 32%b - 8%b~3 + b~4 + 16)))"(3/4)*1i - 256%b + 64
*b"3 + 16%b~4 - 256)*1i + x*(32%b + 48%b~2 + 24*xb~3 + 4xb~4))*x(-(4xb - ((b
- 2)75x(b + 2))7(1/2) - 4xb~2 + b73)/(512*%(24*b~2 - 32%b - 8*b~3 + b™4 + 16
M) (1/4)*1i + ((=(4*%b - ((b = 2)75x(b + 2))~(1/2) - 4xb~2 + b~3)/(512*(24x%
b"2 - 32%b - 8%b”3 + b4 + 16))) " (1/4)*(((-(4xb - ((b - 2)75*x(b + 2))~(1/2)
- 4%b”2 + b73)/(512%(24%b"2 - 32%b - 8%b~3 + b~4 + 16))) " (1/4)*(262144xb -
196608%b~2 - 196608%b~3 + 49152%b~4 + 49152%b~5 - 4096%b~6 - 4096%b~7 + 26
2144)*1i - x*(32768%b - 65536%b~2 - 32768%b~3 + 20480%b~4 + 10240%b~5 - 204
8*b~6 - 1024%b~7 + 65536))*(-(4*b - ((b - 2)75x(b + 2))7(1/2) - 4*xb~2 + b~3
)/ (512%(24%b~2 - 32xb - 8%b~3 + b4 + 16)))"(3/4)*1i - 256%b + 64%b~3 + 16%
b~4 - 256)*1i — x*(32%b + 48%b~2 + 24%b~3 + 4%b~4))*x(-(4xb - ((b - 2)"5x(b
+ 2))7(1/2) - 4%b~2 + b~3)/(512%x(24*%b~2 - 32%b - 8%b~3 + b~4 + 16)))~(1/4)*
11))*(=(4xb - ((b - 2)75x(b + 2))"(1/2) - 4%b~2 + b~3)/(512%(24*b"2 - 32*b
- 8%b~3 + b4 + 16)))"(1/4)

sympy [A] time = 3.63, size = 76, normalized size = 0.15

—RootSum (£ (65536b* ~ 5242881° + 1572864b% — 2097152b + 1048576) + t* (2561° ~ 1024b% +1024b) + 1, (£ > tlog (1024652 — 4096t5D + 409615 + 4th — 4t + x)))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8+b*xx*x*4+1) ,x)

[Out] -RootSum(_t**8%(65536xb**4 — 524288%b**3 + 1572864*bx*2 - 2097152*b + 10485
76) + _tx*k4x(256%b**3 - 1024*xb*x2 + 1024%b) + 1, Lambda(_t, _t*xlog(1024x_t*
x5xb*x2 — 4096* t*x*5xb + 4096* tx*5 + 4* txb - 4x t + x)))
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321 [

1+3x4+x8

Optimal. Leaf size=411

_\4/3+\/§ log(2x2—214/2(3—\/§)x+1/2(3—\/g))+\4/3+\/§ log(2x2+2,4/2(3—\/§)x+1/2(3—w

4 23/4 4 23/4

Rubi [A] time = 0.32, antiderivative size = 411, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 7, integrand size = 20,

number of rules — 0350’ Rules used = {1420, 211, 1165, 628, 1162, 617, 204}

integrand size

o = = ——  —=\ — o — —— o) TR s e o I - 4
v ,,(“7 G- V8)x+ \2(-5)) V3 ( 232(3-v5)x+2(3-5 r;,vg,u,[zlﬂu 3+ )xs 23 ,;]) hva ,(-;;‘2\‘234\/; ‘“W;)] V’Jwv:mn‘lv V?] 3\»@mn‘ﬁ-\] & \,Slmv‘[v k] 3 vsm'[jw]

Antiderivative was successfully verified.
[In] Int[(1l - x74)/(1 + 3*x"4 + x78),x]

[Out] -((3 + Sqrt[5])~(1/4)*ArcTan[1 - (27(3/4)*x)/(3 - Sqrt[5]1)~(1/4)]1)/(2%2"(3/
4)) + ((3 + Sqrt[6])~(1/4)*ArcTan[1 + (27(3/4)*x)/(3 - Sqrt[5]1)~(1/4)1)/ (2%
27(3/4)) + ((3 - Sqrt[5])~(1/4)*ArcTan[1 - (27(3/4)*x)/(3 + Sqrt[5]1)~(1/4)]

)/ (2%27(3/4)) - ((3 - Sqrt[5])~(1/4)*ArcTan[1 + (27(3/4)*x)/(3 + Sqrt[5]1)~(
1/4)1)/(2%27(3/4)) - ((3 + Sqrt[5])~(1/4)*Log[Sqrt[2*(3 - Sqrt[5])] - 2% (2%

(3 - Sqrt[51))~(1/4)*x + 2%x72])/(4%27(3/4)) + ((3 + Sqrt[5])~(1/4)*Log[Sqr
t[2%x(3 - Sqrt[6])] + 2x(2%(3 - Sqrt[5]1))~(1/4)*x + 2*x~2])/(4%27(3/4)) + ((

3 - Sqrt[5])~(1/4)*Log[Sqrt[2*(3 + Sqrt[5]1)] - 2*(2*(3 + Sqrt[5]1))~(1/4)*x

+ 2%x72])/(4%x27(3/4)) - ((3 - Sqrt[5])~(1/4)*LoglSqrt[2*(3 + Sqrt[5])] + 2%

(2% (3 + 8qrt[5]1))~(1/4)*x + 2*x~2])/(4%27(3/4))

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 211

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]]}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*xr), Int[(r + s*x~2)/(a + b*x"4), x], x]] /; FreeQ[{a, b
}, x] & (GtQ[a/b, 0] || (PosQla/b] && AtomQ[SplitProduct[SumBaseQ, all]l &&
AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[ql] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 1162

Int[((d) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2xd) /e, 21}, Distle/(2*c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
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/(2xc), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, 4, e}, x] &
& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2*%d) /e, 21}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Distl[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x72, x], x], x]] /; Fre
eQ[{a, c, d, e}, x] && EqQ[c*d"2 - a*e”2, 0] && NegQ[dx*e]

Rule 1420

Int[((d) + (e_)*x(x )" (m))/((a) + (b_)*(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2*cxd - bxe)/(2%q),

Int[1/(b/2 - q/2 + c*x"n), x], x] + Dist[e/2 - (2%c*d - bxe)/(2xq), Int[1/(
b/2 + q/2 + c*x"n), x], x1] /; FreeQ[{a, b, ¢, d, e, n}, x] && EqQ[n2, 2#n]
&& NeQ[b~2 - 4xa*xc, 0] && EqQ[cxd™2 - a*e”2, 0] &% IGtQ[n/2, 0] && GtQ[b~2
- 4xaxc, 0]

Rubi steps

4

1-x 1 1
f1+3x4+x8dx:§(_1_\/g)f§ RERN dx+ 1+\/_ f \/_ d

2

2
f \/3—\/5 V22 dx f \/3- \/E +\/§x f \/3+\/_ \/Ex f \l3+\/§ +\/§x

g—§+x4 ——+xt - —+ 4
242 2«/5 2\/5 2«/5

:Zf\/é(s—\/g)—42(3—\/§)x+x2dx+1f\/ ~(3-5) + ( V5)x + 22

[

\4/3+\/§log(\/2(3—\/§)—242(3— x+2x) \3 +x/_10g(,/ V5) -

4 23/4

3/4 3/4 3/4 3/4
tan!|1 - 42 ad tan |1+ 42 ad tan!|1 - 27 tan~! 1+42—x
3-45 3-45 \/3+\/' \3+v5
= +

22(3-5) 22(3-5 242(3+5) 242(3+x/§)

Mathematica [C] time = 0.01, size = 57, normalized size = 0.14

#1* log(x — #1) — log(x — #1)
2#17 + 3#1°

1
—ZRootSum '#18 +3#1% +1&,

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 + 3*x"4 + x78),x]

[Out] -1/4*RootSum[1 + 3*#174 + #178 & , (-Loglx - #1] + Loglx - #1]x#174)/(3*#1"
3+ 2%#177) & ]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

4
—x
— d
f1+3x4+x8 *
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Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 + 3*x"4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 + 3*x"4 + x78), x]
fricas [B] time = 1.58, size = 894, normalized size = 2.18
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+3*x74+1),x, algorithm="fricas")

[Out] 1/16*(sqrt(5)*sqrt(2) - 3xsqrt(2))*(2*sqrt(5) + 6)~(3/4)*sqrt(sqrt(s) + 3)*
arctan(1/16*sqrt (4*x~2 - sqrt(2*sqrt(5) + 6)*(sqrt(5) - 3) + 2*(sqrt(5)*x -
x)*(2%sqrt(5) + 6)7(1/4))*(sqrt(5)*sqrt(2) - 2*sqrt(2))*(2xsqrt(5) + 6)7(5
/4)*sqrt(sqrt(5) + 3) - 1/8x(sqrt(b)*sqrt(2)*x - 2xsqrt(2)*x)*(2*sqrt(5) +
6)~(5/4)*sqrt(sqrt(5) + 3) + 1/8*(sqrt(5)*sqrt(2) - 3xsqrt(2))*sqrt(2*sqrt(
5) + 6)*sqrt(sqrt(5) + 3)) + 1/16%(sqrt(5)*sqrt(2) - 3*sqrt(2))*(2*xsqrt(5)
+ 6)7(3/4)*sqrt(sqrt(5) + 3)*arctan(1/16*sqrt(4*x~2 - sqrt(2*sqrt(5) + 6)*(
sqrt(5) - 3) - 2x(sqrt(b)*x - x)*x(2*sqrt(5) + 6)7(1/4))*(sqrt(5)*sqrt(2) -
2xsqrt (2) ) *(2*sqrt(5) + 6)~(5/4)*sqrt(sqrt(5) + 3) - 1/8%(sqrt(5)*sqrt(2)*x
- 2%sqrt(2)*x)*x(2xsqrt(5) + 6)~(5/4)*sqrt(sqrt(5) + 3) - 1/8*(sqrt(5)*sqrt
(2) - 3*sqrt(2))*sqrt(2xsqrt(5) + 6)xsqrt(sqrt(b5) + 3)) + 1/16*(sqrt(5)*sqr
t(2) + 3x*sqrt(2))*sqrt(-sqrt(5) + 3)*(-2*sqrt(5) + 6)~(3/4)*arctan(1/16*sqr
t(4*x72 + (sqrt(5) + 3)*sqrt(-2xsqrt(5) + 6) + 2x(sqrt(5)*x + x)*(-2xsqrt(5
) + 6)7(1/4))*(sqrt(B)*sqrt(2) + 2*sqrt(2))*sqrt(-sqrt(5) + 3)*(-2xsqrt(5)
+ 6)7(5/4) - 1/8%((sqrt(5)*sqrt(2)*x + 2xsqrt(2)*x)*(-2*xsqrt(5) + 6)7(5/4)
+ (sqrt(b5)*sqrt(2) + 3*sqrt(2))*sqrt(-2*sqrt(5) + 6))*sqrt(-sqrt(b) + 3)) +
1/16*(sqrt (5) *sqrt(2) + 3*sqrt(2))*sqrt(-sqrt(5) + 3)*(-2*sqrt(5) + 6)~(3/
4)*arctan(1/16*sqrt (4*x~2 + (sqrt(5) + 3)*sqrt(-2xsqrt(5) + 6) - 2x(sqrt(b)
*x + x)*(-2%sqrt(5) + 6)7(1/4))*(sqrt(5)*sqrt(2) + 2xsqrt(2))*sqrt(-sqrt(5)
+ 3)x(-2xsqrt(5) + 6)7(5/4) - 1/8+((sqrt(b)*sqrt(2)*x + 2xsqrt(2)*x)*(-2*s
qrt(5) + 6)7(5/4) - (sqrt(5)*sqrt(2) + 3xsqrt(2))*sqrt(-2xsqrt(5) + 6))*sqr
t(-sqrt(5) + 3)) + 1/8%x(2xsqrt(5) + 6)7(1/4)*log(4*x~2 - sqrt(2*sqrt(b) + 6
)*(sqrt(5) - 3) + 2x(sqrt(5)*x - x)*(2*sqrt(5) + 6)~(1/4)) - 1/8*(2*sqrt(5)
+ 6)7(1/4)*1og(4*x"2 - sqrt(2*sqrt(5) + 6)*(sqrt(5) - 3) - 2x(sqrt(5)*x -
x)*x(2xsqrt(5) + 6)7(1/4)) - 1/8%(-2xsqrt(5) + 6)7(1/4)*log(4*x"2 + (sqrt(5)
+ 3)*sqrt(-2*sqrt(b5) + 6) + 2*(sqrt(5)*x + x)*(-2*sqrt(5) + 6)~(1/4)) + 1/
8% (-2*xsqrt (5) + 6)~(1/4)*1log(4*xx~2 + (sqrt(5) + 3)*sqrt(-2xsqrt(5) + 6) - 2
*(sqrt (5)*x + x)*(-2xsqrt(5) + 6)7(1/4))

giac [A] time = 0.69, size = 223, normalized size = 0.54

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8+3xx74+1),x, algorithm="giac")

[Out] 1/16%(pi + 4*arctan(x*sqrt(sqrt(5) + 1) + 1))*sqrt(sqrt(b5) + 1) - 1/16x*(pi
+ 4xarctan(-x*sqrt(sqrt(5) + 1) + 1))*sqrt(sqrt(5) + 1) - 1/16%(pi + 4xarct
an(x*sqrt(sqrt(5) - 1) - 1))*sqrt(sqrt(s) - 1) + 1/16*(pi + 4*arctan(-x*sqr
t(sqrt(6) - 1) - 1))*sqrt(sqrt(5) - 1) - 1/8*sqrt(sqrt(5) - 1)*1og(2500%(x

+ sqrt(sqrt(b) + 1))72 + 2500%x72) + 1/8*sqrt(sqrt(5) - 1)*1log(2500%(x - sq
rt(sqrt(5) + 1))72 + 2500%x~2) + 1/8*sqrt(sqrt(5) + 1)*log(1156*(x + sqrt(s
qrt(5) - 1))72 + 1166%x72) - 1/8*sqrt(sqrt(5) + 1)*log(1156*(x - sqrt(sqrt(

5) - 1))72 + 1156%x72)
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maple [C] time = 0.01, size = 44, normalized size = 0.11

(— RootOf (_28 +3 7%+ 1)4 + 1) In (— RootOf (_28 +3 7%+ 1) + x)

8 RootOf (_28 +3 74+ 1)7 + 12 RootOf (_28 +3 74+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8+3*x"4+1) ,x)
[Out] 1/4%sum((- R~4+1)/(2% R~7+3% R~3)*1n(- R+x), R=Root0f ( Z~8+3% Z~4+1))
maxima [F]  time = 0.00, size = 0, normalized size = 0.00
xt-1
- | ————14a
fxg MEYTI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+3%x"4+1),x, algorithm="maxima")
[Out] -integrate((x™4 - 1)/(x78 + 3*x™4 + 1), x)

mupad [B] time = 1.68, size = 447, normalized size = 1.09

" “,LT;,»\T e xlfy‘:‘»\*\]((’)” " L[H\;,‘:v\ﬁ\ (,;\:

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(3*x”4 + x”8 + 1),x)

[Out] (27(3/4)*atan((1875%27(3/4)*x*(57(1/2) - 3)7(1/4))/(2x(625%27(1/2)*(57(1/2)
- 3)7(1/2) - 250%27(1/2)*57(1/2)*(67(1/2) - 3)7(1/2))) - (875%27(3/4)*57 (1
/2)xxx(57(1/2) - 3)7(1/4)) /(2% (625%27(1/2)*(567(1/2) - 3)~(1/2) - 250%27(1/2
)x57(1/2)%(57(1/2) - 3)7(1/2))))*(57(1/2) - 3)7(1/4))/4 - (27(3/4)*atan((27
(8/4)*x*x(57(1/2) - 3)~(1/4)*18751) /(2% (62527 (1/2)*(57(1/2) - 3)7(1/2) - 25
0%27(1/2)*67(1/2)*(57(1/2) - 3)7(1/2))) - (27(3/4)*5~(1/2)*x*(57(1/2) - 3)~
(1/4)*8751) /(2% (625%27(1/2)*(67(1/2) - 3)7(1/2) - 250%27(1/2)*5~(1/2)* (5" (1
/2) - 3)7(1/2))))*(57(1/2) - 3)"(1/4)*1i)/4 + (27 (3/4)*atan((1875%27(3/4)*x
(= 57(1/2) - 3)7(1/4))/ (2% (625%27 (1/2)*(- 57(1/2) - 3)~(1/2) + 250%27(1/2)
*57(1/2)x (- 57(1/2) - 3)7(1/2))) + (875%27(3/4)*5~(1/2)*x*(- 57(1/2) - 3)~(
1/4)) /(2% (625%27(1/2)* (- 57(1/2) - 3)7(1/2) + 250%27(1/2)*5~(1/2)*(- 57(1/2
) - 3)7(1/2))))*(- 57(1/2) - 3)7(1/4))/4 - (27(3/4)*atan((27(3/4)*x*(- 57 (1
/2) - 3)7(1/4)*18751) /(2% (62527 (1/2)* (- 57(1/2) - 3)7(1/2) + 250%27(1/2)*5
“(1/2)x(- 57(1/2) - 3)7(1/2))) + (27(3/4)*57(1/2)*x*x(- 57(1/2) - 3)7(1/4)%8
751) /(2% (625%27(1/2)* (- 57(1/2) - 3)7(1/2) + 250%27(1/2)*57(1/2)*(- 57(1/2)
- 3)7(1/2))))*(- 57(1/2) - 3)~(1/4)*1i)/4

sympy [A] time = 1.45, size = 26, normalized size = 0.06
— RootSum (65536t + 768t* + 1, (t > tlog (10241° + 8t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8+3*x**4+1),x)

[Out] -RootSum(65536%*_t**8 + 768 t**4 + 1, Lambda(_t, _t*xlog(1024*_t*x5 + 8*_t +
x)))
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322 [

1+2x4+x8

Optimal. Leaf size=97

X log(xz—\/zx+1) 10g(x2+ 2x+1) tan_l(l—\/ix) tan_l(\/ix+1)
- - +

2 +1) 2 8\ w2 w2

Rubi [A] time = 0.05, antiderivative size = 97, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 8, integrand size = 20,

number of rules _ 0.400, Rules used = {28, 385, 211, 1165, 628, 1162, 617, 204}

integrand size

x log(xz—\/§x+1) 10g(x2+ 2x+1) tan_l(l—\/ix) tan_l(\/ix+1)
- - +

2(xt +1) 8v2 ’ 8v2 42 42

Antiderivative was successfully verified.
[In] Int[(1 - x74)/(1 + 2*x™4 + x78),x]

[Out] x/(2%(1 + x74)) - ArcTan[1 - Sqrt[2]*x]/(4xSqrt[2]) + ArcTan[l + Sqrt[2]*x]
/(4xSqrt[2]) - Logl[l - Sqrt[2]*x + x72]/(8*Sqrt[2]) + Logl[l + Sqrt[2]*x + x
~2]/(8*Sqrt[2])

Rule 28

Int[(u_D*((a_) + (c_)*(x_)"(n2_.) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[ux(b/2 + c*x"n)~(2*p), x], x] /; FreeQ[{a, b, c, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4*axc, 0] && IntegerQ[p]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 211

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*xr), Int[(r + s*x~2)/(a + b*xx~4), x], x]] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQla/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 385

Int[((a_) + (b_)*x(x_)"(m_)) "~ (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp [((b*c - axd)*x*(a + b*x™n)~(p + 1))/(a*b*n*(p + 1)), x] - Dist[(axd - b
xck(nx(p + 1) + 1))/(axb*n*x(p + 1)), Int[(a + bxx™n)"(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[ql] && (EqQ[9~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628
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Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(2x%d)/e, 21}, Distle/(2%c), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simpl[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d”™2 - axe”2, 0] && PosQ[dx*el

Rule 1165

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2%cxq), Int[(q - 2*x)/Simpld/e + g*x - x72, x], x],
x] + Dist[e/(2xc*q), Int[(q + 2*x)/Simp[d/e - gq*x - x°2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - axe”2, 0] && NegQ[dx*e]

Rubi steps

1—x* 1—x4
Jimarat= [
+ 2x*+ X (1+x4)

B X 1 1 p
_2(1—.,.x4)+§f1+x4 *

X +1 1—x2d +1 1+ x2
— + - X+ - X
2(1+x4) 4J 1+x* 4J 1+x*

_ X V2 x—x2

_f_lei+2x dx_f

+1f ! dx+1f ! dx
2(1+x4) 8J 1-V2x+x2 8J 1+V2x+x2 82

X log(l—\/zx+x2) log(1+\/§x+x2) Subst(fﬁdx,x,l—\/ix)
- +

C2(1+x4) 8V2 8v2 ' 42
~ x tan™! (1 - \/Ex) tan”! (1 + \/Ex) log (1 —\2x+ xz) log (1 +vV2x+4
T2(i+d) a2 TS B 8v2 "

Mathematica [A] time = 0.06, size = 90, normalized size = 0.93

L (S—X—ﬁlog(xz—\/zx+l) +\/§10g(x2 + 2x+1)—2\/§ tan™! (1 —\/Ex) +2v2 tan™? (\/§x+1))

16 \x* +1
Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 + 2*xx~4 + x78),x]

[Out] ((8*x)/(1 + x74) - 2*Sqrt[2]*ArcTan[1 - Sqrt([2]*x] + 2%Sqrt[2]*ArcTan[l + S

qrt[2]*x] - Sqrt[2]*Logl[l - Sqrt[2]*x + x72] + Sqrt[2]*Logl[l + Sqrt[2]*x +
x"2])/16

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

f 1—x* P
— dx
1+ 2x%+ 8

Verification is not applicable to the result.
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[In] IntegrateAlgebraic[(1 - x74)/(1 + 2%x"4 + x78),x]

[Out] IntegrateAlgebraic[(1 - x74)/(1 + 2*x”4 + x78), x]

fricas [A] time = 1.23, size = 126, normalized size = 1.30
2(x* +1)log (¥ + V2x +1) + V2 (x* +1) log (x2 - V2x +1) - 8

442(xt +1) arctan( V2x+ V22 +2x+1 - 1)+4\f 2(xt+1) arctan( V2x+ V232 - ﬁx+1+1)

16 (x* +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+2%x74+1),x, algorithm="fricas")

[Out] -1/16%(4*sqrt(2)*(x~4 + 1)*arctan(-sqrt(2)*x + sqrt(2)*sqrt(x~2 + sqrt(2)*x
+ 1) - 1) + 4xsqrt(2)*(x"4 + 1)*arctan(-sqrt(2)*x + sqrt(2)*sqrt(x”2 - sqr
t(2)*%x + 1) + 1) - sqrt(2)*(x"4 + 1)*log(x™2 + sqrt(2)*x + 1) + sqrt(2)*(x~

4 + 1)*log(x™2 - sqrt(2)*x + 1) - 8*x)/(x74 + 1)
giac [A] time = 0.30, size = 82, normalized size = 0.85

X

1 2arctan(2\/_(2x+\/_)) \/Earctan(;\/E(Zx—\/E))+11—6\/510g(x2+ 2x+1)—11—6\/Elog(x2_\/§x+1)+2(x4+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+2%x74+1),x, algorithm="giac")

[Out] 1/8*sqrt(2)*arctan(1/2xsqrt(2)*(2*x + sqrt(2))) + 1/8*sqrt(2)*arctan(1/2*sq
rt(2)*(2xx - sqrt(2))) + 1/16*sqrt(2)*log(x~2 + sqrt(2)*x + 1) - 1/16*sqrt(
2)*xlog(x™2 - sqrt(2)*x + 1) + 1/2*xx/(x"4 + 1)

maple [A] time = 0.01, size = 68, normalized size = 0.70
2 x+1
X \/E arctan(\/ix—l) \/E arctan(\/§x+1) ‘/— In (x2 \/§x+1)
+ + +
2x% +2 8 8 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8+2*x"4+1) ,x)
[Out] 1/2/(x"4+1)*x+1/16%27(1/2)*1n((x"2+2"(1/2)*x+1)/(x~2-2"(1/2)*x+1))+1/8%2" (1

/2)*arctan (27 (1/2)*x-1)+1/8*2" (1/2) *arctan(2” (1/2) *x+1)
maxima [A] time = 1.56, size = 82, normalized size = 0.85
X

1 2arctan(2\/_(2x+\/_)) \/Earctan(;\/z(Zx—\/E))+11—6\/510g(x2+ 2x+1)—11—6\/Elog(x2_\/§x+1)+2(x4+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78+2*x74+1),x, algorithm="maxima"

[Out] 1/8*sqrt(2)*arctan(1l/2xsqrt(2)*(2*x + sqrt(2))) + 1/8*sqrt(2)*arctan(1/2*sq
rt(2)*(2xx - sqrt(2))) + 1/16*sqrt(2)*log(x~2 + sqrt(2)*x + 1) - 1/16*sqrt(
2)*xlog(x™2 - sqrt(2)*x + 1) + 1/2*xx/(x"4 + 1)

time = 1.62, size = 44, normalized size = 0.45
1 1 1 1 1 1
+ \/5 atan (\/— (E - 51)) (g gl) + \/_ 2 atan (\/_ (E + 51)) (§ - gl)

Verification of antiderivative is not currently implemented for this CAS.

mupad [B]

2 (x4 +1)

[In] int(-(x"4 - 1)/(2*x"4 + x~8 + 1),x)
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[Out] 27(1/2)*atan(27(1/2)*x*(1/2 - 1i/2))*(1/8 + 1i/8) + 27(1/2)*atan(27(1/2)*x*
(1/2 + 11/2))*(1/8 - 1i/8) + x/(2%(x™4 + 1))
sympy [A] time = 0.18, size = 82, normalized size = 0.85

\/Eatan(\/ix—l) \/Eatan(\/ix+1)

\/Elog(xz—\/zx+1) \/Elog(x2+ 2x+1)
+ + +

X
16 8 8

2t +2 16

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8+2xx**4+1) ,x)

[Out] x/(2*x**4 + 2) - sqrt(2)*log(x**2 - sqrt(2)*x + 1)/16 + sqrt(2)*log(x**2 +
sqrt(2)*x + 1)/16 + sqrt(2)*atan(sqrt(2)*x - 1)/8 + sqrt(2)*atan(sqrt(2)*x

+1)/8
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323 [ dx

T+x%+x8

Optimal. Leaf size=140

%log (xz -x+ 1)—% log (x2 +x+ 1)—%\/5 log (xz ~\3Bx+ 1)+%\/§ log (x2 3+ 1)_%\/5 tan-1 (1__

Rubi [A] time = 0.10, antiderivative size = 140, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 18,

oumber 011U _ 0.333, Rules used = {1421, 1169, 634, 618, 204, 628)

integrand size

%log(xz—x+1)—élog(x2+x+l)—%\ﬁlog(x2—\/§x+1)+%\/§log(x2+ 3x+1)—%\/§tan’] (1_2){)+‘1Itan’1 (\6—2x)+%\6tan’l (%)—j—ltan’] (2x+ \6)

V3

Antiderivative was successfully verified.
[In] Int[(1 - x74)/(1 + x~4 + x78),x]

[Out] -(Sqrt[3]*ArcTan[(1 - 2*x)/Sqrt([3]]1)/4 + ArcTan[Sqrt[3] - 2*x]/4 + (Sqrtl[3]
xArcTan[(1 + 2%x)/Sqrt[3]])/4 - ArcTan[Sqrt[3] + 2xx]/4 + Logl[l - x + x72]/

8 - Logl[l + x + x72]/8 - (Sqrt[3]*Logl[l - Sqrt[3]*x + x72])/8 + (Sqrt[3]*Lo

gll + Sqrt[3]*x + x72])/8

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 618

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 1169

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2*%q - b/c, 2]}, Dist[1/(2xc*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 1421

Int[((d_) + (e_.)*x(x_ )" (n_))/((a_) + (b_D)*(x_)"(n_ ) + (c_.)*x(x_)"(n2.)), x
_Symbol] :> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*cxq), Int[(q - 2*x~
(n/2))/Simpld/e + gq*x~(n/2) - x"n, x], x], x] + Distl[e/(2%c*q), Int[(q + 2%
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x~(n/2))/Simpld/e - gq*x~(n/2) - x"n, x], x], x]1] /; FreeQ[{a, b, c, d, e},
x] && EqQ[n2, 2*n] && NeQ[b~2 - 4*axc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[
n/2, 0] && 'GtQ[b~2 - 4x*xaxc, 0]

Rubi steps

1-—x4 p 1f 1+ 2x2 f
— dx =-| - - —
1+ x% + 8 2J -1- xz—x4 —1+x2—x4

flx/_ -3x f \/§+3x

:l 1+x x+l T-x \/§x+x2 1+V3 x+x2
4J 1-x+x? 4J 1+x+x2 44/3 44/3
1 -1+ 2x 1 1+ 2x

= | ——dx—-- | ———d ——f—d——f—d+
8J1-x+e2™ 8] Trx+ 2™ 78 1-V3x + 2 *78 1+3x+2 *

=%log(l—x+x2)—%log(l+x+x2)—1\/§log(1—\/§x+x2)+%\/§log(1+\/§x+a

2—}1\/§tan_1(1\_/§2) 7 tan L(V3 —2x) + i@tan_1(1;§2x)_%tan_1(\/§ +2x) +

Mathematica [C] time = 0.17, size = 129, normalized size = 0.92

%log(xz—x+1)—log(x2+x+1)—2\/—2 2iV3 tan-l( (1-ivV3) )— 242 +2iV3 tan‘l(%(l+i\/§) )+2«ftan-1( 5 )+2«ft _1(2;%1))

Warning: Unable to verify antiderivative.

[In] Integrate[(1l - x74)/(1 + x™4 + x78),x]

[Out] (-2*Sqrt[-2 - (2*%I)*Sqrt[3]]1*ArcTan[((1 - I*Sqrt[3])*x)/2] - 2*Sqrt[-2 + (2
*I)*Sqrt [3]]*ArcTan[((1 + IxSqrt([3])#*x)/2] + 2*Sqrt[3]*ArcTan[(-1 + 2x*x)/Sq
rt[3]] + 2xSqrt([3]*ArcTan[(1 + 2*x)/Sqrt[3]] + Logl[l - x + x72] - Logl[l + x
+x72])/8

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1—x*

— _dx
1+ x4+2a8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 + x~4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 + x™4 + x78), x]

fricas [A] time = 1.16, size = 137, normalized size = 0.98

—\f cta (\f(z 1)) farclz\n(%\/5(2xfl))+é\/glog(ﬂ*r\Ex+l)fé\/510g(xzfﬂ/5x+l)+%arclan(72x+\5+2\/x17\5x+1)+%arc ( 242+ \f+1) lg( x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+x"4+1),x, algorithm="fricas")

[Out] 1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/4xsqrt(3)*arctan(1/3*sqrt(3)*
(2%x - 1)) + 1/8xsqrt(3)*log(x~2 + sqrt(3)*x + 1) - 1/8*sqrt(3)*log(x”2 - s
qrt(3)*x + 1) + 1/2*arctan(-2*x + sqrt(3) + 2*sqrt(x™2 - sqrt(3)*x + 1)) +
1/2*%arctan(-2*x - sqrt(3) + 2xsqrt(x”2 + sqrt(3)*x + 1)) - 1/8xlog(x"2 + x

+ 1) + 1/8%log(x”2 - x + 1)
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giac [A] time = 0.37, size = 108, normalized size = 0.77

1 1 1 1 1 1 5 1 1 ) 1 2 1 2
- 3arctan(f\@(bﬂ-l))#—Z\/garctan(g\/g(ZX—l))+§\610g(x2+ 3x+1)—§\/§log(.1 —\/§x+1)—1arctan(2x+\/§)—1arctan(2,\—\/§)—glag(x +x+1)+glog(x —x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x"8+x74+1),x, algorithm="giac")

[Out] 1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/4xsqrt(3)*arctan(1/3*sqrt(3)*
(2%x - 1)) + 1/8xsqrt(3)*log(x~2 + sqrt(3)*x + 1) - 1/8*sqrt(3)*log(x”2 - s
qrt(3)*x + 1) - 1/4*arctan(2*x + sqrt(3)) - 1/4xarctan(2*x - sqrt(3)) - 1/8
xlog(x™2 + x + 1) + 1/8%log(x"2 - x + 1)

maple [A] time = 0.01, size = 109, normalized size = 0.78

V3 arctan (208) V5 arctan (222) oetan (2x- v3)  arctan(2v+¥3) V3 In(@-v3x+1) V3 In(2+v3x+1) In(@-x+1) In(e+re1)
, , , . . ,

1 * 1 1 1 8 8 8 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8+x74+1),x)

[Out] -1/8*1n(x"2+x+1)+1/4%3"(1/2)*arctan(1/3*(2xx+1)*3~(1/2))-1/8%3"(1/2)*1n(x"2
-37(1/2)*x+1)-1/4*arctan(2*x-3"(1/2))+1/8%3"(1/2) *1n(x"2+3"(1/2) *x+1)-1/4*a
rctan(2xx+37(1/2))+1/8%1n(x"2-x+1)+1/4%3"(1/2) xarctan(1/3*%(2*xx-1)*37(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

L V3 arct 1x/§(2x+1) +1\/§ t 1«/5(2x 1) 1f 2% -1 dx- 1o (x2+x+1)+1lo (@ -x+1)
- rctan | = - rctan | = |-z | ———dx-= - -
g Vo ardanis g varcans 2J) A-2+1 T8 08 g %8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8+x74+1),x, algorithm="maxima"

[Out] 1/4*sqrt(3)*arctan(1l/3*sqrt(3)*(2*x + 1)) + 1/4xsqrt(3)*arctan(1/3*sqrt(3)*
(2*%x - 1)) - 1/2xintegrate((2*x"2 - 1)/(x"4 - x72 + 1), x) - 1/8*%log(x"2 +
x + 1) + 1/8xlog(x”2 - x + 1)

mupad [B] time = 0.19, size = 109, normalized size = 0.78
tn(;‘i—fm] (? 1 atan[sfjg;i] (@ -3+ atan(_gf )5 B i) atan[sf (5 Vi“]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"4 + x”8 + 1),x)

[Out] atan((54*37(1/2)*x)/(37(1/2)*271 + 81))*(37(1/2)/4 - 1i/4) - atan((54*37(1/
2)*x)/(37(1/2)*271 - 81))*(37(1/2)/4 + 1i/4) + atan((37(1/2)*x*54i)/(37(1/2

)x271 - 81))*((37(1/2)*1i)/4 - 1/4) - atan((37(1/2)*x*541i)/(37(1/2)*27i + 8
D)*((37(1/2)*11) /4 + 1/4)

sympy [C] time = 0.62, size = 148, normalized size = 1.06

5 5 5 5
1 V3i 1 VEi 1 V3i 1 V3 1 Bi 1 V3i 1.3
7[7 I]]og[x+]024[fng‘]]7[fg+ 1)|og[x+1024[7§+%)]7(g7—‘]1og x+1024[§——1) 7(g+71]log x+1oz4[§+T’] ~ RootSum (256t ~ 1612 + 1, (£ > t log (1024f° + x)))

=|%
=|%

o=
|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8+x**4+1) ,x)

[Out] -(-1/8 - sqrt(3)*I/8)*log(x + 1024%(-1/8 - sqrt(3)*I/8)*x5) - (-1/8 + sqrt(

3)*I/8)*log(x + 1024%(-1/8 + sqrt(3)*I/8)**5) - (1/8 - sqrt(3)*I/8)*log(x +
1024%(1/8 - sqrt(3)*I/8)*x5) - (1/8 + sqrt(3)*I/8)*log(x + 1024*(1/8 + sqr

t(3)*I/8)**5) - RootSum(256*_t**4 - 16%_t**2 + 1, Lambda(_t, _t*log(1024%_t

*x5 + x)))
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3.24 [

Optimal. Leaf size=347

(2—\5) log(xz—ﬁx+1)—é %(2—\5) log(x2+\/2—7\/§x+1)—% %(2+\/§) log(x2

| =
N =

Rubi [A] time = 0.27, antiderivative size = 347, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 15,

number of rules _ 5 460 Rules used = {1414, 1169, 634, 618, 204, 628}

integrand size

[evE N N e
! | | tan || tan | — | ! |
%‘ %(z—\/i) mg(,\lfﬁxﬂ)f%‘/%(zfﬁ) log(gﬁ»\zfﬁxi»]]fé‘ %(ZH/E) Iog(xzf\/2+ ﬁx+l)+%‘ %(u \/E) 10g(\1+\2+\/§x+1>7 KR/ v e vy

4W2-v2 42412 42-2 42442

Antiderivative was successfully verified.
[In] Int[(1 - x74)/(1 + x78),x]

[Out] -ArcTan[(Sqrt[2 - Sqrt[2]] - 2*x)/Sqrt[2 + Sqrt[2]1]1]1/(4*Sqrt[2 - Sqrt[2]])
+ ArcTan[(Sqrt[2 + Sqrt[2]] - 2*x)/Sqrt[2 - Sqrt[2]]]1/(4*Sqrt[2 + Sqrt[2]])

+ ArcTan[(Sqrt[2 - Sqrt[2]] + 2*x)/Sqrt[2 + Sqrt[2]1]1]/(4*Sqrt[2 - Sqrt([2]]

) - ArcTan[(Sqrt[2 + Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]]]/(4*Sqrt[2 + Sqrt[2]
1) + (Sqrt[(2 - Sqrt[2])/2]*Logll - Sqrt[2 - Sqrt[2]]1*x + x~2])/8 - (Sqrt([(

2 - Sqrt[2])/2]*Logl[1 + Sqrt[2 - Sqrt[2]]*x + x72])/8 - (Sqrt[(2 + Sqrt[2])
/21*Log[1 - Sqrt[2 + Sqrt[2]]1*x + x72]1)/8 + (Sqrt[(2 + Sqrt[2])/2]*Logl[1 +
Sqrt[2 + Sqrt[2]1*x + x72]1)/8

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bx*e, 0]

Rule 634

Int[((d_.) + (e_)*x_))/((a) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1169

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 1414

Int[((d_) + (e_.)*x(x_ )" (n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rt[-2*d*e, 2]}, Dist[d/(2*a), Int[(d - g*x~(n/2))/(d - g*x~(n/2) - e*xx”
n), x], x] + Dist[d/(2*%a), Int[(d + g*x"(n/2))/(d + g*x~(n/2) - e*x"n), x],
x]] /; FreeQl{a, c, d, e}, x] && EqQ[n2, 2*n] && EqQ[c*d™2 - a*xe”2, 0] &%
I1GtQ[n/2, 0] && NegQ[dxe]

Rubi steps
1-x 1 1-+2x2 1 1+v2x2
de:—f—dx+—f—dx
T+x 2J 1 -V2x2 444 2J 14222+ x4

f V2-V2 -(1-v2)x i f V2-V2 +(1-V2)x i f V2+V2 —(1+2 )x i f 242 +(1+V2 )x p
1-+/2-V2 x+x2 N 1++/2-V2 x+x2 1-/2+V2 x+x2 N 1++/2+V2 x+x2

X

+

42 -2 442 -2 44/2

+

V2 42+2

Mathematica [A] time = 0.16, size = 257, normalized size = 0.74

Antiderivative was successfully verified.

[In] Integrate[(1l - x74)/(1 + x78),x]

[Out] (2*ArcTan[Cot[Pi/8] - x*Csc[Pi/8]]*(Cos[Pi/8] - Sin[Pi/8]) + Logl[l + x"2 -

2xx*Sin[Pi/8]]1*(Cos[Pi/8] - Sin[Pi/8]) + 2*ArcTan[(x + Cos[Pi/8])*Csc[Pi/8]
1*x(-Cos[Pi/8] + Sin[Pi/8]) + Logl[l + x~2 + 2xx*Sin[Pi/8]]*(-Cos[Pi/8] + Sin
[Pi/8]) + 2xArcTan[Sec[Pi/8]*(x + Sin[Pi/8])]1*(Cos[Pi/8] + Sin[Pi/8]) + 2x*A
rcTan[x*Sec[Pi/8] - Tan[Pi/8]]*(Cos[Pi/8] + Sin[Pi/8]) - Logll + x72 - 2*xx*
Cos[Pi/8]]1*(Cos[Pi/8] + Sin[Pi/8]) + Logl[l + x72 + 2*x*Cos[Pi/8]]1*(Cos[Pi/8
] + Sin[Pi/8]))/8

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

1—x*

1+x8dx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 + x78), x]
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fricas [B] time = 1.56, size = 991, normalized size = 2.86
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78+1),x, algorithm="fricas")

[Out] -1/8*(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))*arctan(-(2*x - 2*sqrt(x~2 + x
xsqrt(-sqrt(2) + 2) + 1) + sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - 1/8*(sq
rt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))*arctan(-(2*x - 2*sqrt(x~2 - x*sqrt(-s
qrt(2) + 2) + 1) - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) + 1/8*(sqrt(sqrt(
2) + 2) - sqrt(-sqrt(2) + 2))*arctan(-(2*x - 2*sqrt(x~2 + x*sqrt(sqrt(2) +
2) + 1) + sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) + 1/8*(sqrt(sqrt(2) + 2) -
sqrt(-sqrt(2) + 2))*arctan(-(2xx - 2*sqrt(x~2 - x*sqrt(sqrt(2) + 2) + 1) -
sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) - 1/8*sqrt(2)*sqrt(sqrt(2) + 2)*arc
tan(-(2*sqrt(2)*x - 2*sqrt(2)*sqrt(x™2 + 1/2*sqrt(2)*x*sqrt(sqrt(2) + 2) -
1/2*%sqrt (2) *x*sqrt(-sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) +
2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/8*sqrt(2)*sqrt(sqrt(2) +
2)*arctan(-(2*xsqrt(2)*x - 2xsqrt(2)*sqrt(x~2 - 1/2*sqrt(2)*x*sqrt(sqrt(2)
+ 2) + 1/2%sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) - sqrt(sqrt(2) + 2) + sqrt(-sq
rt(2) + 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/8*sqrt(2)*sqrt(-s
qrt(2) + 2)*xarctan((2xsqrt(2)*x - 2*sqrt(2)*sqrt(x”2 + 1/2xsqrt(2)*x*sqrt(s
qrt(2) + 2) + 1/2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2) + s
qrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) - 1/8*sqrt(2)*
sqrt(-sqrt(2) + 2)*arctan((2*sqrt(2)*x - 2xsqrt(2)*sqrt(x~2 - 1/2*sqrt(2)*x
xsqrt(sqrt(2) + 2) - 1/2*%sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) - sqrt(sqrt(2) +
2) - sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/32%
sqrt(2)*sqrt(sqrt(2) + 2)*log(x~2 + 1/2*sqrt(2)*x*sqrt(sqrt(2) + 2) + 1/2xs
qrt (2) *xxsqrt(-sqrt(2) + 2) + 1) - 1/32*sqrt(2)*sqrt(-sqrt(2) + 2)*log(x~2
+ 1/2%sqrt(2)*x*sqrt(sqrt(2) + 2) - 1/2%sqrt(2)*x*sqrt(-sqrt(2) + 2) + 1) +
1/32%sqrt (2) *sqrt (-sqrt(2) + 2)*log(x~2 - 1/2xsqrt(2)*x*sqrt(sqrt(2) + 2)
+ 1/2*%sqrt (2) *x*sqrt(-sqrt(2) + 2) + 1) - 1/32*sqrt(2)*sqrt(sqrt(2) + 2)x*lo
g(x72 - 1/2xsqrt(2)*x*sqrt(sqrt(2) + 2) - 1/2xsqrt(2)*xxsqrt(-sqrt(2) + 2)
+ 1) + 1/32%(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))*log(x~2 + x*sqrt(sqrt(
2) +2) + 1) - 1/32%(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))*log(x~2 - x*sq
rt(sqrt(2) + 2) + 1) - 1/32%(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))*log(x~
2 + x*ksqrt(-sqrt(2) + 2) + 1) + 1/32%(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2
))*log(x”2 - x*sqrt(-sqrt(2) + 2) + 1)

giac[A] time = 0.72, size = 247, normalized size = 0.71

(2] 1 22

AR B T
Va2 ] ° (Y

e
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x78+1),x, algorithm="giac")

[Out] 1/8*sqrt(2*sqrt(2) + 4)*arctan((2*x + sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)
) + 1/8%sqrt(2*sqrt(2) + 4)*arctan((2*x - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2)

+ 2)) - 1/8xsqrt(-2*sqrt(2) + 4)*arctan((2*x + sqrt(sqrt(2) + 2))/sqrt(-sqr

t(2) + 2)) - 1/8*%sqrt(-2*sqrt(2) + 4)*arctan((2*x - sqrt(sqrt(2) + 2))/sqrt
(-sqrt(2) + 2)) + 1/16%xsqrt(2*sqrt(2) + 4)*log(x~2 + x*sqrt(sqrt(2) + 2) +

1) - 1/16%sqrt(2xsqrt(2) + 4)*log(x™2 - x*sqrt(sqrt(2) + 2) + 1) - 1/16%sqr
t(-2%sqrt(2) + 4)*log(x”2 + x*sqrt(-sqrt(2) + 2) + 1) + 1/16*sqrt(-2*sqrt(2

) + 4)xlog(x~2 - x*sqrt(-sqrt(2) + 2) + 1)

maple [C] time = 0.01, size = 29, normalized size = 0.08

(— RootOf (_Z8 + 1)4 + 1) In (— RootOf (_28 + 1) + x)

8 RootOf (78 +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8+1),x)
[Out] 1/8*sum((-_R74+1)/ R~7*1ln(- R+x), R=Root0f( _Z~8+1))
maxima [F] time = 0.00, size = 0, normalized size = 0.00
xt -1
- f x8+1 ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78+1),x, algorithm="maxima"
[Out] -integrate((x™4 - 1)/(x"8 + 1), x)

mupad [B] time = 1.96, size = 312, normalized size = 0.90

(s o o) (L) e (v 52 (2-2) (2T (i) T2 sane(3 4 FeE e (241)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 + 1),x)

[Out] (atan(x*(27(1/2) + 2)°(3/2)*(1/2 + 1i) - 2°(1/2)*x*x(2°(1/2) + 2)~(3/2)*(1/4
+ 31/4))%(2°(1/2)*(1 - 1i) - 2)*x(2°(1/2) + 2)~(1/2)*1i)/8 - atan((x*1i)/(2
T(1/2) + 2)7(1/2) - (xx11)/(27(1/2) - 2)7(1/2) + (27 (1/2)*x*11) /(2% (27 (1/2)
- 2)7(1/2)) + (27(1/2)*xx11) /(2% (27 (1/2) + 2)~(1/2)))*((2~(1/2)*(27(1/2) -
2)7(1/2)*11) /8 + (27 (1/2)*(27(1/2) + 2)~(1/2)*11)/8) - log(((- 2%27(1/2) -
4)~(1/2)/16 - (4 - 2%27(1/2))"(1/2)/16)"3%(65536*x - 16384x(- 2*2~(1/2) -
4)7(1/2) + 16384%(4 - 2%27(1/2))7(1/2)) - 266)*((- 2x27(1/2) - 4)~(1/2)/16
- (4 - 2%27(1/2))"(1/2)/16) + (atan(x*x(2°(1/2) + 2)~(3/2)*(1 - 1i/2) - 2°(1
/2)*xx*x (27 (1/2) + 2)7(3/2)*%(3/4 - 1i/4))*(27(1/2)*(1 + 1i) - 21)*(27(1/2) +
2)7(1/2)*1i)/8 + 27 (1/2)*Llog(x - (27(1/2) + 2)7(3/2)*(1 - 1i/2) + 27(1/2)*(
27(1/2) + 2)7(3/2)*(3/4 - 1i/4))*((27(1/2) - 2)~(1/2)/16 + (27(1/2) + 2)~(1
/2)/16)*1i

sympy [A] time = 2.75, size = 20, normalized size = 0.06
— RootSum (1048576t° + 1, (t > tlog (4096t° — 4t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8+1),x)

[Out] -RootSum(1048576% t**8 + 1, Lambda(_t, _t*log(4096* t**x5 - 4% t + x)))
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325 [y

1-x+x8

Optimal. Leaf size=355

% %(2—\/5)10g(x2—\/2—7\/§x+1)—% %(2—\/5)log(x2+\/2—7\/§x+1)—% %(2+\/§)log(x2

Rubi [A] time = 0.28, antiderivative size = 355, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 6, integrand size = 20,

number of rules _ ) 339 Rules used = {1421, 1169, 634, 618, 204, 628}

integrand size

s o3 i o
wnl[wéz\] tanl[vziib] wnl[mﬁ:»] m"‘[z\“ﬂwa]
%‘%(27ﬁ)lOg(xz—\/Zf\Bri»])f%‘%(Z*\/E)log(gﬁ»\zf\ﬁri»])f%‘%(Z+\6)lng(127\/2+ﬁx+1)+% %(zﬂﬁ)log()h Z+ﬁx+1), 7 w’i/\’j . 7 . e hvs

3(2-+3) 7(21«;;) 4\/3(27\[;) - 4‘/1(21«;;)

Antiderivative was successfully verified.
[In] Int[(1 - x"4)/(1 - x°4 + x78),x]

[Out] -ArcTan[(Sqrt[2 - Sqrt[3]] - 2%x)/Sqrt[2 + Sqrt[3]11]/(4xSqrt[3*(2 - Sqrt[3]
)1) + ArcTan[(Sqrt[2 + Sqrt[3]] - 2*x)/Sqrt[2 - Sqrt[3]1]]1/(4*Sqrt[3*(2 + Sq
rt[3])]) + ArcTan[(Sqrt[2 - Sqrt[3]] + 2xx)/Sqrt[2 + Sqrt[3]1]11/(4*Sqrt[3*(2

- Sqrt[3]1)]) - ArcTan[(Sqrt[2 + Sqrt[3]] + 2*x)/Sqrt[2 - Sqrt[3]]]/(4*Sqrt

[3*x(2 + Sqrt[31)]) + (Sqrt[(2 - Sqrt([3])/3]1*Logll - Sqrt[2 - Sqrt[3]]*x + x
~21)/8 - (Sqrt[(2 - Sqrt([3])/3]1*Logl[l + Sqrt[2 - Sqrt[3]]*x + x72])/8 - (Sq
rt[(2 + Sqrt[3])/31*Logl[1 - Sqrt[2 + Sqrt[3]]1*x + x72]1)/8 + (Sqrt[(2 + Sqrt
[3]1)/3]1*Logl[1 + Sqrt[2 + Sqrt[3]]1*x + x~2])/8

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 628

Int[((d) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bx*e, 0]

Rule 634

Int[((d_.) + (e_)*x_))/((a) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1169

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 1421

Int[((d_) + (e_.)*(x_)"(n_))/((a_) + (b_)*(x_)"(n_) + (c_)*(x_)"(n2_)), x
_Symbol] :> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x~
(n/2))/Simp[d/e + g*x~(n/2) - x"n, x], x], x] + Dist[e/(2%c*xq), Int[(q + 2%
x~(n/2))/Simpld/e - g*x~(n/2) - x"n, x], x], x]] /; FreeQ[{a, b, c, d, e},
x] &% EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && EqQlc*d”2 - axe”2, 0] && IGtQ[
n/2, 0] && !'GtQ[b~2 - 4xax*xc, 0]

Rubi steps
\/§+2x \/_ 2x2
1-x* gy = f 1 \/gxz_x4 f _1+\/§x2_x4
1-x*+a8 24/3 24/3

f 3(2-v3) - (2+\/§ f,/ +(-2+V3)x f 3(2+V3)-(2+v3
1-4/2-3 x+x2 N 1++/2- \/§x+x2 1-+/2+4/3 x+x2

3(2+

1+\

4 3(2—\/5 4,/3 2- 3 4 3(2+

o

(7-4v3) .f‘

(.OIP—‘

1 /1
g 5 7 4\/_ f dx|-—=
\/2+\/§x+x2

x+x)

2+\/§ —2x

Mathematica [C] time = 0.02, size = 57, normalized size = 0.16

#1* log(x — #1) — log(x — #)
2#17 — #1°

1
—ZRootSum [#18 ~#1* +1&,

Antiderivative was successfully verified.

[In] Integratel[(1 - x74)/(1 - x°4 + x78),x]

x/§

[Out] -1/4%RootSum[1 - #174 + #17°8 & , (-Loglx - #1] + Loglx - #1]1*#174)/(-#173 +

2x#1°7) & ]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1—x*

————dx
1—x#+ 8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - x74 + x78),x]
[Out] IntegrateAlgebraic[(1l - x74)/(1 - x74 + x78), x]

fricas [B] time = 1.63, size = 715, normalized size = 2.01

1+\/2+

OOI'—‘

1

I I
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-x"4+1),x, algorithm="fricas")

[Out] 1/48*sqrt(6)*(sqrt(3)*sqrt(2) - 2*sqrt(2))*sqrt(sqrt(3) + 2)*log(12*x~2 + 2
xsqrt (6) * (2xsqrt (3) *sqrt (2) *x - 3*sqrt(2)*x)*sqrt(sqrt(3) + 2) + 12) - 1/48
*xsqrt (6) * (sqrt (3)*sqrt(2) - 2*sqrt(2))*sqrt(sqrt(3) + 2)*log(12%x~2 - 2%sqr
t(6)* (2*sqrt (3) *sqrt (2) *x - 3*sqrt(2)*x)*sqrt(sqrt(3) + 2) + 12) + 1/96%sqr
t(6)*(sqrt (3)*sqrt (2) + 2*sqrt(2))*sqrt(-4*sqrt(3) + 8)*log(12xx~2 + sqrt(6
)% (2*%sqrt (3) *sqrt (2) *x + 3xsqrt(2)*x)*sqrt(-4*sqrt(3) + 8) + 12) - 1/96*sqr
t(6)*(sqrt(3)*sqrt(2) + 2xsqrt(2))*sqrt(-4*sqrt(3) + 8)*log(12*x~2 - sqrt(6
)% (2*%sqrt (3) *sqrt (2) *x + 3xsqrt(2)*x)*sqrt(-4*sqrt(3) + 8) + 12) + 1/12*sqr
t(6)*sqrt(2)*sqrt(sqrt(3) + 2)*arctan(1l/6*sqrt(6)*sqrt(12*x~2 + 2*sqrt(6)*(
2xsqrt (3) *sqrt (2)*x - 3*sqrt(2)*x)*sqrt(sqrt(3) + 2) + 12)*(sqrt(3)*sqrt(2)
- 2*%sqrt(2))*sqrt(sqrt(3) + 2) + 1/3*sqrt(6)*(2*sqrt(3)*sqrt(2)*x - 3*sqrt
(2)*xx)*sqrt(sqrt(3) + 2) - sqrt(3) + 2) + 1/12xsqrt(6)*sqrt(2)*sqrt(sqrt(3)
+ 2)*xarctan(1/6*sqrt (6) *sqrt (12*x~2 - 2*sqrt(6)*(2xsqrt(3)*sqrt(2)*x - 3*s
qrt (2)*x)*sqrt(sqrt(3) + 2) + 12)*(sqrt(3)*sqrt(2) - 2*sqrt(2))*sqrt(sqrt(3
) + 2) + 1/3%sqrt(6)*(2xsqrt(3)*sqrt(2)*x - 3*sqrt(2)*x)*sqrt(sqrt(3) + 2)
+ sqrt(3) - 2) + 1/24xsqrt(6)*sqrt(2)*sqrt(-4*sqrt(3) + 8)*arctan(1l/12*sqrt
(6)*sqrt (12*x72 + sqrt(6)*(2*sqrt (3)*sqrt(2)*x + 3*sqrt(2)*x)*sqrt (-4*sqrt(
3) + 8) + 12)*(sqrt(3)*sqrt(2) + 2xsqrt(2))*sqrt(-4*sqrt(3) + 8) - 1/6%*sqrt
(6)*(2*sqrt (3) *sqrt (2) *x + 3*sqrt(2)*x)*sqrt(-4*sqrt(3) + 8) - sqrt(3) - 2)
+ 1/24%sqrt (6)*sqrt(2) *sqrt (-4*sqrt(3) + 8)*arctan(1/12*sqrt(6)*sqrt(12*x~
2 - sqrt(6)*(2xsqrt(3) *sqrt(2)*x + 3*sqrt(2)*x)*sqrt(-4*sqrt(3) + 8) + 12)*
(sqrt(3)*sqrt(2) + 2xsqrt(2))*sqrt(-4*sqrt(3) + 8) - 1/6*sqrt(6)*(2xsqrt(3)
xsqrt (2)*x + 3*xsqrt(2)*x)*sqrt(-4*sqrt(3) + 8) + sqrt(3) + 2)

giac[A] time = 0.46, size = 253, normalized size = 0.71

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-x"4+1),x, algorithm="giac")

[Out] 1/24x(sqrt(6) + 3*sqrt(2))*arctan((4*x + sqrt(6) - sqrt(2))/(sqrt(6) + sqrt
(2))) + 1/24%(sqrt(6) + 3*sqrt(2))*arctan((4*x - sqrt(6) + sqrt(2))/(sqrt(6

) + sqrt(2))) + 1/24x(sqrt(6) - 3*sqrt(2))*arctan((4*x + sqrt(6) + sqrt(2))

/(sqrt(6) - sqrt(2))) + 1/24*(sqrt(6) - 3*sqrt(2))*arctan((4*x - sqrt(6) -

sqrt(2))/(sqrt(6) - sqrt(2))) + 1/48*(sqrt(6) + 3*sqrt(2))*log(x™2 + 1/2*x*
(sqrt(6) + sqrt(2)) + 1) - 1/48%(sqrt(6) + 3*sqrt(2))*log(x~2 - 1/2xxx(sqrt

(6) + sqrt(2)) + 1) + 1/48x(sqrt(6) - 3*sqrt(2))*log(x~2 + 1/2*x*(sqrt(6) -
sqrt(2)) + 1) - 1/48x(sqrt(6) - 3xsqrt(2))*log(x~2 - 1/2*x*(sqrt(6) - sqrt

(2)) + 1)

maple [C] time = 0.01, size = 44, normalized size = 0.12

(— RootOf (_28 - 7'+ 1)4 + 1) In (— RootOf (_Z8 - 7'+ 1) + x)

8 RootOf (_28 - 7'+ 1)7 — 4 RootOf (_28 - 7'+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8-x"4+1),x)
[Out] 1/4*sum((-_R~4+1)/(2% R"7- R"3)*1n(-_R+x), R=Root0f(_Z"8-_Z"4+1))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

-1
- [——u
fo—x4+1 :
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-x"4+1),x, algorithm="maxima")
[Out] -integrate((x™4 - 1)/(x"8 - x™4 + 1), x)

mupad [B] time = 1.67, size = 208, normalized size = 0.59

" / i/ 14 n 14 114
V3 atan| —— + —B0 N (5 \F ) 1 VEatan| - BT (g \F)" 23 atan| 2ot o ZER ) ma) e 09 E agan| 2 2B (g ()
(s-v3 8i) (s-v3 8i) (s-v38i) (8-v3 8i) . 2(1+v3 10) 2(1+v3 1i) . 2(1+v3 1i) 2(1+v3 1)

12 12 12 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - x4 + 1),x)

[Out] (27(3/4)*37(1/2)*atan((27(1/4)*x)/(2x(37(1/2)*1i + 1)7(1/4)) - (27(1/4)*37(
1/2)*x%11) /(2% (37 (1/2)*1i + 1)7(1/4)))*(37(1/2)*1i + 1)~ (1/4)*1i)/12 - (37 (
1/2)*atan((x*11)/(8 - 37(1/2)*8i)~(1/4) - (37 (1/2)*x)/(8 - 37(1/2)*8i)~(1/4
))*(8 - 37(1/2)*81)7(1/4)) /12 - (37 (1/2)*atan(x/(8 - 37(1/2)*8i)~(1/4) + (3
T(1/2)*x%11) /(8 - 37(1/2)*8i)7(1/4))*(8 - 37(1/2)*81)~(1/4)*1i)/12 + (27(3/
4)*37(1/2)*atan((27(1/4)*x*11) /(2% (37 (1/2)*1i + 1)7(1/4)) + (27(1/4)*37(1/2

)xx) /(2% (37(1/2)*1i + 1)7(1/4)))*(37(1/2)*1i + 1)7(1/4))/12

sympy [A] time = 3.10, size = 26, normalized size = 0.07
— RootSum (53084161° — 2304t* + 1, (t > tlog (9216f° - 8t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x*x*8-x**4+1) ,x)
[Out] -RootSum(5308416% t**8 - 2304* t**4 + 1, Lambda(_t, _t*log(9216*_ t**x5 - 8*_
t +x)))
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326 [ dx

1-2x4+8
Optimal. Leaf size=13

1 1
> tan™1(x) + > tanh ™! (x)

Rubi [A] time = 0.00, antiderivative size = 13, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 20,

number of rules _ 250, Rules used = {28, 21, 212, 206, 203}

integrand size

1 1 _
> tan~(x) + > tanh ' (x)

Antiderivative was successfully verified.

[In] Int[(1 - x74)/(1 - 2*%x74 + x78),x]
[Out] ArcTan[x]/2 + ArcTanh[x]/2
Rule 21

Int[(u_.)*((a_) + (b_.)*x(v_))"(m_.)*((c_) + (d_.)*(v_))"(n_.), x_Symbol] :>

Dist[(b/d)"m, Int[ux(c + d*v)"(m + n), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& EqQ[bxc - axd, 0] &% IntegerQ[m] && ( !'IntegerQ[n] || SimplerQ[c + dxx,
a + bx*xx])

Rule 28

Int[(u_.)*((a_) + (c_)*x(x_)"(n2_.) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :>
Dist[1/c”p, Int[u*x(b/2 + c*xx"n)~(2*p), x], x] /; FreeQ[{a, b, ¢, n}, x] &&
EqQ[n2, 2*n] && EqQ[b~2 - 4*axc, 0] && IntegerQ[pl]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 21*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQl[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/b),
2]], s = Denominator[Rt[-(a/b), 211}, Distlr/(2*xa), Int[1/(r - s*x"2), x],
x] + Dist[r/(2*a), Int[1/(r + s*x~2), x], %11 /; FreeQ[{a, b}, x] && !GtQ
[a/b, 0]

Rubi steps



1-x 1-x

R :f—d

1-2ct+ 8 (—1+x4)2 *
1

= dx
f—1+x4

dx + = f
2f1 2Pt ) Tra®

= E tan~(x) + ! tanh L)

Mathematica [A] time = 0.01, size = 25, normalized size = 1.92
1 1 1
“1 log(1 —x) + 7 log(x +1) + 5 tan~(x)

Antiderivative was successfully verified.

[In] Integratel[(1 - x74)/(1 - 2*x"4 + x78),x]
[Out] ArcTan[x]/2 - Logl[l - x]/4 + Logll + x]/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1-x*

——dx
1—2x%+ 8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - 2*xx~4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 - 2*x™4 + x78), x]

fricas [A] time = 1.42, size = 17, normalized size = 1.31

1 1 1
> arctan(x) + 1 log (x +1) - 1 log (x —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-2%x"4+1),x, algorithm="fricas")
[Out] 1/2*arctan(x) + 1/4xlog(x + 1) - 1/4xlog(x - 1)

giac [B] time = 0.45, size = 19, normalized size = 1.46

1 1 1
5 arctan(x) + 1 log (Jx +1]) - 1 log (|x —1])

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-2%x"4+1),x, algorithm="giac")

[Out] 1/2*arctan(x) + 1/4xlog(abs(x + 1)) - 1/4xlog(abs(x - 1))

maple [A] time = 0.00, size = 10, normalized size = 0.77

arctanh(x) N arctan(x)
2 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((-x"4+1)/(x"8-2%x"4+1) ,x)
[Out] 1/2*arctan(x)+1/2*arctanh(x)

maxima [A] time = 1.60, size = 17, normalized size = 1.31

1 1 1
> arctan(x) + 1 log (x +1) - 1 log (x - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-2%x"4+1),x, algorithm="maxima"
[Out] 1/2*arctan(x) + 1/4*xlog(x + 1) - 1/4xlog(x - 1)
mupad [B] time = 0.02, size = 9, normalized size = 0.69

atan(x) N atanh(x)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - 2%x™4 + 1),x)
[Out] atan(x)/2 + atanh(x)/2
sympy [B] time = 0.13, size = 17, normalized size = 1.31

_log (x-1) N log (x +1) N atan (x)
4 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8-2*x**4+1) %)

[Out] -log(x - 1)/4 + log(x + 1)/4 + atan(x)/2

160
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327 [y

1-3x%+x8

Optimal. Leaf size=129

tan! (\/7 ) tanl( 1+2f ) tanh™ ( @21) tanh‘( 1+2\/5 x)
\/107 10(1+5) 10(\/5 1) 10(1++5)

Rubi [A] time = 0.12, antiderivative size = 129, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ ).200, Rules used = {1419, 1093, 207, 203}

a1

integrand size

tan_l( %x) tan™ (\/E ) tanh™ (\/7 ) tanh‘( 1+2\/5 x)
10(V5 \/T\/_ 0(v5 -1) 10(1++5)

Antiderivative was successfully verified.

[In] Int[(1 - x74)/(1 - 3*x"4 + x78),x]

[Out] ArcTan[Sqrt[2/(-1 + Sqrt[5])]*x]/Sqrt[10*(-1 + Sqrt[5])] + ArcTan[Sqrt[2/(1
+ Sqrt[5])]1*x]/Sqrt[10%(1 + Sqrt[5])] + ArcTanh[Sqrt[2/(-1 + Sqrt[5])]*x]/

Sqrt [10x(-1 + Sqrt[5])] + ArcTanh[Sqrt[2/(1 + Sqrt([5])]1*x]/Sqrt[10*(1 + Sqr

t[51)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 1093

Int[((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + cxx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xax*c,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*c), Int[1/Simp[d/e +
gxx~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x~(n/2) + x
“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, exRt[a/c, 211))

Rubi steps
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1—x* p 1f 1 i 1]‘ 1 P
_— = —| - —_—aXx| — = —_—aXx
1—-3x%+2a8 X 2J —1-x2 +x4 2J —1+x2+x4

1 1 1 1
f—_%_ﬁﬂzdx fl_ﬁ dx f—dx f . dx

_ 2 2 7 T + _%J’%J’xz + % 7
25 2+/5 2+/5 2+/5

Mathematica [A] time = 0.08, size = 129, normalized size = 1.00

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 - 3*x74 + x78),x]

[Out] ArcTan[Sqrt[2/(-1 + Sqrt[5])]#*x]/Sqrt[10*(-1 + Sqrt[5])] + ArcTan[Sqrt[2/(1
+ Sqrt[5]1)]1*x]/Sqrt[10*x(1 + Sqrt[5])] + ArcTanh([Sqrt[2/(-1 + Sqrt[5])]1*x]/
Sqrt[10*x (-1 + Sqrt[5])] + ArcTanh[Sqrt[2/(1 + Sqrt([5])]1*x]/Sqrt[10*(1 + Sqr
t[61)]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1—x*

— d
1-3x%+x8 X

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - 3*x"4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 - 3*x"4 + x78), x]

fricas [B] time = 1.44, size = 255, normalized size = 1.98

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-3*x74+1),x, algorithm="fricas")

[Out] -1/10%*sqrt(10)*sqrt(sqrt(5) + 1)*arctan(1/20*sqrt(10)*sqrt(5)*sqrt(2)*sqrt(
2%x72 + sqrt(5) - 1)*xsqrt(sqrt(b) + 1) - 1/10*sqrt(10)*sqrt(5)*x*sqrt (sqrt(

5) + 1)) - 1/10*sqrt(10)*sqrt(sqrt(5) - 1)*arctan(1/20*sqrt(10)*sqrt(5)*sqr
t(2)*sqrt(2*xx~2 + sqrt(5) + 1)*sqrt(sqrt(5) - 1) - 1/10%sqrt(10)*sqrt(5)*xx*
sqrt(sqrt(5) - 1)) + 1/40%sqrt(10)*sqrt(sqrt(5) - 1)*log(sqrt(10)*(sqrt(5)

+ 5)xsqrt(sqrt(5) - 1) + 20*x) - 1/40*sqrt(10)*sqrt(sqrt(5) - 1)*log(-sqrt(
10)*(sqrt(5) + B5)*sqrt(sqrt(5) - 1) + 20*x) - 1/40*sqrt(10)*sqrt(sqrt(5) +

D *xlog(sqrt(10)*sqrt(sqrt(5) + 1)*(sqrt(5) - 5) + 20%*x) + 1/40%*sqrt(10)*sqr
t(sqrt(56) + 1)*log(-sqrt(10)*sqrt(sqrt(5) + 1)*(sqrt(5) - 5) + 20%*x)

giac [A] time = 0.75, size = 147, normalized size = 1.14

5 ¢ 1 T 1
%lﬂ\/gflﬂarctan[ i ]+2170\10\/5+10arcmn[+]+5\/10\r5710log[|x+‘/5\r5+z

MLV
el N 2

]—%x/w\fs +1010g[

]

]f%owllﬁﬁflﬂlog[‘xf\/%\/ng%

]+41—0\10«/§ +10 1og[|x+‘/%f5—§



163

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-3%x74+1),x, algorithm="giac")

[Out] 1/20%sqrt(10*sqrt(5) - 10)*arctan(x/sqrt(1/2*sqrt(5) + 1/2)) + 1/20*sqrt(10
xsqrt(5) + 10)*arctan(x/sqrt(1/2*sqrt(5) - 1/2)) + 1/40*sqrt(10*sqrt(5) - 1
0)*log(abs(x + sqrt(1/2*sqrt(5) + 1/2))) - 1/40*sqrt(10*sqrt(5) - 10)*log(a

bs(x - sqrt(1/2*sqrt(5) + 1/2))) + 1/40%sqrt(10*sqrt(5) + 10)*log(abs(x + s
qrt(1/2*sqrt(5) - 1/2))) - 1/40*sqrt(10*sqrt(5) + 10)*log(abs(x - sqrt(1/2*
sqrt(5) - 1/2)))

maple [A] time = 0.03, size = 110, normalized size = 0.85

\/5 arctanh ol \/5 arctanh 2 5 arctan ol 5 arctan 2
V-2+25 \2+25 V2425 . 2425

+ +
5+4/-2 + 245 542 + 245 54-2 +2+/5 5+/2 + 245

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8-3*x"4+1) ,x)

[Out] 1/5x57(1/2)/(2+2%57(1/2))~(1/2)*arctanh(2/(2+2%57(1/2)) " (1/2)*x)+1/5%5~ (1/2
)/ (=2+2%57(1/2))~(1/2) *arctan(2/(-2+2%57(1/2) )~ (1/2) *x)+1/5%5~ (1/2) / (-2+2%5
~(1/2)) 7 (1/2) *arctanh (2/ (-2+2*57(1/2) )~ (1/2) *x) +1/5x57 (1/2) / (2+2%57 (1/2) ) ~ (
1/2)*arctan(2/(2+2%57(1/2) )~ (1/2) *x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
xt -1
- | =——F—4d
f B3+l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-3*x74+1),x, algorithm="maxima"
[Out] -integrate((x™4 - 1)/(x"8 - 3*x74 + 1), x)

mupad [B] time = 1.71, size = 269, normalized size = 2.09

— — — — — — I =
VIOxyV5-13i VB VD xyV5-17i . VIO VB 4131 VB VT \B+17 . VIDxy1-V5 31 V5 VIO xy1-V5 7 VIxy-V5-131 VB VIO xy-VE-171
vio atan[ TN RN V5 -11i V10 atan BE) T o) V5 +11i  i0 atan 2 0BT y1-v5 1 Vi0 atan BT eE) VY5 -11i
- + +

20 20 20 20

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - 3*x74 + 1),x)

[Out] (107 (1/2)*atan((107(1/2)*x*(1 - 57(1/2))~(1/2)*31)/(2x(3%57(1/2) - 7)) - (5
~(1/2)%107(1/2)*xx (1 - 57(1/2))~(1/2)*71) /(10%(3x567(1/2) - 7)))*(1 - 57(1/2
))~(1/2)%11) /20 - (107 (1/2)*atan((107(1/2)*x*(57(1/2) + 1)7(1/2)*3i)/(2*(3*
57(1/2) + 7)) + (57(1/2)*107(1/2)*x*(57(1/2) + 1)~ (1/2)*71i)/(10%(3%5~(1/2)
+ 7)))*x(57(1/2) + 1)7(1/2)*%1i)/20 - (107 (1/2)*atan((107(1/2)*x*(567(1/2) - 1
)7(1/2)%31) /(2% (3%57(1/2) - 7)) - (57(1/2)*107(1/2)*x*(57(1/2) - 1)~ (1/2)*7
1)/ (10%x(3%57(1/2) - 7)))*(57(1/2) - 1)7(1/2)*11)/20 + (107 (1/2)*atan((107(1
/2)xxx (= 57(1/2) - 1)7(1/2)*31) /(2% (3*57(1/2) + 7)) + (57(1/2)*107(1/2)*x*(
- 57(1/2) - 1)7(1/2)*71)/(10*(3%57(1/2) + 7)))*(- 57(1/2) - 1)~ (1/2)*1i)/20

sympy [A] time = 1.17, size = 51, normalized size = 0.40
— RootSum (6400t - 80£2 - 1, (t > t log (25600¢° - 16t + x))) — RootSum (6400t + 8012 - 1, (t - tlog (25600£° — 16t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8-3*x**4+1),x)



164

[Out] -RootSum(6400* t**4 - 80*_t*x2 - 1, Lambda(_t, _t*log(25600% t**5 - 16*_t +
x))) - RootSum(6400* t*x4 + 80%_tx*2 - 1, Lambda(_t, _t*1og(25600%_t**5 -
16% t + x)))
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328 [y

1-4x4+x8

Optimal. Leaf size=165

tan™! [ﬂ) tan™! (ﬂ] tanh ( ik ] tanh_l[ ¥ ]
I Jis I Jis
2v2,/3(V3 -1) 2\/_1/ (1++3) 2\/_,/ V3 -1) 2\/_,/ (1++3)

Rubi [A] time = 0.10, antiderivative size = 165, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ 5 500, Rules used = {1419, 1093, 207, 203}

integrand size

tan~! [ﬂ) tan~! (&] tanh ( V2 ] tanh_l[ Vax ]
V1 V1445 Va1 V1448
2V2/3(V3 -1) 2\/_1/ (1++3) 2\/‘\/7_1 2\/-\/T\/-

Antiderivative was successfully verified.

[In] Int[(1 - x74)/(1 - 4%xx"4 + x78),x]

[Out] ArcTan[(27(1/4)*x)/Sqrt[-1 + Sqrt[3]111/(2*27(1/4)*Sqrt[3*(-1 + Sqrt[3]1)]) +
ArcTan[(27(1/4)*x)/Sqrt[1 + Sqrt[3]11]/(2%27(1/4)*Sqrt[3*(1 + Sqrt[3])]) +
ArcTanh[(27(1/4)*x) /Sqrt[-1 + Sqrt[3]1]1/(2%27(1/4)*Sqrt [3*x(-1 + Sqrt[3]1)])
+ ArcTanh[(27(1/4)*x) /Sqrt[1 + Sqrt[3]11]1/(2%27(1/4)*Sqrt [3*(1 + Sqrt[31)])

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 1093

Int[((a_) + (b_)*x(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distlc/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + c*x72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d) + (e_)*x(x_)"(m_ ))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x~(n/2) + x
“n, x], x1, x1] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQlcxd™2 - axe”™2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 21]1))

Rubi steps
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1-x* 1 1 1 1
1—4x4+x8dx:_(Ef—l—\/§x2+x4dx)_§f—1+\/§x2+x4dx

v 4 4 4 _t 4

__f—\/g—%mz x+f\/§—%+x2 x_f—\/g+%+x2 x+f\/§+%+x2 *

- 24/6 26 26 26

L s . ﬁ) . h_l( 45 ) . h_l[ vz)
) tan (—’——1+\/§) ) an [—T\/5 . an —’——1+\/§ . an —T\/ﬁ
2V2 (3 (-1 +3) 2«4/5./3(1+\/§) 2%/5./3(—1“/5) 2\4/5,/3(1+\/§)

Mathematica [C] time = 0.01, size = 55, normalized size = 0.33

#1* log(x — #1) — log(x — #1) &]

1
——RootSum |#1° — 4#1* + 1&, ——
8 #17 - 2#1

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 - 4*x~4 + x78),x]

[Out] -1/8*RootSum[1 - 4*#174 + #17°8 & , (-Loglx - #1] + Loglx - #1]*#174)/(-2*#1
3+ #177) & ]

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

1—x* N
1—4x%+x8

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - 4*x"4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 - 4xx"4 + x78), x]

fricas [B] time = 1.58, size = 302, normalized size = 1.83

,;\;(,ﬁ,:v;m.,,(gv;\e‘, (N 2 () 3 - B ) 2 .gv;l\s,:‘,nm.mg[w,:,\s?,:m,j \\‘T,:\V?A\—ui\ﬁ,,mr?o:‘!»‘T—:\%]r%ui\ﬁ—:\lw (5 415 ) )+ S VBVS 2t BIYS #2045 -3) 2] F (5 9o VB(6 + (5 +2) 5] LG8 2 g B(Y5 #3165+ o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-4*x"4+1),x, algorithm="fricas")

[Out] -1/6x*sqrt(6)*(-sqrt(3) + 2)~(1/4)*arctan(l/6*sqrt(6)*sqrt(x~2 + (sqrt(3) +
2)*sqrt(-sqrt(3) + 2))*(sqrt(3) + 3)*(-sqrt(3) + 2)7(3/4) - 1/6%xsqrt(6)*(sq
rt(3)*x + 3*x)*(-sqrt(3) + 2)7(3/4)) + 1/6%sqrt(6)*(sqrt(3) + 2)7(1/4)*arct
an(1/6*(sqrt(6)*sqrt(x~2 - sqrt(sqrt(3) + 2)*(sqrt(3) - 2))*sqrt(sqrt(3) +
2)*(sqrt(3) - 3) - sqrt(6)*(sqrt(3)*x - 3*x)*sqrt(sqrt(3) + 2))*(sqrt(3) +
2)7(1/4)) - 1/24%sqrt(6)*(sqrt(3) + 2)7(1/4)*log(sqrt(6)*(sqrt(3) + 2)~(1/4
)*(sqrt(3) - 3) + 6xx) + 1/24xsqrt(6)*(sqrt(3) + 2)~(1/4)*log(-sqrt(6)*(sqr

t(3) + 2)7(1/4)*(sqrt(3) - 3) + 6%x) + 1/24*sqrt(6)*(-sqrt(3) + 2)7(1/4)*1o
g(sqrt(6)*(sqrt(3) + 3)*(-sqrt(3) + 2)7(1/4) + 6%x) - 1/24xsqrt(6)*(-sqrt(3

) + 2)7(1/4)*log(-sqrt(6) *(sqrt(3) + 3)*(-sqrt(3) + 2)7(1/4) + 6%x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-x"4+1)/(x78-4%x"4+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Unable to convert to real 1/4 Error: Bad Arg
ument ValueUnable to convert to real 1/4 Error: Bad Argument Value

maple [C] time = 0.01, size = 42, normalized size = 0.25

(— RootOf (_28 —4 7%+ 1)4 + 1) In (— RootOf (_Z8 —4 7%+ 1) + x)

8 RootOf (_28 -4 74 1)7 —16 RootOf (_z8 —4 74+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8-4*x"4+1) ,x)
[Out] 1/8*sum((- R~4+1)/( R"7-2% R~3)*1ln(- R+x), R=Root0f ( Z~8-4% Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

xt -1
Y (kS
fx8—4x4+1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-4%x"4+1),x, algorithm="maxima"
[Out] -integrate((x™4 - 1)/(x78 - 4%x74 + 1), x)

mupad [B] time = 0.18, size = 399, normalized size = 2.42

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - 4%xx"4 + 1),x)

[Out] (67(1/2)*atan((67(1/2)*x*(2 - 37(1/2))~(1/4)*641)/(48+3~(1/2)*(2 - 37(1/2))
“(1/2) - 80%(2 - 37(1/2))7(1/2)) - (37 (1/2)*6~(1/2)*x*(2 - 37(1/2))~(1/4)*1
121) /(3% (48%37(1/2)*(2 - 37(1/2))~(1/2) - 80%(2 - 37(1/2))~(1/2))))*(2 - 3~
(1/72))~(1/4)*1i) /12 - (67 (1/2)*atan((64%6~(1/2)*x*x(2 - 37(1/2))~(1/4))/(48%
37(1/2)*%(2 - 37(1/2))"(1/2) - 80x(2 - 37(1/2))~(1/2)) - (112x37(1/2)*6~(1/2
Ykx*x(2 - 37(1/2))7(1/4)) /(3% (48%37(1/2)*(2 - 37(1/2))~(1/2) - 80%(2 - 37(1/
2))7(1/2))))*(2 - 37(1/2))~(1/4))/12 + (67 (1/2)*atan((64x6~(1/2)*x*(37(1/2)
+ 2)7(1/4))/(80%(37(1/2) + 2)7(1/2) + 48%37(1/2)*(37(1/2) + 2)~(1/2)) + (1
12%37(1/2) %67 (1/2) *x*(37(1/2) + 2)7(1/4))/(3*x(80%(37(1/2) + 2)7(1/2) + 48%3
“(1/2)x(37(1/2) + 2)7(1/2))))*(37(1/2) + 2)7(1/4))/12 - (67 (1/2)*atan((6”(1
/2)xxx(37(1/2) + 2)7(1/4)*64i)/(80*%(37(1/2) + 2)7(1/2) + 48%37(1/2)*(37(1/2
)+ 2)7(1/2)) + (37(1/2)%67(1/2)*x*(37(1/2) + 2)7(1/4)*112i)/(3*(80* (37 (1/2
)+ 2)7(1/2) + 48x37(1/2)*(37(1/2) + 2)7(1/2))))*(37(1/2) + 2)~(1/4)*1i)/12

sympy [A] time = 0.20, size = 26, normalized size = 0.16
— RootSum (849346561° — 368641+ + 1, (t — tlog (36864 — 20t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8-4*xx**4+1) ,x)

[Out] -RootSum(84934656+*_t**8 - 36864 _t*x4 + 1, Lambda(_t, _t*log(36864* t**5 -
20% t + x)))
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329 [y

1-5x%+x8

Optimal. Leaf size=169

2
) tanh™ ( R x)

14 (V3 + 7

ﬁ

tan‘l( 7 ) tan( 3+\/_) tanh” ( \/7\/3
14(V7 -V3)  (14(\3 +V7) J14(V7 —+3)

N

\1

\—/
SN—

Rubi [A] time = 0.14, antiderivative size = 169, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ ). 200, Rules used = {1419, 1093, 207, 203}
)

integrand size

-1 2
tan (‘/m) tan”~ (‘,\/_+\/_) tanh™ ( \/5\/5) tanh™ ( 7

+V7
14(V7 -+3) 14(V3 +7) J14(V7 —+3) 14(V3 +7

N

SN—

Antiderivative was successfully verified.
[In] Int[(1 - x74)/(1 - 5%x"4 + x78),x]

[Out] ArcTan[Sqrt[2/(-Sqrt[3] + Sqrt[7])]#*x]/Sqrt[14*(-Sqrt[3] + Sqrt([7])] + ArcT
an[Sqrt[2/(Sqrt[3] + Sqrt[7]1)]1*x]/Sqrt[14*(Sqrt[3] + Sqrt[7])] + ArcTanh[Sq
rt[2/(-Sqrt[3] + Sqrt[7]1)]*x]/Sqrt[14*(-Sqrt[3] + Sqrt[7])] + ArcTanh[Sqrt[
2/(Sqrt[3] + Sqrt[7]1)1*x]/Sqrt[14x(Sqrt[3] + Sqrt[7]1)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 || GtQlb, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 1093

Int[((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + cxx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2*%c), Int[1/Simp[d/e +
gxx~(n/2) + x"n, x], x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x~(n/2) + x
“n, x], x], x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQ[c*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il 'LtQ[(2*d)/e - b/c, 0] && EqQ[d, exRt[a/c, 211))

Rubi steps
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1-x 1 1 1
B N ] #)-1 [ "
1—5x%+ 28 2J 1 -\B3x2 4t 2J 14+3x2+ x4
1 1 1 1
f—ﬁ—ﬁﬂczdx fﬁ—ﬁﬂczdx f—§+¥+x2dx f\zf s d

- _ 22 _ 22 + + 2

2V7 27 27 \/_

__tan_l( jjgrjgx)_+tan—1( Vgivﬁx)-+tanh_1( / v§+ x| tanh” (\/___
a6 V) (VB vE) (B vE) (VB e

Mathematica [C] time = 0.01, size = 57, normalized size = 0.34

! #1*log(x - #1) - log(x — #1
—ZRootSum [#18 —5#1* + 1&, og(x ) —log(x )&]

2#17 — 5418

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 - 5*x"4 + x78),x]

[Out] -1/4%RootSum[1 - 5*#1°4 + #1°8 & , (-Loglx - #1] + Loglx - #1]x#174)/(-5%#1
~3 + 2%#1°7) & ]

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1—x*
—d
1—5x%+2a8 x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - 5xx~4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 - 5xx"4 + x78), xl

fricas [B] time = 1.81, size = 546, normalized size = 3.23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8-5%x"4+1),x, algorithm="fricas")

[Out] -1/14xsqrt(14)*sqrt(sqrt(2)*sqrt(-sqrt(7)*sqrt(3) + 5))*arctan(1/112*sqrt(1
4)*xsqrt (4xx~2 + (sqrt(7)*sqrt(3)*sqrt(2) + 5xsqrt(2))*sqrt(-sqrt(7)*sqrt(3)
+ 5))*(sqrt(7)*sqrt(3)*sqrt(2) + 7*xsqrt(2))*sqrt(-sqrt(7)*sqrt(3) + 5)*sqr
t(sqrt(2)*sqrt(-sqrt(7)*sqrt(3) + 5)) - 1/56%sqrt(14)*(sqrt(7)*sqrt(3)*sqrt
(2)*x + T*sqrt(2)*x)*sqrt(-sqrt(7)*sqrt(3) + 5)*sqrt(sqrt(2)*sqrt(-sqrt(7)*
sqrt(3) + 5))) + 1/14*xsqrt(14)*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5))*arct
an(1/112*(sqrt (14) *sqrt (4*x"2 - (sqrt(7)*sqrt(3)*sqrt(2) - 5xsqrt(2))*sqrt(
sqrt (7)*sqrt(3) + 5))*(sqrt(7)*sqrt(3)*sqrt(2) - 7xsqrt(2))*sqrt(sqrt(7)*sq
rt(3) + 5) - 2xsqrt(14)*(sqrt(7)*sqrt(3)*sqrt(2)*x - Txsqrt(2)*x)*sqrt(sqrt
(T)*sqrt(3) + 5))*sqrt(sqrt(2)*sqrt(sqrt(7)*sqrt(3) + 5))) - 1/56%sqrt(14)*
sqrt (sqrt(2) *sqrt (sqrt(7)*sqrt(3) + 5))*log(sqrt(14)*(sqrt(7)*sqrt(3) - 7)*
sqrt (sqrt(2) *sqrt(sqrt(7)*sqrt(3) + 5)) + 28%x) + 1/56%sqrt(14)*sqrt(sqrt(2
)*sqrt (sqrt (7)*sqrt(3) + 5))*log(-sqrt(14)*(sqrt(7)*sqrt(3) - 7)*sqrt(sqrt(
2)*sqrt (sqrt(7)*sqrt(3) + 5)) + 28%x) + 1/56%sqrt(14)*sqrt(sqrt(2)*sqrt(-sq
rt(7)*sqrt(3) + 5))*log(sqrt(14)*(sqrt(7)*sqrt(3) + 7)*sqrt(sqrt(2)*sqrt(-s
qrt(7)*sqrt(3) + 5)) + 28*x) - 1/56%sqrt(14)*sqrt(sqrt(2)*sqrt(-sqrt(7)*sqr
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t(3) + 5))*log(-sqrt(14)*(sqrt(7)*sqrt(3) + 7)*sqrt(sqrt(2)*sqrt(-sqrt(7)*s
qrt(3) + 5)) + 28%x)

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8-5%x74+1),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int(sage0,x) : ;OUTPUT:Unable to convert to real 1/4 Error: Bad Arg
ument ValueUnable to convert to real 1/4 Error: Bad Argument Value

maple [C] time = 0.01, size = 44, normalized size = 0.26

(— RootOf (_28 -5 7%+ 1)4 + 1) In (— RootOf (_Z8 -5 7%+ 1) + x)

8 RootOf (_28 -5 74+ 1)7 — 20 RootOf (_28 -5 7%+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8-5*x"4+1) ,x)
[Out] 1/4%sum((- R~4+1)/(2% R~7-5% R~3)*1ln(- R+x), R=Root0f( Z~8-5% Z~4+1))
maxima [F] time = 0.00, size = 0, normalized size = 0.00
xt -1
- | ——=—F—14
f B 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-5%xx"4+1),x, algorithm="maxima")
[Out] -integrate((x™4 - 1)/(x"8 - 5*%x™4 + 1), x)

mupad [B] time = 1.79, size = 483, normalized size = 2.86

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - 5*xx"4 + 1) ,x)

[Out] (27(3/4)*7~(1/2)*atan((405%27(3/4)*7~(1/2)*x*x(5 - 217(1/2))~(1/4))/ (2% (243*
2°(1/2)%(5 - 217(1/2))~(1/2) - 54%2~(1/2)*21~(1/2)*(5 - 21~(1/2))~(1/2))) -
(621%27(3/4)*7~(1/2) %21~ (1/2) *x* (5 - 217(1/2))~(1/4))/(14%(243%2~(1/2)*(5
- 217(1/2))7(1/2) - 54x27(1/2)*217(1/2)*(5 - 217(1/2))~(1/2))))*(5 - 21~ (1/
2))7(1/4))/28 - (27(3/4)*7"(1/2)*atan((27(3/4)*7~ (1/2)*x* (5 - 217(1/2))~(1/
4)*4051) /(2% (243%27(1/2)* (5 - 217(1/2))~(1/2) - 54x2~(1/2)*21~(1/2)*(56 - 21
“(1/2))°(1/2))) - (27 @3/4)*7"(1/2)*217(1/2)*xx(5 - 21°(1/2))~(1/4)*6211)/(1
4% (243%2°(1/2)*(5 - 217(1/2))°(1/2) - 54%27(1/2)*21~(1/2)*(5 - 21°(1/2))~ (1
/2))))*(5 = 217(1/2))"(1/4)*11) /28 + (27(3/4)*7~(1/2)*atan((405%2~(3/4)*7"(
1/2)*x*x(217(1/2) + 5)~(1/4))/(2%x(243%2~(1/2)*(21~(1/2) + 5)~(1/2) + 54%2~(1
/2)*217(1/2)*(217(1/2) + 5)7(1/2))) + (621%27(3/4)*7~(1/2)*21~(1/2) *x* (21~ (
1/2) + 5)7(1/4))/(14%(243%2"(1/2)*(21°(1/2) + 5)~(1/2) + 54x2~(1/2)*21~(1/2
)*(217(1/2) + 5)7(1/2))))*(217(1/2) + 5)~(1/4))/28 - (27(3/4)*7~(1/2)*atan(
(27(3/4) %7~ (1/2) *xx (21~ (1/2) + 5)~(1/4)*4051) /(2% (243%2~(1/2)*(21~(1/2) + 5
)7 (1/2) + 54x27(1/2)*217(1/2)*(217(1/2) + 5)7(1/2))) + (27(3/4)*7~(1/2)*21"
(1/2)*x*x(217(1/2) + 5)~(1/4)*6211)/(14%(243*%2"(1/2)*x(21°(1/2) + 5)~(1/2) +

54x27(1/2)*217(1/2)*(217(1/2) + 5)~(1/2))))*(217(1/2) + 5)~(1/4)*11)/28
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sympy [A] time = 0.19, size = 26, normalized size = 0.15
— RootSum (1573519361° — 62720t* + 1, (£ > tlog (50176t° - 24t + x) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8-5*xx*4+1) %)

[Out] -RootSum(157351936*_t**8 - 62720%_t**4 + 1, Lambda(_t, _t*log(50176%_t*x5 -
24% t + x)))



172

330 [ dx

1-6x%+x8

Optimal. Leaf size=125

il )
4\/7 2(1++2) 2(V2-1)  4y2(1++2)

Rubi [A] time = 0.07, antiderivative size = 125, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 4, integrand size = 20,

number of rules _ ).200, Rules used = {1419, 1093, 207, 203}

integrand size

o) ) =) e
W) a(eE) ap(E)

Antiderivative was successfully verified.

]

[In] Int[(1 - x74)/(1 - 6%x"4 + x78),x]

[Out] ArcTan[x/Sqrt[-1 + Sqrt[2]]]/(4*Sqrt[2*x(-1 + Sqrt[2])]) + ArcTan[x/Sqrt[1 +
Sqrt[2]]1]/(4xSqrt[2*(1 + Sqrt[2])]) + ArcTanh[x/Sqrt[-1 + Sqrt[2]]]/(4*Sqr

t[2%(-1 + Sqrt([2])]) + ArcTanh([x/Sqrt[1 + Sqrt[2]]]/(4*Sqrt[2*(1 + Sqrt([2])

D

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/@Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 || GtQlb, 01)

Rule 1093

Int[((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Distl[c/q, Int
[1/(b/2 + q/2 + c*xx72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*axc,
0] && PosQ[b~2 - 4xaxc]

Rule 1419

Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[(2xd)/e - b/c, 2]}, Dist[e/(2%c), Int[1/Simp[d/e +
g*x~(n/2) + x"n, x], x], x] + Dist[e/(2*c), Int[1/Simp[d/e - g*x~(n/2) + x
“n, x], x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4
xaxc, 0] && EqQlc*d™2 - axe”2, 0] && IGtQ[n/2, 0] && (GtQ[(2*d)/e - b/c, 0]
Il ( 'LtQ[(2%d)/e - b/c, 0] && EqQ[d, e*Rt[a/c, 2]11))

Rubi steps
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f 1-—x4 i 1f 1 p 1 1 p
_— = —| - —_—aXx| - - —_—aXx
e+ ™712) o2+ 4 2J) 1222+

1 1 1 1
f—l—\/z+x2 ax fl—\/f+x2 ax f—1+\/§+x2 x f1+\/§+x2 ax

442 442 * 442 ¥ 442

WE(evE)  a2(evE) | aR(evE) | e+ vE)

Mathematica [A] time = 0.05, size = 114, normalized size = 0.91

V1++2 fan_l( ]+\/\/§—1tan‘1(ﬁ]+\/1+\/§ tanh_l( X ]+\/Etanh‘1[\/:7ﬁ]

V2-1
42

V2-1

Antiderivative was successfully verified.

[In] Integrate[(1 - x74)/(1 - 6*x~4 + x78),x]

[Out] (Sqrt[1 + Sqrt[2]]*ArcTan[x/Sqrt[-1 + Sqrt[2]]] + Sqrt[-1 + Sqrt[2]]*ArcTan
[x/Sqrt[1 + Sqrt([2]]] + Sqrt[1l + Sqrt([2]]*ArcTanh[x/Sqrt[-1 + Sqrt[2]]] + S
qrt[-1 + Sqrt([2]]*ArcTanh[x/Sqrt[1 + Sqrt[2]]1])/(4*Sqrt[2])

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

1—x*
—d
f1—6x4+x8 x

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 - x74)/(1 - 6*x"4 + x78),x]
[Out] IntegrateAlgebraic[(1 - x74)/(1 - 6*xx"4 + x78), x]

fricas [B] time = 1.40, size = 199, normalized size = 1.59

E T A = = I - = Pt R 5 (A P 5o
%v’z‘/‘ﬁu arctan(—Y\]VZ P R A »1)—%‘/5\/\5 -1 arctan(—n VZ-14yeevzriyVa 71)‘%&\ V2 -1 mg((«ﬁu)\wz -1 +‘{)7%V2\/‘/’E*l ln\g(—(w’l +1)\v2 -1 +x)+%vz‘/v2 +1 mg(\/vﬁ ‘1(\/571)‘\)7%\/2\/‘/5 1 10;[7%’5 4(\/5—1)»\)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"4+1)/(x78-6%x"4+1),x, algorithm="fricas")

[Out] -1/4xsqrt(2)*sqrt(sqrt(2) + 1)*arctan(-x*sqrt(sqrt(2) + 1) + sqrt(x™2 + sqr
t(2) - 1)*sqrt(sqrt(2) + 1)) - 1/4xsqrt(2)*sqrt(sqrt(2) - 1)*arctan(-x*sqrt
(sqrt(2) - 1) + sqrt(x™2 + sqrt(2) + 1)*sqrt(sqrt(2) - 1)) + 1/16*sqrt(2)*s
qrt(sqrt(2) - 1)*log((sqrt(2) + 1)*sqrt(sqrt(2) - 1) + x) - 1/16%*sqrt(2)*sq
rt(sqrt(2) - 1)*log(-(sqrt(2) + 1)*sqrt(sqrt(2) - 1) + x) + 1/16%*sqrt(2)*sq
rt(sqrt(2) + 1)*log(sqrt(sqrt(2) + 1)x(sqrt(2) - 1) + x) - 1/16*sqrt(2)*sqr
t(sqrt(2) + 1)*log(-sqrt(sqrt(2) + 1)*(sqrt(2) - 1) + x)

giac [A] time = 0.63, size = 135, normalized size = 1.08

x+ V2 +1

%\Zﬁ—Zarctan o +%\2\ﬁ+2arctan o +1176w2\/57210g(
V2 +1 VV2-1

)*%xzﬁ—Zlngdx—\/ﬁ

)+1176x2\5+210g(

Oy At

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8-6%x"4+1),x, algorithm="giac")
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[Out] 1/8*sqrt(2*sqrt(2) - 2)*arctan(x/sqrt(sqrt(2) + 1)) + 1/8*sqrt(2*sqrt(2) +
2)*arctan(x/sqrt(sqrt(2) - 1)) + 1/16xsqrt(2*sqrt(2) - 2)*log(abs(x + sqrt(
sqrt(2) + 1))) - 1/16*sqrt(2*sqrt(2) - 2)*log(abs(x - sqrt(sqrt(2) + 1))) +
1/16*sqrt (2*sqrt(2) + 2)*log(abs(x + sqrt(sqrt(2) - 1))) - 1/16*sqrt(2*sqr
t(2) + 2)*xlog(abs(x - sqrt(sqrt(2) - 1)))

maple [A] time = 0.03, size = 90, normalized size = 0.72

] \/E arctanh(L] \/E arctan[

\/5 arctanh il L] \/E arctan[ il )
\1+v2 N \V2-1 N \1+42 N V2-1

81+ 2 84V2 -1 841+ V2 8y V2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"4+1)/(x"8-6*x"4+1),x)

[Out] 1/8%27(1/2)/(27(1/2)-1)"(1/2)*arctan(1/(27(1/2)-1)~(1/2) *x)+1/8%27(1/2) / (1+
27(1/2)) 7 (1/2)*xarctanh (1/(1+27(1/2)) " (1/2) *x) +1/8*27(1/2) / (1+27(1/2) )~ (1/2)
*xarctan(1/(1+27(1/2))~(1/2)*x)+1/8%27(1/2) /(27 (1/2)-1)~(1/2) *arctanh (1/(27(
1/2)-1)7(1/2)*x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

xt -1
Y (kS
fx8—6x4+1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~4+1)/(x"8-6*x"4+1),x, algorithm="maxima")
[Out] -integrate((x™4 - 1)/(x7"8 - 6*%x74 + 1), x)

mupad [B] time = 0.20, size = 245, normalized size = 1.96

. A 7 [2+1 435 VV2
Ty1-V2 8352 V2 x1-V2 30721 xy-V2-1435%20  V2x\-V2-13072i x V2143520 V2xV2-13072i xyV2+14352i V2 xyV2+1 30720
. _ _ . 11 xyV2-14352i T 11
V2 ahn( V1-V21i  V2atan + V-V2-11 V2atan| o Fmm | VY2 o110 V2atan| St SO V2 +110
+ + -

3072 V24352 3072 2 -4352 3072 V2 +4352 3072 V2 +4352 3072 307 V2 +4352
8 8 8 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"4 - 1)/(x"8 - 6%x"4 + 1),x)

[Out] (27(1/2)*atan((x*x(- 27(1/2) - 1)7(1/2)*43521)/(3072%27(1/2) + 4352) + (2°(1
/2)*xx (= 27(1/2) - 1)7(1/2)*30721)/(3072*%27(1/2) + 4352))*(- 27(1/2) - 1)7(
1/2)*11)/8 - (27(1/2)*atan((x*(1 - 27(1/2))~(1/2)*43521)/(3072*%27(1/2) - 43

52) - (27(1/2)*x*x(1 - 27(1/2))~(1/2)*30721)/(3072%27(1/2) - 4352))*(1 - 27(
1/2))7(1/2)*%11)/8 + (27 (1/2)*atan((x*(27(1/2) - 1)7(1/2)*4352i)/(3072*2~(1/

2) - 4352) - (27(1/2)*xx(27(1/2) - 1)7(1/2)*30721)/(3072%27(1/2) - 4352))*(
27(1/2) - 1)7(1/2)*1i)/8 - (27 (1/2)*atan((x*x(27(1/2) + 1)7(1/2)*4352i) /(307
2%27(1/2) + 4352) + (27(1/2)*xx(27(1/2) + 1)~(1/2)*30721i)/(3072%27(1/2) + 4
352))*(27(1/2) + 1)7(1/2)*11)/8

sympy [A] time = 1.16, size = 51, normalized size = 0.41

— RootSum (16384t* - 25612 ~ 1, (¢ - tlog (655361° — 28 + x))) — RootSum (16384¢* + 25612 — 1, (t > tlog (655361° - 28t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**4+1)/(x**8-6xx**4+1),x)

[Out] -RootSum(16384x*_t*x4 - 256% t**2 - 1, Lambda(_t, _t*log(65536*_t*x5 - 28%_t
+ x))) - RootSum(16384*_ t*x*4 + 256%_t**2 - 1, Lambda(_t, _t*log(65536% tx*x
5 - 28*%_t + x)))
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_ 4
331 [y

T-x%+x8

Optimal. Leaf size=135

B 12+\/' —2x 2x+\/2+\/_
log(xz—\/Z—i\/§X+1) log(xz+\/2_7\/§x+l) tanl[ 2-v3 ] o 1( 23 J

- +

22 22 ) \2 V2

Rubi [A] time = 0.12, antiderivative size = 135, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 6, integrand size = 25,

number of rules _ 240, Rules used = {1423, 1161, 618, 204, 1164, 628}

integrand size

[ V2B —2x 1 [ 2x++/2+43
log(xz—\/Z—\/gx+1) log(x2+\/2—\/§x+1) tanl( 2-3 ] tanl( 2-V3 J

- +

22 Nz V2

Antiderivative was successfully verified.

[In] Int[(-1 + Sqrt[3] + 2*x74)/(1 - x74 + x78),x]

[Out] -(ArcTan[(Sqrt[2 + Sqrt[3]] - 2*x)/Sqrt[2 - Sqrt[3]11]1/Sqrt[2]) + ArcTan[(Sq
rt[2 + Sqrt[3]] + 2*x)/Sqrt[2 - Sqrt[31]1]1/Sqrt[2] - Logli - Sqrt[2 - Sqrt([3
11*x + x72]/(2xSqrt[2]) + Logl[l + Sqrt[2 - Sqrt[3]]*x + x~2]/(2%Sqrt[2])

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, 4,
er, x] && EqQ[2*cxd - bxe, 0]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(2xd)/e - b/c, 2]}, Distle/(2*c), Int[1/Simp[d/e + g*x + x~2
, x], x1, x] + Dist[e/(2%c), Int[1/Simpld/e - g*x + x~2, x], x], x]] /; Fre
eQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && EqQLcxd"2 - axe”2, 0] && (
GtQL(2*d)/e - b/c, 0] || ( 'LtQ[(2xd)/e - b/c, 0] && EqQ[d - e*Rtl[a/c, 2],
01))

Rule 1164

Int[((d_) + (e_.)*x(x )"2)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(-2*d)/e - b/c, 2]}, Distl[e/(2%c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2*%c*q), Int[(q + 2*x)/Simp[d/e - g*x - x~
2, x], x], x]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && EqQlc
*d"2 - a*xe”2, 0] && !'GtQ[b~2 - 4x*axc, 0]
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Rule 1423

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rtla/c, 21}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc
xq*r), Int[(d*r - (d - exq)*x~(n/2))/(q - r*x~(n/2) + x"n), x], x] + Dist[1
/(2xc*xqxr), Int[(d*r + (d - exq)*x"(n/2))/(q + r*x~(n/2) + x"n), x], x]1] /
; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQl[c
*d"2 - b*xdxe + axe”2, 0] && IGtQ[n/2, 0] && NegQ[b~2 - 4xax*c]

Rubi steps
V3 (-1+v3)+(3-3)x? V3 (-1+3)+(-3+v3)x
1+ 3 + 22 gy = f 1322424 dx N f 1443 12424 dx
1-—x%+2a8 243 243

f \2- x/'f/:er i f \/2—\/_?/_—2x i
—1-4/2-4/3 x—x2 —14+/2-v3 x—22 1 1
- Z( -1+V3) f

2 2 i
log( WH’C) log(1+\/2—7\/§x+x2)

dx +

22 22 * % (1= 3 ) Subst (f—2—+
() S b )
7 2 - 22 i 2V

Mathematica [C] time = 0.03, size = 71, normalized size = 0.53

2#1* log(x — #1) + V3 log(x — #1) — log(x — #1) l

1
—RootSum [#1° — #1* + 1&, —
4 2#17 - #1

Antiderivative was successfully verified.

[In] Integrate[(-1 + Sqrt[3] + 2%x74)/(1 - x74 + x78),x]

[Out] RootSum[1 - #174 + #178 & , (-Loglx - #1] + Sqrt[3]*Logl[x - #1] + 2*Log[x -
#11+#1°4) / (-#173 + 2x#1°7) & 1/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

1+ 3 + 22

1—x%+2a8 ax

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(-1 + Sqrt[3] + 2xx74)/(1 - x™4 + x78),x]
[Out] IntegrateAlgebraic[(-1 + Sqrt[3] + 2%x74)/(1 - x™4 + x78), x]

fricas [A] time = 0.77, size = 104, normalized size = 0.77

(\/5\/5—\/5)9(+2x2+2
(\/5\/5 —\/E)x—sz—Z

; 2arctan( (\/_\/E+\/_)x —\/Ex) ;\/Earctan( (\/_\/E+\/_)) }I\ﬁlog(—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+2xx~4+37(1/2))/(x"8-x"4+1) ,x, algorithm="fricas")
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[Out] 1/2*sqrt(2)*arctan(1/2*(sqrt(3)*sqrt(2) + sqrt(2))*x~3 - sqrt(2)*x) + 1/2*s
qrt(2)*arctan(1/2*(sqrt(3)*sqrt(2) + sqrt(2))*x) + 1/4*sqrt(2)*log(-((sqrt(
3)*sqrt(2) - sqrt(2))*x + 2*xx72 + 2)/((sqrt(3)*sqrt(2) - sqrt(2))*x - 2*x72

- 2))

giac [A] time = 0.49, size = 107, normalized size = 0.79

%‘/ﬁarctan[%]+%\/Earctan(%)+j—i\ﬁlog(xz+%x(\/g —\/E)+1)—}L\/§log(x2_%x(\/g —\/§)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+2xx~4+37(1/2))/(x78-x"4+1),x, algorithm="giac")

[Out] 1/2*sqrt(2)*arctan((4*x + sqrt(6) + sqrt(2))/(sqrt(6) - sqrt(2))) + 1/2xsqr
t(2)*arctan((4*x - sqrt(6) - sqrt(2))/(sqrt(6) - sqrt(2))) + 1/4xsqrt(2)x*lo
g(x™2 + 1/2*x*x(sqrt(6) - sqrt(2)) + 1) - 1/4*sqrt(2)*log(x~2 - 1/2*xx*(sqrt(

6) - sqrt(2)) + 1)

maple [C] time = 0.06, size = 47, normalized size = 0.35

(2 RootOf (_28 - 7t 1)4 ~1+4/3 ) In (— RootOf (_28 - 7'+ 1) + x)

8 RootOf (_28 - 7'+ 1)7 — 4 RootOf (_28 - 7'+ 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+2*x"4+3"(1/2))/(x"8-x"4+1),x)

[Out] 1/4%sum(1/(2*% R~7- R~3)*(-1+2% R~4+3~(1/2))*1n(- R+x), R=RootOf( Z"8- Z~4+1
))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

dx

f2x4+\/§ -1

x8—xt+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+2%x74+37(1/2))/(x"8-x"4+1),x, algorithm="maxima"
[Out] integrate((2*x~4 + sqrt(3) - 1)/(x"8 - x74 + 1), x)

mupad [B] time = 2.24, size = 133, normalized size = 0.99

\/Eatan( 722 x + 72V2 3 x ) \/Eatanh( 722 x . 722 V3 x )

144 V3144 V3 x2-288x2+288 144 V/3-144 /3 x2-288 x2+288 + 144 V3 +144 V3 x2+288x2+288 144 /3 +144 /3 x2+288 x2+288
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((37(1/2) + 2*x™4 - 1)/(x"8 - x4 + 1),x)

[Out] (2°(1/2)*atan((72*%2~(1/2)*x)/(144%3~(1/2) - 144*3~(1/2)*x"2 - 288*x~2 + 288
) + (72%x2°(1/2)*%37(1/2)*x) /(144%3~(1/2) - 144%3~(1/2)*x"2 - 288*x~2 + 288))

)/2 + (27(1/2)*atanh ((72%2~(1/2)*x)/ (144%3~(1/2) + 144%3~(1/2)*x~2 + 288%x~

2 + 288) + (72%27(1/2)*37(1/2)*x)/(144%3~(1/2) + 144x3~(1/2)*x~2 + 288%x~2

+ 288)))/2

sympy [A] time = 0.90, size = 163, normalized size = 1.21

4 4

vt ) i)
\/E(zatan(x(f@+i@))+2atan(x3(%+%)_ﬁx))_\/Elog[xz_$+1 +\/§10g 2\ )y
4 1 i
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+2*x**4+3%*x(1/2))/(x**8-x**4+1) ,x)

[Out] sqrt(2)*(2*atan(x*(sqrt(6)/(1 + sqrt(3)) + 2*sqrt(2)/(1 + sqrt(3)))) + 2*at
an (x**3*(sqrt(6) /(1 + sqrt(3)) + 2*xsqrt(2)/(1 + sqrt(3))) - sqrt(2)*x))/4 -

sqrt (2)*xlog(x*x*2 - sqrt(2)*x*(2/(sqrt(3) + 2) + 2xsqrt(3)/(sqrt(3) + 2))/4

+ 1)/4 + sqrt(2)*xlog(x**2 + sqrt(2)*x*(2/(sqrt(3) + 2) + 2xsqrt(3)/(sqrt(3

) +2))/4 + 1)/4
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f 1+(1+\/§)x4

1-x4+8

3.32 dx

Optimal. Leaf size=164

_}LVZJF‘@ log(xz——VZ—\/§x+1)+}LV2+\/§ log(x2+\/2—7\/§x+1)—%\/2+7\/§ tan~! 2\/+;/
7 _

Rubi [A] time = 0.09, antiderivative size = 164, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 6, integrand size = 26,

number of rules _ 231, Rules used = {1423, 1161, 618, 204, 1164, 628}

integrand size

_%\/24—\@ log(xz—\lz—\gx+l)+i\/2+\6 log(x2+\/2—\@x+1)—%\/2+\/5 tanl[ 2+\f3\f2x]+;/2+\@ tan~! [2x+ VZ:'F‘@]
V2-V3 2-+v3

Antiderivative was successfully verified.
[In] Int[(1 + (1 + Sqrt[3])*x"4)/(1 - x™4 + x78),x]

[Out] -(Sqrt[2 + Sqrt[3]]*ArcTan[(Sqrt[2 + Sqrt[3]] - 2#*x)/Sqrt[2 - Sqrt[311])/2
+ (Sqrt[2 + Sqrt[3]]*ArcTan[(Sqrt[2 + Sqrt[3]] + 2*x)/Sqrt[2 - Sqrt([3]]1])/2

- (Sqrt[2 + Sqrt[3]]xLogll - Sqrt[2 - Sqrt[3]]1*x + x72])/4 + (Sqrt[2 + Sqr
t[3]1*Log[1 + Sqrt[2 - Sqrt[3]]1*x + x~2])/4

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d)) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*xd - bxe, 0]

Rule 1161

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(2*d)/e - b/c, 2]}, Distl[e/(2*c), Int[1/Simp[d/e + g*x + X2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x + x72, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQ[c*d~2 - axe”2, 0] && (
GtQL(2*d)/e - b/c, 0] || ( 'LtQ[(2xd)/e - b/c, 0] && EqQ[d - e*Rtl[a/c, 2],
01))

Rule 1164

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(-2*d)/e - b/c, 2]}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2xc*q), Int[(q + 2%*x)/Simp[d/e - g*x - x~
2, x1, x], x]]1 /; FreeQ[{a, b, c, 4, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQlc
*d~2 - a*e”2, 0] & !GtQ[b~2 - 4x*axc, 0]
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Rule 1423

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rtla/c, 21}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2xc
xq*r), Int[(d*r - (d - exq)*x~(n/2))/(q - r*x~(n/2) + x"n), x], x] + Dist[1
/(2xc*xqxr), Int[(d*r + (d - exq)*x"(n/2))/(q + r*x~(n/2) + x"n), x], x]1] /
; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQl[c
*d"2 - b*xdxe + axe”2, 0] && IGtQ[n/2, 0] && NegQ[b~2 - 4xax*c]

Rubi steps

\/§+\/§x V332
f1+(1+\/§)x4dx PV E! +fmdx
1—x#+x8 243 24/3

1 1 1 1 \/7
A [ e |
4 1- 2+\/§x+x2dx+4 1+ 2+\/§x+x2dx o -1-+4/2

——31\/2+\/§ 10g(1—x/2—\/§x+x2)+31\/2+\/§ log(1+\/2—\/§x+x2)—35
tan-1 (w/2+«/§ —ZxJ tan-! (\/2+\/§ +2x

\/2—7‘/§ + B ]_11/ +V3 log |1 -2 -3 x+ 22|+
2423 242-3 v 31%(1 o )

Mathematica [C] time = 0.04, size = 72, normalized size = 0.44

#1* #1) + # # #
jIRootSum[#lg—#14+1& V3#1 log(x —#1) + 1’ log(x — #1) + log(x — 1) ]

2#17 - #1°
Antiderivative was successfully verified.

[In] Integrate[(1 + (1 + Sqrt[3])*x74)/(1 - x™4 + x78),x]

[Out] RootSum[1 - #174 + #178 & , (Loglx - #1] + Loglx - #1]*#1"4 + Sqrt[3]*Logl[x
- #11*x#174) /(~#173 + 2*#177) & 1/4

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

dx

f1+(1+\/§)x4

1—x#+ 8
Verification is not applicable to the result.

[In] IntegrateAlgebraic[(1 + (1 + Sqrt[3])*x74)/(1 - x74 + x78),x]
[Out] IntegrateAlgebraic[(1 + (1 + Sqrt[3])*x74)/(1 - x™4 + x78), x]

fricas [A] time = 1.23, size = 111, normalized size = 0.68

E\/ 3+2arctan(x3\/ 3+2 —xy 3+2 ) —/ 3+2arctan( \/\/§+2) \/\/§+210g[ ! \/§+2(\/§—2)—x2—1
x\/\/§+2(\/§—2)+x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~4x(1+37(1/2)))/(x"8-x"4+1),x, algorithm="fricas")
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[Out] 1/2*sqrt(sqrt(3) + 2)*arctan(x~3*sqrt(sqrt(3) + 2) - x*sqrt(sqrt(3) + 2)*(s
qrt(3) - 1)) + 1/2xsqrt(sqrt(3) + 2)*arctan(x*sqrt(sqrt(3) + 2)) + 1/4xsqrt
(sqrt(3) + 2)*xlog(-(x*sqrt(sqrt(3) + 2)*(sqrt(3) - 2) - x72 - 1)/(x*sqrt(sq
rt(3) + 2)*(sqrt(3) - 2) + x72 + 1))

giac [A] time = 0.43, size = 123, normalized size = 0.75

1
1

(V8 + VE)arcton| V0 (6 B rtan 200 (06 8 i+ (46 - V) 1) -} (V8 + V) -3 (5 - ) 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x74*(1+37(1/2)))/(x"8-x"4+1),x, algorithm="giac")

[Out] 1/4*(sqrt(6) + sqrt(2))*arctan((4*x + sqrt(6) + sqrt(2))/(sqrt(6) - sqrt(2)
)) + 1/4%(sqrt(6) + sqrt(2))*arctan((4*x - sqrt(6) - sqrt(2))/(sqrt(6) - sq
rt(2))) + 1/8x(sqrt(6) + sqrt(2))*log(x~2 + 1/2*x*(sqrt(6) - sqrt(2)) + 1)

- 1/8%(sqrt(6) + sqrt(2))*log(x~2 - 1/2*x*(sqrt(6) - sqrt(2)) + 1)

maple [C] time = 0.04, size = 62, normalized size = 0.38

(2 RootOf (_z8 - 7'+ 1)4 +24/3 RootOf (_28 - 7'+ 1)4 + (1 +13 ) («/5 - 1)) In (— RootOf (_Z8 A 1) + x)

16 RootOf (_78 —_7* +1)  ~8RootOf (2~ _7* +1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x~4*(1+37(1/2)))/(x"8-x"4+1) ,x)

[Out] 1/8*sum(1/(2* _R~7-_R"3)*(2%_R74+2%37(1/2)*_R™4+(1+37(1/2))*(37(1/2)-1))*1n(
- R+x), R=Root0f(_Z"8-_Z"4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

fx4(\/§ +1)+1

x8—xt+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x74*(1+37(1/2)))/(x"8-x"4+1),x, algorithm="maxima")
[Out] integrate((x"4*(sqrt(3) + 1) + 1)/(x"8 - x"4 + 1), x)

mupad [B] time = 2.19, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4x(3"(1/2) + 1) + 1)/(x"8 - x4 + 1),x)

[Out] O
sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: PolynomialError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x*x4*(1+3%x(1/2)))/ (x**8-x**4+1) ,x)

[Out] Exception raised: PolynomialError
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f 3-2V3+(-3+3 )x*

1-x4+x8

3.33 dx

Optimal. Leaf size=180
i 3(2-V3) IOg(xz_,/2—\/§x+1)—i,/3(2—\/5) log(x2+1/2_\/§x+1)+% /3(2_\/5) tan-1 i

Rubi [A] time = 0.12, antiderivative size = 180, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 6, integrand size = 33,

number of rules _ ) 182, Rules used = {1423, 1161, 618, 204, 1164, 628}

integrand size

i 3(27\/§)Iog(x2—\/27\6x+1)—111 (2\6)10g(x2+\/2\Bx+1)+;\l3(2\f3)tanl[ 2\}—2\/7%2:(}; 3(2\/§)tan1[2xj/27V2;;/§]

Antiderivative was successfully verified.
[In] Int[(3 - 2%Sqrt[3] + (-3 + Sqrt[3])*x~4)/(1 - x4 + x78),x]

[Out] (Sqrt[3*(2 - Sqrt([3])I*ArcTan[(Sqrt[2 + Sqrt[3]] - 2*x)/Sqrt[2 - Sqrt([3]11)
/2 = (Sqrt[3*(2 - Sqrt[3])]*ArcTan[(Sqrt[2 + Sqrt[3]] + 2xx)/Sqrt[2 - Sqrt[
3111)/2 + (Sqrt[3*(2 - Sqrt[3])I*Logll - Sqrt[2 - Sqrt[3]1]1*x + x~2]1)/4 - (S
qrt[3*(2 - Sqrt[3])]*Logl[l + Sqrt[2 - Sqrt[3]]*x + x~2])/4

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 21*Rt[-b, 2]), x] /; FreeQl{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)~2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x°2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_)*(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bx*e, 0]

Rule 1161

Int[((d) + (e_)*x(x)"2)/((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(2*d)/e - b/c, 2]}, Dist[e/(2*c), Int[1/Simp[d/e + g*x + X2
, xJ, x], x] + Dist[e/(2%c), Int[1/Simpl[d/e - q*x + x72, x], x], x]] /; Fre
eQl{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && EqQ[c*d~2 - axe”2, 0] && (
GtQ[(2xd)/e - b/c, 0] || ( 'LtQ[(2*d)/e - b/c, 0] && EqQ[d - exRt[a/c, 2],
01))

Rule 1164

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[(-2*d)/e - b/c, 2]}, Distl[e/(2*c*q), Int[(q - 2*x)/Simp[d/e
+ g*x - x72, x], x], x] + Dist[e/(2xc*q), Int[(q + 2%*x)/Simp[d/e - g*x - x~
2, x1, x], x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] &% EqQl[c
*d"2 - axe™2, 0] && !GtQ[b"2 - 4xaxc, 0]
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Rule 1423

Int[((d)) + (e_)*x(x )" (m))/((a) + (b_)*(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rtla/c, 21}, With[{r = Rt[2%*q - b/c, 2]}, Dist[1/(2%c
xq*r), Int[(d*r - (d - exq)*x"(n/2))/(q - r*x~(n/2) + x™n), x], x] + Dist[1
/(2xc*xqxr), Int[(d*r + (d - exq)*x"(n/2))/(q + r*x~(n/2) + x"n), x], x]1] /
; FreeQ[{a, b, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQl[c
*d"2 - b*xdxe + axe”2, 0] && IGtQ[n/2, 0] && NegQ[b~2 - 4xax*c]

Rubi steps

f V3(3-23)+(-6+33 )x? i f V3(3-2v3)+(6-3v3 )x2

3-2V3 +(-3+3) T T
f dx = +
1—x#+x8 243 24/3

T

=imlog(l—\/2—7\/§x+x2)—% 3(2—\/§)log(l+\/;

Mathematica [C] time = 0.05, size = 89, normalized size = 0.49

V3#1*log(x — #1) — 3#1* log(x — #1) — 23 log(x — #1) + 3log(x — #)
g g g g

1
~RootSum |#1% - #1* + 1&, ——
4 2#17 —#1

Antiderivative was successfully verified.

[In] Integrate[(3 - 2xSqrt[3] + (-3 + Sqrt[3])*x74)/(1 - x”4 + x78),x]

[Out] RootSum[1 - #174 + #178 & , (3*Loglx - #1] - 2*xSqrt([3]*Loglx - #1] - 3x*Logl
X — #1]*#174 + Sqrt[3]*Loglx - #1]*#174)/(-#173 + 2x#177) & 1/4

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

dx

fs—zx/é +(-3+V3)xt

1—x*+2a8
Verification is not applicable to the result.

[In] IntegrateAlgebraic[(3 - 2xSqrt[3] + (-3 + Sqrt[3])*x~4)/(1 - x~4 + x78),x]
[Out] IntegrateAlgebraic[(3 - 2*Sqrt[3] + (-3 + Sqrt[3])*x"4)/(1 - x”4 + x78), x]

fricas [A] time = 1.55, size = 141, normalized size = 0.78

——\/—3\/§+6arctan P25 +3)Y-3V3 +6 - Lx(V5 +3)y-3V3 +6 —l\/—3\f+6arctan 2v3 +3)y-3V3 +6 +1\/—3\/5+610gL V33 16+
2 ( ) 3 ( ) 2 ( ) 1
3x2+V3xy-3V3 +6 +3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+x74*(-3+37(1/2))-2%37(1/2))/(x"8-x"4+1) ,x, algorithm="fricas")

[Out] -1/2%sqrt(-3*sqrt(3) + 6)*arctan(1/3*x"3*(2*sqrt(3) + 3)*sqrt(-3*sqrt(3) +
6) - 1/3*xx(sqrt(3) + 3)*sqrt(-3*sqrt(3) + 6)) - 1/2*sqrt(-3*sqrt(3) + 6)*a

A
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rctan(1/3*xx(2xsqrt(3) + 3)*sqrt(-3*sqrt(3) + 6)) + 1/4*xsqrt(-3*sqrt(3) + 6
)*¥1log ((3*x72 - sqrt(3)*x*sqrt(-3*sqrt(3) + 6) + 3)/(3*x"2 + sqrt(3)*x*sqrt(
-3*sqrt(3) + 6) + 3))

giac [A] time = 0.45, size = 131, normalized size = 0.73

%(\/g73\/§)arctan[4x:/—g\f%ﬁ)+%(\£—3\/5)arctan(4x\;g\/_g\;§‘/§]+%(\@73\6)10g(¢\‘2+%x(\£*\/E)Jrl)—%(\@—3\/5)10g(xz—%x(\£*\/§)+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+x~4*(-3+37(1/2))-2%37(1/2))/(x"8-x"4+1) ,x, algorithm="giac")

[Out] 1/4*(sqrt(6) - 3*sqrt(2))*arctan((4*x + sqrt(6) + sqrt(2))/(sqrt(6) - sqrt(
2))) + 1/4x(sqrt(6) - 3*sqrt(2))*arctan((4*x - sqrt(6) - sqrt(2))/(sqrt(6)
- sqrt(2))) + 1/8*(sqrt(6) - 3*sqrt(2))*log(x~2 + 1/2%x*(sqrt(6) - sqrt(2))
+ 1) - 1/8x(sqrt(6) - 3*sqrt(2))*log(x™2 - 1/2*x*(sqrt(6) - sqrt(2)) + 1)

maple [C] time = 0.01, size = 62, normalized size = 0.34

(—6 RootOf (28— _7* +1)" +2v3 RootOf (28~ _7*+1)" +(-3+3) (V3 - 1)) In (- RootOf (_Z° - _Z* +1) +x)

16 RootOf (_Z8 - 7t 1)7 — 8 RootOf (_Z8 - 744 1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((3+x74*(-3+37(1/2))-2%37(1/2))/(x"8-x"4+1) ,x)

[Out] 1/8*sum(1/(2% R~7- R™3)*(-6% R~4+2%3~(1/2)% R~4+(-3+3~(1/2))*(3~(1/2)-1))*1
n(- R+x), R=Root0f( Z"8- Z~4+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

X

fx4(\/§ -3)-2+3 +3d

x8 —xt+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((3+x74*(-3+37(1/2))-2%37(1/2))/(x"8-x"4+1) ,x, algorithm="maxima")
[Out] integrate((x"4*(sqrt(3) - 3) - 2%sqrt(3) + 3)/(x"8 - x™4 + 1), x)

mupad [B] time = 2.23, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~4*(3~(1/2) - 3) - 2%37(1/2) + 3)/(x"8 - x™4 + 1),x)
[Out] O

sympy [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: PolynomialError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((3+x**4*(-3+3%%(1/2))-2%3%*(1/2))/(x**8-x**4+1) ,x)

[Out] Exception raised: PolynomialError
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e
334 [ —dx
Optimal. Leaf size=49

RYRG
Vadtan™ (%) elog(a+cx?) gy
- 32 i 2c T

Rubi [A] time = 0.03, antiderivative size = 49, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 17,

number of rules _ ).294, Rules used = {1394, 774, 635, 205, 260}

integrand size

Vadtan™ (%) elog (a + cxz) dx

c3/2 2c c

Antiderivative was successfully verified.
[In] Int[(d + e/x)/(c + a/x72),x]

[Out] (d*x)/c - (Sqrtlal*d*ArcTan[(Sqrt[c]*x)/Sqrtlal]l)/c~(3/2) + (exLogla + c*x~
2]1)/(2xc)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 635

Int[((d_) + (e_.)*(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx~2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(a*c)]

Rule 774

Int [(((d_.) + (e_)*(x_))*((f_) + (g_)*(x_)))/((a)) + (c_.)*(x_)"2), x_Sym
bol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(cxd*f - akxexg + cx(exf + d*g)*x
)/(a + cxx72), x], x] /; FreeQl{a, c, d, e, f, g}, x]

Rule 1394

Int[((a_) + (c_)*(x_)"(n2_.))"(p_.)*((d_) + (e_.)*(x_)"(n_))"(q_.), x_Symb
ol] :> Int[x"(n*x(2*p + g))*(e + d/x"n) g*(c + a/x~(2*n))"p, x] /; FreeQ[{a,
c, d, e, n}, x] & EqQ[n2, 2*n] && IntegersQ[p, ql && NegQ[nl]

Rubi steps
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d+= d
f—jfdx:fx(L;C)dx
C+x—2 a+cx

—ad+cex
dx n f a+cx? dx

c c
1
e g
c c a+cx
-1 Ne
gy Vadtan™ (%) elog (a + cxz)
T c3/2 " 2c

Mathematica [A] time = 0.02, size = 49, normalized size = 1.00

~1(Ne
Vadtan™ (%) elog (a + cxz) dx

c3/2 2c c

Antiderivative was successfully verified.

[In] Integratel[(d + e/x)/(c + a/x"2),x]
[Out] (d*x)/c - (Sqrtlal*d*ArcTan[(Sqrt[cl*x)/Sqrtlal]l)/c~(3/2) + (exLogla + c*x~
21)/(2%c)

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

d+:
f = dx
C+x_2

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x)/(c + a/x"2),x]
[Out] IntegrateAlgebraic[(d + e/x)/(c + a/x"2), x]

fricas [A] time = 0.75, size = 108, normalized size = 2.20

d —g log [#] +2dx +elog (cx2 + a) Zd\/g arctan(cxz/g] —2dx —elog (cx2 + a)

2¢ - 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x"2),x, algorithm="fricas")

[Out] [1/2x(d*sqrt(-a/c)*log((c*x~2 - 2*ckxx*sqrt(-a/c) - a)/(c*x™2 + a)) + 2*d*x
+ exlog(c*x™2 + a))/c, -1/2x(2+d*sqrt(a/c)*arctan(cxx*sqrt(a/c)/a) - 2*d*x

- exlog(c*x™2 + a))/cl

giac [A] time = 0.27, size = 43, normalized size = 0.88

cx

ad arctan(@) dx elog (cx2 + a)

Vacc c 2¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d+e/x)/(c+a/x"2),x, algorithm="giac")
[Out] -axd*arctan(c*x/sqrt(axc))/(sqrt(axc)*c) + dxx/c + 1/2xexlog(c*x~2 + a)/c

maple [A] time = 0.01, size = 43, normalized size = 0.88

cxX
_adarctan (ﬁ) . d_x . eln (sz n a)

ac ¢ c 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x)/(c+a/x"2),x%)
[Out] dxx/c+1/2%ex1ln(c*xx~2+a)/c-1/c*xaxd/(axc) (1/2)*arctan(c*xx/(a*xc)~(1/2))

maxima [A] time = 1.62, size = 42, normalized size = 0.86

cx

_adarctan(ﬁ) . @ . elog(cxz +a)

acc c 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x"2),x, algorithm="maxima"

[Out] -axd*arctan(c*x/sqrt(axc))/(sqrt(axc)*c) + dxx/c + 1/2xexlog(c*x”2 + a)/c

mupad [B] time = 1.59, size = 39, normalized size = 0.80

eln(cx2+a) +d_x_ \/Edatan(\@x)

2c c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x)/(c + a/x"2),x)

[Out] (exlog(a + c*x72))/(2xc) + (d*x)/c - (a~(1/2)*d*atan((c”(1/2)*x)/a~(1/2)))/
c~(3/2)

sympy [B] time = 0.28, size = 112, normalized size = 2.29

2 2c3

_zc(e dm)
]ng+ 7 =

2 23

(e d\/—uc3)
-2c +e
]log X+ 7

2c 2¢c3 2¢ 2c3

(e _dV—ﬂ@ ¢ +[e +dV—a@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x*%*2),x)

[Out] (e/(2xc) - dxsqrt(-a*xc**3)/(2xc**3))*log(x + (-2xc*(e/(2%c) - dksqrt(-axc**
3)/(2xcx*x3)) + e)/d) + (e/(2xc) + dxsqrt(-a*xc**3)/(2xcx*3))*log(x + (-2xc*(
e/(2xc) + dxsqrt(-a*xc**3)/(2xc**3)) + e)/d) + dx*x/c
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A+

335 [ —;dx

O+t
2 x

Optimal. Leaf size=86

- b+2
(~2acd + b%d - bee) tanh ™ ( w;_—4) (4 - co)log (a + b+ ¢32) gy
- 2\b2 — 4ac - 2¢2 T

Rubi [A] time = 0.08, antiderivative size = 86, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 22,

number of rules _ ).273, Rules used = {1393, 773, 634, 618, 206, 628}

integrand size

1 b+2
(—2acd + b%d - bce) tanh ™ (\/%) (bd — ce)log (a L hx+ sz) dx
) c2Vb? - 4ac ) 2¢? c

Antiderivative was successfully verified.
[In] Int[(d + e/x)/(c + a/x"2 + b/x),x]

[Out] (d*x)/c - ((b7™2xd - 2%a*cxd - bxc*e)*ArcTanh[(b + 2%c*x)/Sqrt[b~2 - 4*axc]]
)/ (c™2%Sqrt[b”2 - 4xaxc]) - ((bxd - c*xe)*Logla + b*x + cxx"2])/(2*c™2)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2*c*d - bxe)/(2*xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%xcxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 773

Int[(C(d_.) + (e_)*x(x_))*((f_) + (g_)*(x_)))/((a_.) + (b_)*(x_) + (c_.)*
(x_)72), x_Symbol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(cxd*f - axexg + (
cxexf + cxd*g - bxexg)*x)/(a + b*x + c*x"2), x], x] /; FreeQ[{a, b, c, d, e
, T, g}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 1393

Int[((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_)"(_)) " (p_.)*((d_) + (e_.)*(x_)"(
n ))~(q_.), x_Symbol] :> Int[x~(n*x(2*p + g))*(e + d/x"n) g*(c + b/x"n + a/x
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~(2*n))"p, x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && IntegersQ[
p, ql && NegQ[n]

Rubi steps

d+ =
[ g [,
c+ L 4+2 a+bx +cx

—ad+(—bd+ce)x
dx [

-2 a+bx+cx?

Cc C

b+2cx 2

_ %_ (bd-C@)fmdx N (b d—2acd—bce)fm

c 2¢2 2¢2

1

dx  (bd - ce)log (a L hr 4 sz) (bzd — 2acd - bce) Subst (f Ay dx,x,b + 2cx)

T 2¢2 - c?

b+2cx

Ay (bzd - 2acd - bce) tanh ™’ (m) (bd — ce) log (a b+ sz)
¢ c>Vb? - 4ac 2¢2

Mathematica [A] time = 0.09, size = 86, normalized size = 1.00

2(—2acd+b2d—bce) tan’l(

Vdac-b?

b+2cx )
Vaac—b?

+ (ce — bd) log(a + x(b + cx)) + 2cdx

2¢?
Antiderivative was successfully verified.

[In] Integratel[(d + e/x)/(c + a/x"2 + b/x),x]

[Out] (2*xc*xd*x + (2*%(b~2xd - 2%a*xcxd - bxcke)*ArcTan[(b + 2%c*x)/Sqrt[-b~2 + 4*ax
c]1)/Sqrt[-b~2 + 4xaxc] + (-(b*xd) + c*xe)*xLogla + x*x(b + c*x)])/(2%c”2)

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00
d+ =
[
a b
C+ 5+ =
X X

Verification is not applicable to the result.

[In] IntegrateAlgebraicl[(d + e/x)/(c + a/x"2 + b/x),x]
[Out] IntegrateAlgebraic[(d + e/x)/(c + a/x"2 + b/x), x]

fricas [A] time = 1.20, size = 291, normalized size = 3.38

2 (1Pc - 4ac?)dx + (bee - (b2 - 2ac)d) Vb2 — 4ac log (77‘2‘1’7"“*”:31:3 D
2(b2c2 - 4ac%) ! 222 - 4ac%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x"2+b/x),x, algorithm="fricas")

[Out] [1/2%(2*x(b"2*c - 4d*a*xc™2)*d*x + (bxc¥e - (b72 - 2xaxc)*d)*sqrt(b™2 - 4*ax*c)
*x1og((2%c™2%x72 + 2%b*ckx + b72 - 2%axc + sqrt(b™2 - 4xaxc)*(2xc*x + b))/ (c
*x"2 + b*x + a)) - ((b73 - 4*axb*xc)*d - (b"2*xc - 4xa*xc”2)*e)*xlog(c*xx™2 + bx*
x + a))/(b72*%c”™2 - 4xa*xc”3), 1/2*%(2+(b~2%c - 4xaxc”2)*d*x + 2*x(b*xcxe - (b2
- 2%axc)*d)*sqrt(-b~2 + 4*axc)*arctan(-sqrt(-b~2 + 4*axc)*(2xc*x + b)/(b~2
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- 4xaxc)) - ((b7™3 - 4xaxb*xc)*d - (b™2xc - 4xa*xc”2)*e)*log(c*x”2 + bxx + a)
)/ (b~2*%c™2 - 4xaxc”3)]

giac [A] time = 0.32, size = 85, normalized size = 0.99

2cx+b )

dx (bd _ C€) log (CX2 +bx+ [Z) . (bzd —2acd - bC@) arctan (m

¢ 2¢? V-b% +4acc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x"2+b/x),x, algorithm="giac")

[Out] d*x/c - 1/2%(b*d - c*e)*log(c*x™2 + b*x + a)/c”2 + (b7™2xd - 2x%a*xcxd - bxcxke
)*arctan((2*c*x + b)/sqrt(-b~2 + 4*axc))/(sqrt(-b~2 + 4*axc)*c~2)

maple [A] time = 0.00, size = 161, normalized size = 1.87

2cx+b 2cx+b 2cx+b
2ad arctan( ) . bzdarctan( 0 ) be arctan(m) ) bd1In (sz +bx + a) dx eln (cx2 +bx + a)

4ac-bh2? ac—b ax

Vdac-b% ¢ V4ac - b? 2 B Vdac-b? ¢ 2¢2 ¢ 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x)/(c+a/x"2+b/x),x)

[Out] 1/ckxd*x-1/2/c”2%1n(c*x 2+b*x+a)*bkd+1/2/cx1ln(cxx~2+b*x+a)*e-2/c/ (4*xaxc-b"2)
~(1/2) *arctan((2*c*x+b) / (4*axc-b~2) " (1/2) ) xa*xd+1/c~2/ (4*a*xc-b"2) " (1/2) ¥arct

an ((2xc*x+b) / (d*xaxc-b"2) "~ (1/2))*b"2+xd-1/c/ (4d*a*xc-b"2) " (1/2) *arctan ((2*xc*x+b

)/ (d*axc-b"2) " (1/2) ) *bxe

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x)/(c+a/x"2+b/x),x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the 'assume' command before evaluation *may* h

elp (example of legal syntax is 'assume(4*a*xc-b~2>0)', see “assume?” for mo

re details)Is 4*a*c-b~2 positive or negative?

mupad [B] time = 1.77, size = 127, normalized size = 1.48

b 2cx
ln(cx2+bx+u) (db3—eb2c—4adbc+4aec2) dx atan( i ’74“—172) (—db2+ceb+2acd)
+_

2(4ac3—b2c2) c 2Vdac-b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(({d + e/x)/(c + a/x"2 + b/x),x)

[Out] (log(a + b*x + c*x72)*(b~3*d + 4*xaxc™2%e - b~ 2xcke - 4xaxbxc*d))/(2*(4d*axc™
3 - b™2%c72)) + (d*x)/c - (atan(b/(4*axc - b~2)7(1/2) + (2*xc*x)/(4d*axc - b~
2)7(1/2))*(2%a*xckd - b™2xd + bkcxe))/(c™2x(4*axc - b"2)7(1/2))

sympy [B] time = 1.37, size = 423, normalized size = 4.92

Verification of antiderivative is not currently implemented for this CAS.



191

[In] integrate((d+e/x)/(c+a/x**2+b/x) ,x)

[Out] (-sqrt(-4xa*xc + b**2)*(2xa*xc*d - bx*2xd + bxcke)/(2%c**2x(4xaxc - b**2)) -
(bxd - c*xe)/(2%c**x2))*log(x + (—a*xbkxd - 4xakxc*k*x2*(-sqrt(-4*a*xc + b**2)*(2x*a
xckd — b**2%d + bxcxe)/(2kcx*k2x(4dxaxc — b**2)) — (bkxd - cxe)/(2%c**2)) + 2%
akcxe + bxx2kckx(—sqrt(-4*xaxc + b*x2)*(2%akxcxd - b*x2*d + bkxcxe)/(2%ck*2% (4%

axc — bx*2)) - (bxd - cxe)/(2%c**2)))/(2xa*xcxd - bx*2xd + bxckxe)) + (sqrt(-
4dxakxc + b*x*2)* (2kaxckd - b**2xd + bxcxe)/(2*kcx*2x(4xa*xc - b**2)) - (bxd - ¢

xe) /(2xcx*2) ) *xlog(x + (—axb*xd - 4xaxc**2*(sqrt(-4*a*xc + b¥*2)*(2*xa*xcxd - b*
*2%d + bkcke)/(2kck*2% (4*axc — bx*x2)) - (bxd - c*e)/(2%c**2)) + 2%axcxe + b
*xk2xCk (sqrt (—4*axc + b*x2)*(2%akxckxd — b*x2*d + bkxcxe)/(2%ck*2% (dxaxc — b**2

)) = (b*xd - c*xe)/(2xc*%x2)))/(2xa*xc*kd — b**2xd + bxc*e)) + dxx/c
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d+=

2
= dx
+_
C x4

336 |

Optimal. Leaf size=253

(Vad + ee)log (~v24afex +va +vex?) (vVad-+yee)log(vVayadfex+a +yex?) (Vad—+ee)

- +

42 Afa 54 42 Ya 54

Rubi [A] time = 0.21, antiderivative size = 253, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 8, integrand size = 17,

number of rules _ ) 471, Rules used = {1394, 1280, 1168, 1162, 617, 204, 1165, 628}

integrand size

-1 V2 ¥ex -1 V2 Yex
(Vo + VEe)log (VEGAEx + Vi +vEx) (Vid + \Eo)log (VY fEx+ Vi +yext) (VoA —vEe)an (1= 5GR) (Vad-eejan (FgR41)

4\/5 \4/5 54 4\/5 \4/5 54 2ﬁ \4/5 (54 2(2 % o5/A c

Antiderivative was successfully verified.
[In] Int[({d + e/x72)/(c + a/x"4) ,x]

[Out] (d*x)/c + ((Sqrtl[al*d - Sqrtlcl=*e)*ArcTan[1 - (Sqrt[2]*c~(1/4)*x)/a~(1/4)])
/(2xSqrt [2]*a~(1/4)*c~(5/4)) - ((Sqrtl[al*d - Sqrtlcl*e)*ArcTan[l + (Sqrt[2]
xc~(1/4)*x)/a~(1/4)]1)/(2xSqrt [2]*a~(1/4)*xc~(5/4)) + ((Sqrtlal*d + Sqrt[c]lxe
)*Log[Sqrt[al - Sqrt[2]*a~(1/4)*c~(1/4)*x + Sqrtlcl*x~2])/(4*Sqrt[2]*a~(1/4
)*¥c~(5/4)) - ((Sqrtlal*d + Sqrtlcl*e)*Log[Sqrtl[a]l + Sqrt[2]*a”(1/4)*c”(1/4)

*x + Sqrtlc]*x"2])/(4xSqrt[2]*a~(1/4)*c~(5/4))

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1162

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
(2%d) /e, 21}, Distl[e/(2xc), Int[1/Simp[d/e + g*x + x72, x], x], x] + Dist[e
/(2xc), Int[1/Simp[d/e - gq*x + x"2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d™2 - a*e”2, 0] && PosQ[dx*el

Rule 1165

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
(-2xd) /e, 2]}, Distle/(2*cxq), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],
x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simpl[d/e - g*x - x°2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e”2, 0] && NegQ[dx*e]

2v/
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Rule 1168

Int[((d_) + (e_.)*x(x )"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
axc, 2]}, Dist[(d*q + axe)/(2*a*c), Int[(q + c*x"2)/(a + c*x"4), x], x] + D
ist[(dxq - axe)/(2xa*xc), Int[(q - c*x72)/(a + c*x74), x], x1] /; FreeQl{a,
c, d, e}, x] && NeQ[cxd™2 + axe”2, 0] && NeQ[c*d"2 - axe”2, 0] && NegQ[-(ax
c)]

Rule 1280

Int [C(£_D)*(x )" (m_.)*((d_) + (e_.)*(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x
Symbol] :> Simp[(exf*x(f*x)~(m - D)x(a + c*xx"4) " (p + 1))/(cx(m + 4*p + 3)),
x] - Dist[f72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + c*x74) p*x(a*xe*x(m -
1) - cxdx(m + 4*p + 3)*x72), x], x] /; FreeQ[{a, c, d, e, £, p}, x] && GtQ[
m, 1] && NeQ[m + 4*p + 3, 0] && IntegerQ[2*p] && (IntegerQlp] || IntegerQ[m
D

Rule 1394

Int[((a_) + (c_)*x(x_)"(m2_.))"(p_.)*((d_) + (e_.)*x(x_)"(n_))"(q_.), x_Symb
ol] :> Int[x~(nx(2xp + q))*(e + d/x"n) gx(c + a/x~(2*n))"p, x] /; FreeQ[{a,
c, d, e, n}, x] & EqQ[n2, 2*n] && IntegersQ[p, ql && NegQ[nl

Rubi steps

fd+x%dx_fx2(e+dx2)dx

c+ 3 a+ cxt

ad—cex?
% _ f a+cxt dx

c Cc
\/_\/_+cx Va ye—cx?
@ ( )f ot ( )f a+cxt
Cc
V2 4
Vad 1 Vad ! ¥
e (W gment Vi g
_dx L T =
Cc 4c 4c " 42 fach

dx (\/_d+\/Ee)log(\/_—\/_\/_\/Ex+ cxz)_(\/ﬁd+\/Ee)log(\/E+\/§\%\%x-l

c 42 {a 54 42 fa 514

Va

= + —
c 2v/2 a5/ 2v2 fa 54

Mathematica [A] time = 0.10, size = 293, normalized size = 1.16

1 (2¥ex-V2 1 (V2 {ar2ex
(as/“\/zd + n3/"ce) log (—\/i Vafex++a + cxz) (a5/4\ﬁd + u3/4t:e) log (\/E Naex++a + cxz) (”3/4” - ”Mﬁd) tan”! (?fTﬁa) (”3/4“ - ”5/4‘/Ed) tan”! (#) dx
- + + +—=
42 ac7i4 42 a7 22 ac7 22 ac74 c

Antiderivative was successfully verified.

[In] Integratel[(d + e/x72)/(c + a/x"4),x]

[Out] (d*x)/c + ((-(a~(5/4)*Sqrtlcl*d) + a~(3/4)*cx*e)*ArcTan[(-(Sqrt[2]*a~(1/4))
+ 2%c”(1/4)*x) /(Sqrt[2]*a~(1/4))]1)/(2xSqrt [2] xaxc™(7/4)) + ((-(a~(5/4)*Sqrt
[cl*d) + a~(3/4)*cxe)*ArcTan[(Sqrt[2]*a~(1/4) + 2*c~(1/4)*x)/(Sqrt[2]*a~(1/

iy (Vad - yce)tan™! (1—\/;/\E/Ex) (\/Ed_‘/ze)tan_l(l"'ﬁ%x)+(\/ﬁd+\/56)lc
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4))1)/(2xSqrt [2]*axc™(7/4)) + ((a~(5/4)*Sqrt[cl*d + a~(3/4)*cx*e)*Log[Sqrt[a
1 - Sqrtl2]*a~(1/4)*c™(1/4)*x + Sqrtlcl*x"2])/(4*Sqrt[2]*axc™(7/4)) - ((a~(
5/4)*Sqrt[c]I*d + a~(3/4)*c*xe)*Log[Sqrt[al + Sqrt[2]*a~(1/4)*c~(1/4)*x + Sqr
tlc]*x72])/(4*Sqrt [2] *a*xc™(7/4))

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x72)/(c + a/x"4),x]
[Out] IntegrateAlgebraic[(d + e/x72)/(c + a/x"4), x]
fricas [B] time = 1.36, size = 754, normalized size = 2.98

- ]\w“: “[ N e N e ly‘ e e wugfﬂ‘uaru!u e T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"2)/(c+a/x"4),x, algorithm="fricas")

[Out] 1/4*(c*sqrt((c™2*sqrt(-(a"2xd~4 - 2*axcxd~2*e”2 + c"2*e”4)/(axc”b)) + 2xdxe
)/c”2)x1log(-(a"2%xd"4 - c"2xe"4)*x + (a*xc™4xexsqrt(-(a”2+%d™4 - 2%axc*xd™2*e”2
+ c"2xe74)/(a*c”h5)) + a"2*cxd”3 - axc”2*xd*e”2)*sqrt((c"2*sqrt(-(a"2+xd"4 -
2%axc*d"2%e”2 + c"2%e”4)/(axc”b)) + 2xdxe)/c”2)) - cksqrt((c”2*sqrt(-(a~2xd
T4 - 2xaxcxd"2*xe”2 + c"2*xe”4)/(axc”5)) + 2*d*xe)/c”2)*log(-(a"2*d"4 - c"2%e”
4)*x - (axc™4xexsqrt(-(a”2xd~4 - 2*axcxd~2*e”2 + c”2*e”4)/(axc”5)) + a~2x*cx
d™3 - axc”2xd*e”2)*sqrt((c"2xsqrt(-(a”2*d™4 - 2%akxcxd"2xe”2 + c"2*xe"4)/(a*c
"5)) + 2xdxe)/c”2)) - c*sqrt(-(c™2*xsqrt(-(a~2+%d"4 - 2%axc*d"2xe”2 + c"2xe”4
)/ (a*xc™b)) - 2*dxe)/c”2)*log(-(a~2*d™4 - c™2*xe"4)*x + (axc 4xexsqrt(-(a~2xd
T4 - 2xaxcxd"2*xe”2 + c”2*xe”4)/(a*xc”b)) - a"2xcxd”3 + axc”2*xdxe”2)*sqrt(-(c”
2xsqrt (-(a”2xd~4 - 2*xaxc*xd”"2*%e”2 + c"2*e”4)/(a*xc”5)) - 2xd*e)/c”2)) + cx*sqr
t(-(c™2xsqrt(-(a”2xd"4 - 2*axcxd™2xe”2 + c"2xe”4)/(a*xc”5)) - 2xd*e)/c”2)x*1lo
g(-(a"2%d™4 - c™2%e”4)*x - (axc™4d*exsqrt(-(a~2*xd™4 - 2%akxcxd"2*%e”2 + c”2%e”
4)/(axc™Bb)) - a"2*c*xd"3 + axc”2xd*e”2)*sqrt(-(c”2*xsqrt(-(a”2*d"4 - 2xa*xc*xd”

2%e”2 + c"2%e”4)/(axc”B)) - 2xdxe)/c”2)) + 4xdx*x)/c

giac [A] time = 0.35, size = 247, normalized size = 0.98

ﬁ[mmgﬁ] ﬁ[zkmgﬁ]

1 3
V2 ((1163)3 acd - (/163)Z P) arctan
dx

Z(‘;')% z(‘%]% \/E((zlc3)%tzcd+ (uc3)§ c)]og (xz + Zv(f)% + \/fj) ﬁ((ac‘)%ucd+(nc3)% c)log (Xz, \/5((%)% + \/?)
=- +

c 4ac® 4ac® 8ac 8ac®

V2 ((/163)% acd - (1163)3 F) arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x~2)/(c+a/x"4),x, algorithm="giac")

[Out] d*x/c - 1/4x*sqrt(2)*((a*c~3)~(1/4)*a*cxd - (axc™3)~(3/4)*e)*arctan(1l/2*sqrt
(2)*(2*x + sqrt(2)*(a/c)~(1/4))/(a/c)~(1/4))/(axc™3) - 1/4*sqrt(2)*((a*c”3)
~(1/4)*axcxd - (axc™3)7(3/4)*e)*arctan(1/2*sqrt(2)*(2*xx - sqrt(2)*(a/c)~(1/
4))/(a/c)”~(1/4))/(axc™3) - 1/8*sqrt(2)*((axc™3)~(1/4)*axc*d + (a*xc”~3)7(3/4)
xe)*log(x72 + sqrt(2)*x*x(a/c)~(1/4) + sqrt(a/c))/(a*xc”™3) + 1/8xsqrt(2)*((ax
c™3)7(1/4)*a*xc*xd + (a*xc™3)7(3/4)*e)*log(x"2 - sqrt(2)*x*x(a/c)~(1/4) + sqrt(
a/c))/(axc~3)

maple [A] time = 0.01, size = 266, normalized size = 1.05

1 1
1 . 1 ant 2+(2) A2 w2 . . 2(2)37 x [T
(Q)A\/Edarctan ﬂf—l (ﬂ)“\ﬁdarctan £:+1 (;)4\501111 ut )1 2 hf V2 earctan ﬂi—l V2 earctan £1+1 V2 eln ( )I h/’
ax (&) ‘ () A E (o) () 2(2)iVE e
- 4c N 4c N 8c * 4(5); * a H * a 1

o)t 4(7)te 8(2)%c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x"2)/(c+a/x"4),x)

[Out] 1/c*d*x-1/4/c*xd*(a/c)~(1/4)*2~(1/2)*arctan(2°(1/2)/(a/c)~(1/4)*x-1)-1/8/c*d
*x(a/c)”(1/4)*27(1/2)*1n((x"2+(a/c) ~(1/4)*2~(1/2)*x+(a/c) ~(1/2))/ (x"2-(a/c)~
(1/4)*27(1/2)*x+(a/c)~(1/2)))-1/4/c*xdx(a/c)~(1/4)*2~(1/2)*arctan(27(1/2)/(a

/)" (1/4)*x+1)+1/8/cxe/(a/c)~(1/4) %27 (1/2)*1n((x"2-(a/c) " (1/4) %2~ (1/2) *x+(a
/c)~(1/2))/(x"2+(a/c)~(1/4)*2~(1/2) *x+(a/c)~(1/2)))+1/4/cxe/(a/c) " (1/4) %27 (
1/2)*arctan(2°(1/2)/(a/c) " (1/4)*xx+1)+1/4/c*xe/(a/c) " (1/4)*2~ (1/2)*arctan (27 (
1/2)/(a/c)~(1/4)*x-1)

maxima [A] time = 1.30, size = 240, normalized size = 0.95

11 11
V2 z\ﬁxuﬁair?] V2 Z\/EX*\/E/;Z{*E]
Zﬁ(nﬁdf\fﬂct)arctan _ 2\f2(n\/2dﬂ/ﬁcc)arctan 11 11
2y Vave 2 Vaye \/E(m/?d-*—ﬁcv)log(x/?xh Zuzczx-%—\/ﬁ) \/E(n\ﬁd+x/ﬁce)log(\/5x2— 2a%cix+a
+ + -
dx Va VAV V6 ViV VE V6 dich dct

c 8¢
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"2)/(c+a/x"4),x, algorithm="maxima"

[Out] d*x/c - 1/8%(2xsqrt(2)*(a*sqrt(c)*d - sqrt(a)*c*e)*arctan(l/2*sqrt(2)*(2*sq
rt(c)*x + sqrt(2)*a~(1/4)*c~(1/4))/sqrt(sqrt(a)*sqrt(c)))/(sqrt(a)*sqrt(sqr
t(a)*sqrt(c))*sqrt(c)) + 2*sqrt(2)*(a*sqrt(c)*d - sqrt(a)*c*e)*arctan(l/2x*s

qrt (2) *(2*sqrt(c)*x - sqrt(2)*a~(1/4)*c~(1/4))/sqrt(sqrt(a)*sqrt(c)))/(sqrt
(a)*sqrt(sqrt(a)*sqrt(c))*sqrt(c)) + sqrt(2)*(axsqrt(c)*d + sqrt(a)*cx*e)*lo
g(sqrt(c)*x~2 + sqrt(2)*a”~(1/4)*c”~(1/4)*x + sqrt(a))/(a~(3/4)*c~(3/4)) - sq
rt(2)*(axsqrt(c)*d + sqrt(a)*cxe)*log(sqrt(c)*x~2 - sqrt(2)*a~(1/4)*c~(1/4)

*xx + sqrt(a))/(a~(3/4)*c™(3/4)))/c

mupad [B] time = 0.31, size = 555, normalized size = 2.19

Verification of antiderivative is not currently implemented for this CAS.

[In] int((@ + e/x"2)/(c + a/x"4),x)

[Out] (d*x)/c - 2*atanh((8*a~2xc*d™2xx*((d~2*(-a*xc~5)~(1/2))/(16*c”5) + (d*xe)/(8x%
c”2) - (e”2x(-axc”5)"(1/2))/(16*xa*xc™4))~(1/2))/(2*xa~2*xd " 2xe - 2*a*c*e”3 + (
2%a~2xd" 3% (—axc”5)"(1/2))/c”3 - (2*xaxdxe”2x(-a*c~5)~(1/2))/c”2) - (8*axc 2%
e 2xxx ((d"2x(-a*xc™5)"(1/2))/(16xc”5) + (d*e)/(8*c”™2) - (e™2*(-axc”5)~(1/2))
/(16%a*xc™4))~(1/2))/(2*%a~2%d"2xe - 2%axcxe”3 + (2%a~2%d"~3*x(-axc~5)~(1/2))/c
~3 - (2*axdxe”2*x(-a*c”5)7(1/2))/c”2))*((axd~2*(-axc”5) " (1/2) - c*e ™ 2x(-axc”
5)7(1/2) + 2*axc”™3*xd*xe)/(16*a*xc”5)) " (1/2) - 2*xatanh((8*a~2*c*d™2x*xx*x((d*e)/(
8%c”2) - (d72x(-axc”5)7(1/2))/(16%c™5) + (e"2x(-a*c”5)~(1/2))/(16xa*xc™4))~(
1/2))/(2xa~2xd"2%e - 2%axc*xe”3 - (2*¥a~2*xd"3*(-a*xc”5)7(1/2))/c”3 + (2*axd*xe”
2% (—axc”5)"(1/2))/c”2) - (8*axc™2*xe~2xx*x((dxe)/(8xc~2) - (d~2x(-a*xc~5)~(1/2
))/(16%c”5) + (e 2x(—axc™5)7(1/2))/(16*a*xc™4))~(1/2))/(2*xa~2xd"2%xe - 2*a*c*
e”3 - (2*%a"2%d"3*x(-a*c”5)7(1/2))/c”3 + (2*xaxd*e”2x(-axc~5)"(1/2))/c"2))*((c
*e" 2% (—a*xc”5) 7 (1/2) - axd"2*(-a*c”5)"(1/2) + 2*axc~3xdxe)/(16*a*c™5)) " (1/2)

sympy [A] time = 0.70, size = 109, normalized size = 0.43

a2d4 — 24 c

—64t3acte — 4ta%cd® + 12tacde? ))) dx
c

RootSum (256t4ac5 — 64t2ac3de + a?d* + 2acd?e® + c?e*, (t — tlog (x +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x*x2)/(c+a/x**4) ,x)
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[Out] RootSum(256% t**4xakxcxx5 — B64* txk2kaxck*3xdke + a*x*2xd*x*4 + 2kaxckd**2kexx
2 + c*k*2%ex*x4, Lambda(_t, _t*xlog(x + (—64*_tx*3xakxck*dxe — 4x_trakx*x2kckxd**3
+ 12% _tkakc*k*2xdxex*2) / (a*x*2xd*x*4d - c**2xe*x*4)))) + dxx/c



197

d+3%
3.37 Jﬁ——jflj;tix
C+x_4+x_2

Optimal. Leaf size=208

(_—2acd+b2d—bce +bd - CE) tan_l ( \/E\/(_:x ] (—2acd+b2d—bce 4 bd — ce) tan_l [ \/E \/Ex )
dx

Vb2—4ac Jb—Vb2—dac _ Vb2—4ac \ Vb2—4ac +b
V2 32+]b — Vb2 — 4ac V232 V2 - dac +b ’

Rubi [A] time = 0.54, antiderivative size = 208, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 4, integrand size = 22,

number of rules _ ) 182, Rules used = {1393, 1279, 1166, 205}

integrand size

- 24— _ 24_
(_ 2acd;—b d—bce L bd— ce) tan~! V2 ex ( ZaCd;rb d—bce L bd— ce) tan~? V2 ex
b*~dac b—Vb2-4ac b%—dac \ Vb2-dac +b dx

V2 32+0b = Vb2 — 4ac V2324 Vb2 - 4ac + b ‘

Antiderivative was successfully verified.
[In] Int[({d + e/x72)/(c + a/x"4 + b/x"2),x]

[Out] (d*x)/c - ((b*d - cxe - (b72*%d - 2%a*c*d - bxc*e)/Sqrt[b~2 - 4xaxc])*ArcTan
[(Sqrt[2]*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(Sqrt[2]*c~(3/2)*Sqrt[b

- Sqrt[b”2 - 4xaxc]]) - ((bxd - cxe + (b72*d - 2*axc*d - b*cxe)/Sqrt[b~2 -
4xaxc])*ArcTan[(Sqrt [2]*Sqrt [c]*x) /Sqrt[b + Sqrt[b~2 - 4*axc]]])/(Sqrt[2]*c
~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]])

Rule 205

Int[((a ) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Distl[e/2 - (2xc*d - bx*e)/(2*%q), Int[1/(b/2 + q/2
+ c*xx72), x], x]1] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlc*xd™2 - a*xe”™2, 0] && PosQ[b~2 - 4*axc]

Rule 1279

Int [CCE_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)x((a_) + (b_.)*(x_)"2 + (c_.)*(

x_)"4) " (p_), x_Symbol] :> Simp[(exfx(f*x)~(m - 1)*(a + b*x"2 + c*x"4)"(p +
1))/ (cx(m + 4xp + 3)), x] - Dist[£f72/(cx(m + 4*xp + 3)), Int[(f*x)"(m - 2)*(

a + b*x"2 + c*x74) pxSimp[axex(m - 1) + (b*ex(m + 2*%p + 1) - c*kd*x(m + 4*p +
3))*x72, x], x], x] /; FreeQ[{a, b, c, d, e, f, p}, x] && NeQ[b~2 - 4x*axc,
0] && GtQ[m, 1] && NeQ[m + 4*xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] ||
IntegerQ[m])

Rule 1393

Int[((a_) + (c_)*(x_)"(2_.) + (b_)*(x_)"(_)) (p_.)*((d_) + (e_.)*(x_)"(
n ))~(q_.), x_Symbol] :> Int[x~(n*x(2*p + g))*(e + d/x"n) g*x(c + b/x"n + a/x
~(2*n))"p, x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && IntegersQ[
p, 9] && NegQ[n]
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Rubi steps

d+é xz(e+dx2)
f—a bdx:f—bz 7 dx
c+ L+ a+bx? + cx

x x2
PR
Jx f ad+(bd—ce)x dx

_ a+bx?+ext
C C
b2d—2acd-bce b2d—2acd—bce
(bd—ce— )fbl dx (bd—ce )fb W
dx Vi2—4ac ———m+cx2 Vb2-4ac +5 Vi2—4ac +cx?
Cc 2c 2c

v2d—2acd—bce _ V2 Vex v2d—2acd—bce _ V2 \ex
bd—ce——)tan1 —_— (bd—ce+—)tan1 —
dx ( Vi —dac (\/b_m ] VbP—dac NRC=r

c \/§c3/2\/b —Vb? - 4ac \/503/2\/b + Vb2 — 4ac

Mathematica [A] time = 0.17, size = 251, normalized size = 1.21

(hd\/h2 —dac — ceVb? - dac + 2acd + b*(—d) + bce) tan~! (ﬂ] (bd\/hZ —4dac — ceVb? — 4ac — 2acd + b?d — hce) tan™! [ﬂ]
b-Vb2—4ac \ Vb2-dac+b dx

V2 3212 ~ dac m V2 32462 — dac | Vb2 - dac + b ‘

Antiderivative was successfully verified.

[In] Integratel[(d + e/x72)/(c + a/x"4 + b/x72),x]

[Out] (d*x)/c - ((-(b72%d) + 2%a*xcxd + b*Sqrt[b~2 - 4*akxc]*d + bxckxe - c*Sqrt[b~2
- 4xaxc]*e)*ArcTan[(Sqrt [2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrt
[2]*c~(3/2)*Sqrt [b~2 - 4*axc]*Sqrt[b - Sqrt[b~2 - 4*axcl]) - ((b72*d - 2xax

cxd + bxSqrt[b~2 - 4*axc]*d - bxck*e - cxSqrt[b~2 - 4*axc]*e)*ArcTan[(Sqrt[2
1*Sqrt[cl*x)/Sqrtb + Sqrt[b™2 - 4xa*xcl]])/(Sqrt[2]*c~(3/2)*Sqrt[b~2 - 4*ax
c]*Sqrt[b + Sqrt[b~2 - 4x*axc]])

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x72)/(c + a/x"4 + b/x72),x]
[Out] IntegrateAlgebraic[(d + e/x72)/(c + a/x"4 + b/x"2), x]
fricas [B] time = 1.67, size = 2540, normalized size = 12.21

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"2)/(c+ta/x"4+b/x"2),x, algorithm="fricas")

[Out] 1/2%(sqrt(1/2)*c*sqrt(-(bxc 2*e”2 + (b~3 - 3*a*xbxc)*d~2 - 2% (b"2%c - 2%a*xc”
2)*d*e + (b72xc”3 - 4*axc”4)*sqrt(-(4xb*c™3xd*e”3 - c"4*e”4 - (b"4 - 2xaxb”
2%c + a”2%c”2)*d"4 + 4x(b73*c - axb*c”2)*xd"3*%e - 2x(3xb72xc”2 - a*xc”3)xd"2x%
e”2)/(b™2%c™6 - 4xaxc”7)))/(b"2%c™3 - 4*a*xc”4))*1log(2*(3*%b"2%xcxd"2%e”2 - 3%
b*c"2*d*e”3 + c"3%e74 + (a*b”2 - a"2*c)*d"4 - (b~3 + axbkxc)*d"3*e)*x + sqrt
(1/2)*((b~4 - b*axb~2%c + 4*%a~2*%c”2)*d"~3 - 2% (b"3*c - 4*axbxc”2)*d"2*e + (b
T2%c72 - 4xaxc”3)*xd*e”2 - ((b73%c”3 - 4xaxbxc”4)*d - 2x(b72%c™4 - 4xaxc”H)*
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e) *sqrt (- (4xbxc~3*d*e”3 - c"4*xe”4 - (b4 - 2*%axb”2xc + a~2*%c"2)*d"4 + 4*x (b~
3*xc - axb*c”2)*xd"3*%e - 2x(3*b72xc”2 - a*xc~3)*xd"2xe”2)/(bT2xc”6 - 4*axc”7)))
xsqrt (- (b*c™2*%e”2 + (b73 - 3*axbxc)*d”2 - 2x(b~2%c - 2%a*xc”2)*dxe + (b™2xc”
3 - 4xaxc”4)*sqrt (- (4xb*xc™3xd*e”3 - c74*e"4 - (b74 - 2xa*xb"2%c + a”2%c”2)*d
4 + 4x(b"3%c - axb*c”2)*d"3%e - 2x(3*b"2*c”2 - a*c”3)*d"2*e"2)/(b"2*%c"6 -
4xa*xc”7)))/(b™2xc™3 - 4*axc”4))) - sqrt(1/2)*c*xsqrt(-(bxc~™2*e”2 + (b~3 - 3%
axbkxc)*d"2 - 2% (b72%c - 2*xaxc”2)xdxe + (b7"2%c”3 - 4xaxc”4)*sqrt(-(4xbxc”3x*d
xe”3 - cT4xe”4 - (b74 - 2%axb”2xc + a"2%c"2)*d"4 + 4x(b"3xc - axb*cT2)*d"3x%
e — 2x(3*b72xc”2 - axc”3)*d"2%e"2)/(b"2%c”6 - 4xaxc”7)))/(b"2%c”3 - 4xaxc”4
))*1og (2% (3*b~2%c*d"2%e”2 - 3xb*c™2*d*e”3 + c”3*%e”4 + (axb”2 - a"2xc)*xd"4 -
(b™3 + axbxc)*d~3*e)*x - sqrt(1/2)*((b~4 - B*axb™2%c + 4*xa~2%c~2)*d~3 - 2%
(b73%c - 4xaxb*xc”2)*d"2xe + (b72%c”2 - 4xaxc”3)*d*e”2 - ((b73%c™3 - 4xaxbxc
“4)xd - 2%(b"2%xc"4 - 4*axc”b)*e)*sqrt (- (4*xbxc"3xd*e”3 - c74*xe”4 - (b74 - 2%
axb~2%c + a"2xc”2)*d"4 + 4% (b"3%c - axb*cT2)*d"3%e - 2%x(3*b"2%c"2 - a*c”3)*
d"2%e72)/(b72%c™6 - 4xaxc”7)))*sqrt(-(b*c™2%e”2 + (b3 - 3*axbkc)*d™2 - 2x(
b~2%c - 2%axc”2)*dxe + (b72%c”3 - 4xaxc”4)*sqrt(-(4xb*c”3*d*e”3 - c"4*e"4 -
(b~4 - 2%axb~2%c + a"2+c”2)*d"4 + 4x(b"3*%c - axb*c”2)*d"3*%e - 2% (3*xb~2*c"2
- a*xc”3)*d"2*e"2) /(b"2%c™6 - 4*axc”7)))/(b"2%c™3 - 4xa*xc”4))) + sqrt(1/2)x*
cxsqrt (- (bxc™2xe”2 + (b~3 - 3*axb*xc)*d™2 - 2*(b"2%c - 2%axc”2)xd*xe - (b~2%c
73 - 4xaxc”4)*sqrt (- (4*bxc”3*%d*xe”3 - c"4xe”4 - (b74 - 2%axb"2%kc + a"2%c”T2)*
d”4 + 4x(b"3%c - axb*c”2)*d"3%e - 2x(3*b~2%c"2 - a*xc”~3)*d"2*e"2)/(b"2*c"6 -
4xa*xc”7)))/(b"2%c™3 - 4*axc™4))*1log(2*(3*b~2%c*d"2%e”2 - 3xb*c"2xd*e”3 + c
“3xe74 + (a*b”2 - a”2*c)*d"4 - (b3 + axb*c)*d"3*e)*x + sqrt(1/2)*((b"4 - 5
xa*xb72%c + 4*%a”2%c”2)*d"3 - 2% (b73%c - 4xaxbxc”2)*d"2%e + (b72%c72 - 4xaxc”
3)*d*xe”2 + ((b73%c”™3 - 4xa*xbxc”4)*d - 2*%(b72xc”4 - 4*axc”5)*e)*sqrt (- (4xb*c
“3%d*e”3 - c"4xe”4 - (b"4 - 2%axb"2*c + a"2xc”2)*d"4 + 4x(b"3%c - axb*cT2)*
d"3%e - 2% (3*%b72*c”2 - axc”3)*d"2*e”2)/(b"2*c”6 - 4xaxc”7)))*sqrt (- (b*xc"2x*e
72 + (b73 - 3kaxbxc)*d"2 - 2x(b"2%c - 2%a*xc”2)*d*e - (b72xc”3 - 4xaxc”4)*sq
rt (- (4*b*c~3xd*e”3 - c74*xe”4 - (b74 - 2*%a*xb"2*%c + a”2xc”2)*d"4 + 4*x(b"3*c -
axb*xc”2)*d"3*%e - 2% (3*b72xc”2 - axc”3)*d"2*e”2)/(b"2*c”6 - 4xaxc”7)))/(b"2
*xC”™3 - 4*axc”4))) - sqrt(1/2)*c*xsqrt(-(bxc™2xe”2 + (b~3 - 3*axbxc)*d™2 - 2%
(b™2%c - 2xaxc”2)*d*e - (b~2%c”3 - 4xaxc”4)*sqrt(-(4*bxc~3*d*xe”3 - c"4xe”4
- (b74 - 2xaxb”2%c + a”2*c”2)*d"4 + 4x(b"3*c - ax*bxc”2)*d"3*e - 2% (3*%b"2*c”
2 - axc”3)*d"2%e72)/(b72%c”6 - 4*axc”7)))/(b72%c”3 - 4*axc”4))*Llog(2*(3xb~2
xc*d"2%e”2 - 3xb*xc"2xd*e”3 + c"3*%e”4 + (a*b”2 - a”2*%c)*d"4 - (b”3 + axbkc)x*
d"3%e)*x - sqrt(1/2)*((b~4 - b*axb~2*c + 4*a~2*%c”2)*d"3 - 2% (b"3*c - 4*axbx
c"2)*d"2%e + (b72%c”2 - 4xaxc”3)*xd*e”2 + ((b7™3%c”3 - 4*axb*xc”4)*d - 2x(b~2x*
c™4 - 4xaxc”b)*e)*sqrt(-(4xb*c™3xd*e”3 - cT4*e"4 - (b74 - 2xaxb"2%c + a"2*c
"2)*%d74 + 4x(b"3%c - axb*c”2)*d"3%e - 2% (3*b72xc”2 - a*xc”3)*d"2xe”2)/(b"2%c
“6 - 4xaxc”7)))*sqrt(-(b*c”2*e”2 + (b73 - 3xaxbxc)*d”"2 - 2% (b"2%c - 2¥a*xc”2
)*dxe — (b72%c”3 - 4*axc”4)*sqrt(-(4xb*c™3*d*e”3 - c"4*e”4 - (b74 - 2xa*xb”2
xC + a”2*%c”2)*xd"4 + 4% (b73%c - a*xbxc”2)*d"3xe - 2% (3*b72%c”2 - axc”3)*d"2xe
~2)/(b72%c”6 - 4xa*xc”7)))/(b"2xc”3 - 4*axc”4))) + 2*dxx)/c

giac [B] time = 3.76, size = 3183, normalized size = 15.30

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"2)/(c+a/x"4+b/x"2),x, algorithm="giac")

[Out] d*x/c + 1/8%((2¥b~5xc”2 - 16*a*b~3xc~3 + 32*a~2*bxc”4 - sqrt(2)*sqrt(b”2 -
4xaxc)*sqrt (b*c - sqrt(b™2 - 4*axc)*c)*b”5 + 8*sqrt(2)*sqrt(b~2 - 4*a*xc)*sq
rt(b*c - sqrt(b™2 - 4xaxc)*c)*a*xb”3*c + 2*sqrt(2)*sqrt(b”™2 - 4*axc)*sqrt(b*

c - sqrt(b™2 - 4xaxc)*c)*b~4*xc - 16*sqrt(2)*sqrt(b™2 - 4xaxc)*sqrt(b*c - sq
rt(b~2 - 4xaxc)*c)*a~2*%bxc”2 - 8*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(

b~2 - 4xaxc)*c)*axb"2xc”2 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b”2 -
4xaxc)*c)*b~3xc”2 + 4xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4*ax
c)*c)*axb*xc™3 - 2% (b2 - 4xaxc)*xb"3*c”2 + 8% (b72 - 4*axc)*axbxcT3)*cT2*d -
(2%b74%c™3 - 16*axb~2*%c™4 + 32%xa”2*xc”b5 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c
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- sqrt (b2 - 4xaxc)*c)*b~4*c + 8*xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt
(b™2 - 4*axc)*c)*a*b~2*c”2 + 2xsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*xc - sqrt(b”
2 - 4xaxc)*c)*b"3*c”2 - 16xsqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc - sqrt(b™2 -
4xakxc)*kc)*a~2*%c”3 - 8xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4xa*c
)*c)*axb*c™3 - sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4*axc)*c)*b”
2%c”3 + 4xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4*akxc)*c)*a*xc™4 -

2% (b72 - 4xaxc)*b”2*c”3 + 8%(b~2 - 4*axc)*axc~4)*c 2xe - 2x(sqrt(2)*sqrt(b
xc — sqrt (b2 - 4xaxc)*c)*axb™4*xc”2 - 8*sqrt(2)*sqrt(bxc - sqrt(b™2 - 4*axc
)*c)*xa”2%b"2*%c”3 - 2xsqrt(2)*sqrt(b*xc - sqrt(b™2 - 4xakxc)*c)*axb™3*c”3 + 2%
axb~4*c”3 + 16%sqrt(2)*sqrt(b*c - sqrt(b™2 - 4xa*c)*c)*a~3*%c™4 + 8xsqrt(2)*
sqrt(b*xc - sqrt(b™2 - 4xa*c)*c)*a~2*bxc”™4 + sqrt(2)*sqrt(b*c - sqrt(b”™2 - 4
*xaxc)*c)*axb~2%xc™4 - 16%a”2xb"2*c"4 - 4xsqrt(2)*sqrt(b*xc - sqrt(b™2 - 4*axc
)*c)*a~2%c™h + 32%a”3%c”b - 2%(b72 - 4kaxc)*axb”2xc”3 + 8%(b72 - 4*axc)*a”2
xc"4)xd*abs(c) - (2%b75*c™4 - 12xa*b”3*c”5 + 16xa”2*b*c”6 - sqrt(2)*sqrt(b”
2 - 4xaxc)xsqrt(bxc - sqrt(b™2 - 4xaxc)*c)*b~b*c™2 + 6xsqrt(2)*sqrt(b”™2 - 4
xaxc)*sqrt(b*c - sqrt(b~2 - 4*akxc)*c)*a*xb~3*xc”3 + 2*xsqrt(2)*sqrt(b~2 - 4*ax
c)*sqrt(bxc - sqrt(b™2 - 4xaxc)*c)*b~4*c”™3 - 8xsqrt(2)*sqrt(b™2 - 4*axc)*sq
rt(bxc - sqrt(b”™2 - 4xaxc)*c)*a~2%bxc™4 - 4*sqrt(2)*sqrt(b™2 - 4xa*c)*sqrt(
b*xc - sqrt(b~2 - 4xaxc)*c)*a*xb"2*c”4 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc -

sqrt(b™2 - 4*axc)*c)*b~3xc”4 + 2*sqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c - sqrt

(b™2 - 4xaxc)*c)*axbkxc™5 — 2%x(b72 - 4*axc)*b"3*%c™4 + 4% (b"2 - 4xaxc)*axbkc”
5)*d + (2%b74xc”5 - 8*axb”"2xc”6 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc - sqrt
(b™2 - 4*axc)*c)*b~4*xc”3 + 4*xsqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(b*c - sqrt(b~2
— 4*axc)*c)*axb~2xc”4 + 2xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4
xaxc)*c)*b~3*%c"4 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(bxc - sqrt(b”™2 - 4*axc)*c
)*¥b72%c”5 - 2%x(b72 - 4xa*xc)*b~2*c”b5)*e)*arctan(2*sqrt(1/2)*x/sqrt ((b*c + sq
rt(b™2%c”2 - 4*a*xc”3))/c”2))/((a*xb™4*c~3 - 8*a~2xb~2%c"4 - 2*xaxb~3*c”4 + 16
*a~3%c”h + 8%a”2%bxc”5 + axb"2%c”5 - 4xa"2%cT6)*c”2) + 1/8x((2*%b~5xc”2 - 16
*xa*xb~3%c”3 + 32%a"2%bk*c”4 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc + sqrt(b”2 -

4xaxc)*c)*b”5 + 8xsqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c
)*axb~3%c + 2xsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~4
xC — 16%sqrt(2)*sqrt(b™2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*a”2%b*xc™2

- 8*xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*axb™2xc™2 -
sqrt(2)*sqrt (b™2 - 4xaxc)*sqrt(b*c + sqrt(b™2 - 4*a*c)*c)*b~3*%c™2 + 4*sqrt(
2)*sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*a*xb*xc™3 - 2x(b~2 - 4xa
*C)*b73%c”2 + 8% (b72 - 4kaxc)*axbkxcT3)*kcT2xd - (2%b74*c”3 - 16%axb"2%c4 +
32*%a~2*c”5 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b~4x*
c + 8*xsqrt(2)*sqrt(b™2 - 4xaxc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*xb™2xc™2 +

2xsqrt (2) *sqrt(b™2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b~3*c”™2 - 16%*s
qrt (2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b™2 - 4*axc)*c)*a~2xc”3 - 8*xsqrt(2
)*sqrt(b~2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*axb*c™3 - sqrt(2)*sqrt(
b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b"2xc”3 + 4*xsqrt(2)*sqrt(b™2 -

4xaxc)*sqrt(b*c + sqrt(b™2 - 4*axc)*c)xa*xc™4 - 2x(b~2 - 4*axc)*b”2xc”3 + 8
*x(b72 - 4xaxc)*axc”4)*c 2*xe - 2x(sqrt(2)xsqrt(bxc + sqrt(b™2 - 4*axc)*c)*ax
b~4xc”2 - 8*sqrt(2)*sqrt(b*c + sqrt(b™2 - 4xaxc)*c)*a”2xb"2xc~3 - 2*sqrt(2)
xsqrt (bxc + sqrt(b™2 - 4*axc)*c)*axb~3*%c™3 - 2%a*xb~4*c”3 + 16%sqrt(2)*sqrt(
bxc + sqrt(b”2 - 4xaxc)*c)*a”3*c”4 + 8xsqrt(2)*sqrt(b*xc + sqrt(b™2 - 4*axc)
xc)*a”"2xb*xc”4 + sqrt(2)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*axb™2xc”4 + 16%xa”2x%
b~2%c”4 - 4xsqrt(2)*sqrt(bxc + sqrt(b”™2 - 4xa*xc)*c)*a”2%c”™5 - 32%a”3xc”5 +
2%(b72 - 4xaxc)*a*xb”2%c”3 - 8%(b72 - 4*axc)*a”2*c”4)*d*abs(c) - (2%xb~5xc”4
- 12%axb~3%c”5 + 16*a~2*b*c”6 - sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b
T2 - 4xaxc)*c)*b"Bkxc”2 + 6*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c + sqrt(b”2 -
4xa*xc)*c)*axb~3*xc”3 + 2*sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(b*xc + sqrt(b™2 - 4x*a
*xC)*c)*b"4xc”3 - 8*xsqrt(2)*sqrt(b™2 - 4xa*xc)*sqrt(b*c + sqrt(b™2 - 4*axc)x*c
)*a"2xb*c”4 - 4xsqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*a
*b"2%c74 - sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b~3xc”
4 + 2xsqrt(2)*sqrt(b™2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*axb*xc™5 - 2
*(b72 - 4*axc)*b"3xc™4 + 4x(b72 - 4kaxc)*axbkxc”5)*d + (2¥b74*c”5 - 8kaxb2x
c™6 - sqrt(2)*sqrt(b™2 - 4xa*xc)*sqrt(b*c + sqrt(b™2 - 4*axc)*c)*b"4*c”3 + 4
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xsqrt (2) *sqrt (b2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*axb™2xc™4 + 2%*sq
rt(2)*sqrt(b™2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*xc)*c)*b~3*c™4 - sqrt(2)*s
grt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b™2*xc”5 - 2x(b~2 - 4xa*xc)*
b~2%c"5)*xe)*arctan (2*sqrt (1/2) *x/sqrt ((b*c - sqrt(b~2*c™2 - 4xa*c”3))/c"2))
/((axb™4*xc™3 - 8*a"2xb"2%c™4 - 2*%axb~3*c”4 + 16%a”3*c”5 + 8*a”2*b*c”5 + ax*b
“2%CcTh - 4%a”2%c"6)*c"2)

maple [B] time = 0.03, size = 560, normalized size = 2.69

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x"2)/(c+a/x"4+b/x"2),x)

[Out] 1/cxd*x+1/2/c*2”(1/2)/((-b+(-4*a*xc+b~2)~(1/2))*c)~(1/2)*arctanh(2°(1/2)/((-
b+ (=4*xaxc+b~2) " (1/2)) *c) ~(1/2) *c*xx) *bxd-1/2%27(1/2) / ((-b+(=4d*a*xc+b~2)~(1/2)
Y*c) " (1/2)*arctanh(27(1/2)/ ((-b+(-4*a*xc+b™2) ~(1/2) ) *c) ~(1/2) *c*xx) *e+1/ (-4*a
*c+b™2) " (1/2)*27(1/2) / ((-b+(—4*a*xc+b~2) "~ (1/2) ) *c) "~ (1/2) *arctanh (27 (1/2) / ((-
b+ (—4*xaxc+b~2) "~ (1/2)) *c) ~(1/2) *c*x) *axd-1/2/ (-4*a*xc+b™2) ~(1/2) /cx2~(1/2) / ((
-b+(=4*a*xc+b~2) " (1/2))*c)~(1/2)*arctanh (27 (1/2) / ((-b+(-4*a*xc+b~2) ~(1/2) ) *c)
~(1/2) *c*x) *b~2xd+1/2/ (—4*axc+b~2) " (1/2) %27 (1/2) / ((-b+(-4*a*xc+b~2) ~(1/2) ) *c
)~ (1/2)*arctanh (27 (1/2) / ((-b+(—4*xa*xc+b~2) " (1/2) ) *c) ~(1/2) *c*x) *bxe-1/2/c*2~
(1/2)/ ((b+(-4*a*xc+b™2) "~ (1/2))*c) ~(1/2)*arctan(2~(1/2) / ((b+(-4*axc+b~2) ~(1/2
))*c) " (1/2) *c*x) *bxd+1/2x27(1/2) / ((b+(-4*a*xc+b™2) " (1/2) ) *c) "~ (1/2) *arctan(2”
(1/2)/ ((b+(-4*axc+b~2) " (1/2) ) *c) " (1/2) *c*x) *xe+1/(-4*a*xc+b~2) " (1/2)*27(1/2)/
((b+(-4*axc+b™2) " (1/2))*c)~(1/2)*arctan(2”(1/2) / ((b+(-4xa*xc+b~2) ~(1/2) ) *c) ™
(1/2) *c*x) *a*xd-1/2/ (=d*xaxc+b~2) " (1/2) /c*27(1/2) / ((b+(-4*a*xc+b~2) ~(1/2) ) *c)~
(1/2)*arctan(27(1/2) / ((b+(-4*a*xc+b~2) ~(1/2) ) *c) " (1/2) *c*x) *b~2*d+1/2/ (-4*ax*
c+b”2) " (1/2)*27(1/2) / ((b+(—4*a*xc+b~2)~(1/2) ) *c) "~ (1/2)*arctan (2~ (1/2) / ((b+(-
dxaxc+b~2) 7 (1/2))*c) " (1/2) *c*xx) *b*e

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
(bd—ce)x®+ad
dx _ ce)x=+a

ur cxt+bx2+a
c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"2)/(c+a/x"4+b/x"2),x, algorithm="maxima"

[Out] d*x/c + integrate(-((bxd - c*e)*x"2 + axd)/(c*x"4 + b*x"2 + a), x)/c
mupad [B]  time = 2.85, size = 6366, normalized size = 30.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x"2)/(c + a/x"4 + b/x"2),x)

[Out] (d*x)/c - atan(((((16*a"~2%c”3xd - 4*xaxb~2xc"2*d)/c - (2xx*(4*xb~3*%c”™3 - 16*a
*bxc”4) % (—(b~5%d"2 - b™2x%d 2% (- (4*axc - b"2)73)"(1/2) + b~ 3*c"2%e”2 - c " 2%e
~2% (- (4*axc - b72)73)7(1/2) + 12%a"2*b*xc™2*xd"2 - 2¥b~4*ckd*e - T*axb~3kcxd”
2 + axcxd"2x(-(4d*xaxc - b72)73)7(1/2) - 4d*xaxbxc”3xe”2 - 16*a”2*c " 3*xd*e + 12x
axb”~2xc”"2xdxe + 2xbxcxdxex(-(4*xaxc - b72)73)"(1/2))/(8%x(16*a"2%c”~5 + b~ 4*c”
3 — 8*xaxb™2%c”4)))"(1/2))/c)*(-(b7"5*%d"2 - b~ 2xd" 2% (-(4xaxc - b~2)"3)~(1/2)
+ b73%c”2%xe"2 - c"2*%e"2x (—(4*xaxc - b~2)73)"(1/2) + 12*%xa~2*b*xc”2*d"2 - 2*b~4
xckd*e - T*xaxb"3kcxd"2 + akxckd"2*(-(4*axc - b~2)73)"(1/2) - 4*axb*xc"3*xe”2 -
16*a~2xc~3*xd*xe + 12*axb~2*xc”2*d*e + 2*bkxckd¥ex(-(4*xaxc - b~2)73)~(1/2))/(8
*(16*a"2*%c”5 + bT4*xc™3 - 8*axb”2%c”4))) " (1/2) - (2*x*(b~4*d"2 - 2*a*xc 3*xe”2
+ 2%a”2%c”2%d"2 + bT2*%cT2%e”2 - 2*xb"3xcxd*xe — 4*kaxb"2xcxd"2 + 6%axbkc”2xdx*
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e))/c)*(—(b75%d"2 - b"2xd"2*x(-(4*axc — b"2)73)"(1/2) + b~ 3*c™2%e"2 - c " 2*e”
2% (- (4*a*xc - b72)73)"(1/2) + 12%a”2*b*c™2*xd"2 — 2*xb~4*ckd*e - T*axb~3kcxd"2
+ axckd"2x (-(4*xaxc - b72)73)7(1/2) - 4d*xaxbxc"3xe”2 - 16*a”2*c”3*kd*e + 12*a
*b72%c”2*d*e + 2xbxckxdxex (- (4*axc - b72)73)7(1/2))/(8x(16*a"2*%c”5 + b™4*c”3
- 8*axb™2*xc”4))) " (1/2)*1i - (((16*a~2xc~3*d - 4*a*xb~2*xc”2*d)/c + (2xx*x(4%Db
“3*%c”3 - 16xaxbxc”4)*(—(b~5xd"2 - b"2*%d"2*x (- (4*axc - b"2)73)"(1/2) + b~ 3*xc”
2%e72 - c”2*xe"2x(—(4*xaxc - b"2)73)"(1/2) + 12*a"2xb*c"2+%d"2 - 2*b " 4d*ckxd*e -
Txaxb~3*kxcxd™2 + axc*d"2x(-(4d*xaxc - b~2)73)7(1/2) - 4*axb*c”3*xe”2 - 16%a”2x*
c"3*d*e + 12*axb”~2%c”2xd*e + 2¥bkxckxdxex(-(4*axc - b~2)73)7(1/2))/(8%x(16*a”2
*C”5 + b74*c”3 - 8*axb"2xc"4))) " (1/2))/c)*(=(b"5*d"2 - b~ 2*%d"2*%(-(4*axc - b
“2)73)7(1/2) + b73%c72*%e”2 - c"2xe”2x (- (4d*xaxc - b~2)73)"(1/2) + 12*%a~2xbxc”
2%d"2 - 2*b"4d*ckd*xe — Txaxb"3*xc*kd”2 + akckxd"2x(-(4*axc - b"2)73)"(1/2) - 4x
a*bxc”3%e”2 - 16*%a"2*c”3xd*e + 12*axb"2*c”2xd*e + 2¥bkckxdxe*(-(4*a*c - b~2)
~3)7(1/2))/(8x(16*%a"2%c”5 + b~4*c™3 - 8*xaxb”™2*c”4))) " (1/2) + (2xx*x(b~4x*d"2
- 2%a*Cc”3%e"2 + 2*%xa"2xcT2*%d"2 + bT2*%xcT2%xe”2 - 2%b73*ckd*xe - 4xaxb”2*c*kd”"2 +
6xaxbxc™2xd*e) ) /c)*(—(b~5+%d"2 - b"2xd"2x(—(4*xaxc - b~2)73)"(1/2) + b~ 3*c”2
*e72 - c72*%e" 2% (—(4*xaxc - b72)73)"(1/2) + 12*a”"2xbxc”2%d"2 - 2*b 4*xckd*e -
Txaxb~3xckxd"2 + axcxd"2*(-(4*axc - b72)73)"(1/2) - 4xaxb*c”3*e”2 - 16*a”~2*c
“3*kd¥e + 12*axb"2xc 2xd*xe + 2*bxckd¥xex(-(4xaxc - b72)73)7(1/2))/(8x(16*a~2x*
c”5 + b74%c”3 - 8*axb"2*xc”"4))) " (1/2)*1i)/((((16*a~2xc~3*d - 4*xaxb~2*xc~2%d)/
c - (2*x*x(4%b~3*c”3 - 16*axbxc”4)*(-(b~5*%d"2 - b~2xd"2x(-(4*a*xc - b~2)"3) " (
1/2) + b~3*%c™2xe"2 - c"2*%e" 2% (-(4d*xaxc - b~2)73)"(1/2) + 12*%xa~2*b*xc~2*d"2 -
2%b"4*ckdke — Txaxb~3xcxd"2 + akxckd"2x(-(4d*axc - b72)73)"(1/2) - 4*axbxc~ 3%
e”2 - 16*a”2*xc”3xdxe + 12%axb”2*xc”2*d*e + 2xbxcxdxex(-(4*axc - b72)73)7(1/2
))/ (8% (16%a~2*c™5 + b~ 4xc™3 - 8*a*xb~2xc”4))) " (1/2))/c)*(-(b~5%d"2 - b"2%d"2
*(=(4*a*xc - b72)73)7(1/2) + b~ 3*c™2*%e”2 - c"2xe"2x(-(4*axc - b"2)73)"(1/2)
+ 12*%a”2*%bxc"2*%d"2 - 2¥b"4*ckdke - T*xaxb"3xcxd"2 + axc*d"2*(-(4*axc - b"2)"
3)7(1/2) - 4d*xaxbxc”3%e”2 - 16%a”2*%c " 3*kd*e + 12*xaxb~2*c”2*d*e + 2*xbkckxdxex (-
(4xa*xc - b™2)73)"(1/2))/(8x(16*a~2*c”5 + b~4*c~3 - 8*xa*xb™2xc~4)))~(1/2) - (
2xxx (b74*d"2 - 2*%axc”3*%e”2 + 2%a”2+%cT2xd"2 + bT2%cT2*xe”2 - 2%b"3*xckd*e - 4x
axb”2*c*d”2 + 6*xaxbxc”2xd*e))/c)*(-(b"5*d"2 - b"2xd"2*(-(4*a*xc - b"2)73)"(1
/2) + b73xcT2%e”2 - c"2xe" 2% (—(4*xaxc — b"2)73)"(1/2) + 12%a"2*xbxc”"2xd"2 - 2
*b 4*ckdke - Txaxb~3xcxd"2 + axckd"2x(-(4d*axc — b~2)73)"(1/2) - 4*axbxc"3*e
"2 - 16*a”2xc”3*xd*e + 12*axb”2*xc”2*d*e + 2*xbxckd*ex(-(4*xaxc - b~2)73)"(1/2)
)/ (8% (16%a”~2*c™5 + b~4*c™3 - 8xaxb™2*xc”4))) " (1/2) - (2*(a*xc™2%e”3 - a~2%bxd
"3 + a*xb”2*xd"2*%e + a"2xc*d"2%e - 2*axbxckxd*e”2))/c + (((16*a”2*xc”3*xd - 4*xax
b"2xc"2xd) /c + (2*x*(4*b73*c”3 - 16*axb*c”4)*(-(b"5xd"2 - b~2*xd"2* (- (4*ax*c
- b72)73)7(1/2) + b"3*c"2%e"2 - c"2xe" 2% (- (4xaxc - b"2)"3)7(1/2) + 12xa~2x*b
*C72%d"2 - 2%b"4xcxd*e — T*axb"3*xckd"2 + axckxd"2x(-(4*axc - b72)73)7(1/2) -
dxaxbxc~3xe"2 - 16%a”2%c”3*kd*e + 12%axb"2xc”2xd*e + 2*bkckdrex(-(4*xaxc - b
~2)73)7(1/2))/(8x(16*a"2%c™5 + b~ 4*c~3 - 8*a*xb"2%c~4))) " (1/2))/c)*(-(b~5%d~
2 - b 2xd"2x (- (4*xaxc - b~2)73)"(1/2) + b7 3*c"2*e"2 - c"2%e"2*x(-(4*axc - b2
)73)7(1/2) + 12*%a”2*b*c"2*xd"2 - 2¥b"4*ckdke - Txaxb"3kxcxd"2 + axckd"2* (- (4x*
axc - b72)73)7(1/2) - 4xaxb*c”3*%e”2 - 16*%a~2*xc”3xd*e + 12*a*b”2xc"2*xd*e + 2
xbxckdxe* (- (4xaxc - b72)73)7(1/2))/(8+x(16*a~2*c”5 + b74*c™3 - 8xa*xb™2*c™4))
)7(1/2) + (2xx*x(b™4*%d"2 — 2%axc™3%e”2 + 2*%a"2%c”2*d"2 + bT2*%cT2xe”2 - 2%b73
*ckxd*e - 4xaxb"2xcxd"2 + Bkaxb*c”2*d*e))/c)*(—(b75%d"2 - b"2*xd"2*x (- (4*axc -
b~2)73)"(1/2) + b7 3*c"2*%e”2 - c"2xe" 2% (- (4*axc - b"2)73)"(1/2) + 12%a"2xb*
c"2*%d"2 - 2%b"4kckdke — Txaxb"3xc*xd"2 + akxckd"2x(-(4*axc - b"2)73)"(1/2) -
dxaxb*c~3%e”2 — 16*a~2%c”3xd*xe + 12¥axb"2xc”2xdxe + 2xb*ckdxex(-(4dxaxc - b~
2)73)7(1/2))/(8x(16*a"2%c”5 + b™4*c™3 - 8*axb™2%c~4)))"(1/2)))*(-(b"5*d"2 -
b~2xd"2x (- (4*a*xc - ©72)73)7(1/2) + b~3*%c"2%e”2 - c"2*xe"2x(-(4*xaxc - b~2)"3
)7 (1/2) + 12%a"2*bxc”™2*d"2 - 2*¥b74*ckd*e - T*axb"3xcxd"2 + akxckd”2* (- (4*axc
- b72)73)7(1/2) - 4xaxb*xc”3*e”2 - 16*%a”"2*xc”3xd*xe + 12*axb”2*c " 2*xd*e + 2xbx
cxdxex (- (4xaxc - b"2)73)7(1/2))/(8*x(16*a~2*c™5 + b74*c™3 - 8xaxb™2*xc™4))) (
1/2)*2i - atan(((((16*a~2*c™3*d - 4*axb~2*xc”2*d)/c - (2*xx*x(4*b~3*c~3 - 16*a
*b*xc”4) % (= (b"5%d"2 + b72%d" 2+ (- (4*a*xc - b72)73)7(1/2) + b~3*c™2*%e”2 + c"2*e
"2+ (- (4*axc - b72)73)7(1/2) + 12*%a"2*b*c™2*xd"2 - 2*¥b"4*c*d*e - T*xaxb~3kcxd”
2 — axckd"2x(-(4d*xaxc — b72)73)"(1/2) - 4*axbxc”3x%e”2 - 16*a”2*c " 3*kd*e + 12%
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axb”2*c”2xd*e — 2xbxckxdxex (-(4*a*c - b72)73)7(1/2)) /(8% (16*a"2*c”5 + b~4*xc”
3 - 8*%axb™2xc”"4)))"(1/2))/c)*(-(b"5*d"2 + b~2*xd"2* (- (4*a*c - b~2)7"3)"(1/2)
+ b73*kcT2%e"2 + cT2%e" 2% (- (4*axc - b72)73)7(1/2) + 12%a"2*b*c”T2xd"2 - 2xb~4
*ckxd*e - T*axb~3xcxd"2 - axcxd”"2*(-(4*xaxc - b72)73)7(1/2) - 4*axbxc"3*e"2 -
16%a~2xc"3xdxe + 12*a*xb”2*c " 2*xd*e — 2xbxcxdxex(-(4*a*c - b~2)73)7(1/2))/(8
*(16*a”2*%c”5 + b74*c”3 - 8*axb”2%c”4))) " (1/2) - (2*x*(b"4*d"2 - 2*a*xc"3*e”2
+ 2*%a72%cT2*%d"2 + bT2*%cT2%e”2 - 2%b73%ckd¥xe - 4*xaxbT2kckxd"2 + 6*axbkxc”2xd*
e))/c)*(=(b75%d"2 + b™2*xd"2*x(-(4*a*xc - b72)73)"(1/2) + b~3*c™2%e"2 + c " 2*e”
2% (= (4*a*xc - b72)73)7(1/2) + 12%a~2*b*c”™2*d"2 - 2xb~4*ckd*e - T*axb 3xcxd"2
- axckd"2x(-(4*xaxc - b72)73)7(1/2) - 4d*xaxbxc"3xe”2 - 16*a”2*c”3*kd*e + 12*a
*b72%c”2*xd*e — 2*xbxckxdxex (- (4*axc - b72)73)7(1/2))/(8x(16*a"2*%c”5 + b"4x*c”3
- 8*axb"2*c”4))) " (1/2)*1i - (((16*a~2*c~3*d — 4*a*xb~2*xc”2*d)/c + (2xx*x(4%Db
“3*%c”3 - 16*xa*b*c”4)*(—(b~5*d"2 + b~2x%d"2*x(-(4*axc - b~2)73)7(1/2) + b~ 3*c”
2xe”2 + c”2xe”2x (- (4xaxc - b72)73)7(1/2) + 12*a”2*b*c"2*%d"2 - 2xb"4xckxd*e -
Txa*xb~3*ckd"2 — axcxd"2*(-(4*a*xc - b~2)73)7(1/2) - 4xaxb*c”3*e”2 - 16*%a”~2x
c"3xd*e + 12*axb”2*xc " 2xd*e — 2xbkxckd*ex(-(4*axc - b"2)73)7(1/2))/(8%(16*a"2
*Cc75 + b74*xc”3 - 8*xaxb"2x%c”4))) " (1/2))/c)*(=(b"5*xd"2 + b~2*%d"2*(-(4*axc - b
"2)73)7(1/2) + bT3%c"2xe”2 + ¢ 2%e” 2% (—(d*xaxc - b72)73)"(1/2) + 12*%a”2*bxc”
2%d72 - 2*b74kxckxdxe - Txaxb~3*xc*d”2 - akxcxd"2x(-(4*axc - b"2)73)7(1/2) - 4x
axb*c”3*%e”2 - 16*%a”2xc"3xdxe + 12*ax*b”2*xc”2xd*e - 2xbxcxd¥ex(-(4*a*c - b72)
~3)7(1/2))/(8*x(16*xa"2*c™5 + b~4%c”3 - 8*axb~2xc”4))) " (1/2) + (2*xx(b~4*d"2
- 2%axCcT3*%e”2 + 2*%a”"2%c”2xd"2 + b7T2xcT2*%e"2 — 2%xb"3kxckdke — 4xaxb”"2xc*xd"2 +
B6*xaxbxc~2xd*e)) /c)* (- (b~5+%d"2 + b~ 2xd"2*x(-(4*axc - b~2)73)"(1/2) + b~ 3*c”2
*e72 + cT2%e"2x(—(4*axc - b72)73)7(1/2) + 12*a"2%bxc”2*d"2 - 2xb"4d*xc*d*e -
Txaxb~3*cxd™2 - axckxd™2x(-(4d*xaxc - b~2)73)"(1/2) - 4*xaxb*xc”™3*e”2 - 16%a”2x*c
“3*d*e + 12*%axb"2xc"2xdxe - 2¥bkxckdrex(-(4dxaxc - b72)73)7(1/2))/(8x(16*a~ 2%
c”5 + b74%c”3 - 8*axb"2xc”"4))) " (1/2)*11) /((((16*a~2*xc~3*d - 4*axb™2*c”2*d)/
c — (2*x*x(4%b"3*c”3 - 16*axbxc”4)*(-(b"5%d"2 + b~2xd"2*x(-(4*a*c - b~2)"3)"(
1/2) + b73*%c™2xe”2 + c”2*xe" 2% (—(4dxaxc - b~2)73)7(1/2) + 12*a"2*b*xc~2*d"2 -
2%b~4*ckdke — Txaxb~3xcxd”2 - axckd"2x(-(4d*xaxc - b72)73)7(1/2) - 4*xaxbxc~ 3%
e”2 - 16*a”2*xc”3xd*e + 12%axb”2*xc”2*d*e - 2xbxckxdxex(-(4*a*c - b72)73)7(1/2
))/(8x(16*%a”~2*%c”5 + b~ 4*xc™3 - 8*xa*xb”™2%xc”4))) " (1/2))/c)*(—(b~5xd"2 + b~2%d"2
*(-(4xaxc - b72)73)7(1/2) + b™3%c™2*%e”2 + c"2*e”2x(-(4*xaxc - b~2)"3)"(1/2)
+ 12%a"2*%bxc”2*d"2 - 2*b~4*ckxd¥xe - Txaxb"3xc*d”2 - axcxd"2*(-(4*axc - b"2)"
3)7(1/2) - 4dxaxbxc”3%e”2 - 16*a”2*c " 3*xd*e + 12xaxb”2*c”2*d*e - 2*xbkxcxdxex (-
(4xa*xc - b™2)73)7(1/2))/(8x(16*a~2%c”5 + b~4*c™3 - 8*xaxb~2xc™4)))~(1/2) - (
2%xx (b74*d"2 - 2*%a*xc”3*%e”2 + 2*xa"2*c"2*%d"2 + bT2*xc"2%e”2 - 2*%xb~3*ckxdxe - 4x
axb”2*c*kd”2 + 6*xaxbxc”2xd*e))/c)*(-(b"5%d"2 + b~2*xd"2*(-(4*a*xc - b"2)73)"(1
/2) + b73*cT2%e”2 + cT2xe"2*x(—(4*axc - b72)73)7(1/2) + 12%a"2*xb*xc”2*xd"2 - 2
*b~4*c*kd*e — Txaxb"3xcxd”2 - axc*d"2x(-(4d*xaxc - b72)73)7(1/2) - 4*xaxbxc"3xe
T2 - 16*a”2*%c”3*kd*e + 12xaxb"2*c”2*d*e - 2*bkxckxdxex(-(4*axc - b72)73)7(1/2)
)/ (8% (16*a"2%c™5 + b74*xc™3 — 8xaxb”2%c”4))) " (1/2) - (2x(axc™2*xe”3 - a~2*bx*d
3 + a*b”2xd"2*%e + a"2xc*d"2%e - 2*axbkxckxdxe”2))/c + (((16*a”2*xc”3*d - 4*xax
b"2xc"2xd) /c + (2*x*(4*b"3*c”3 - 16*axb*c”4)*(-(b"5xd"2 + b~ 2*xd"2* (- (4*ax*c
- b72)73)7(1/2) + b73*cT2%e”2 + c"2*xe" 2% (- (4xaxc - b~2)73)7(1/2) + 12*xa"2*b
*C72%d"2 - 2*%bT4d*xckxdxe - T*axb~3*c*kd”2 - axcxd"2x(-(4xaxc - b72)73)7(1/2) -
dxaxbxc~3xe"2 - 16%a”2*c”3*kd*e + 12*axb"2xc”2xd*e - 2*bkckdxex(-(4*xaxc - b
~2)73)7(1/2))/(8x(16*%a"2*%c”5 + b~ 4*xc™3 - 8*xaxb”"2*xc"4)) )~ (1/2))/c)*(—(b~5xd~
2 + b72xd" 2% (- (4d*xaxc — b"2)73)7(1/2) + b"3*c"2*xe"2 + ¢ 2%e" 2% (-(4*axc - b~2
)73)7(1/2) + 12%a”2xb*c”2*%d"2 - 2%b"4*xcxd*e — T*axb"3*ckd"2 - axckxd"2x(-(4x*
axc - b72)73)7(1/2) - 4xaxb*c”3*e”2 - 16*%a~2xc”3xd*e + 12*a*b”2*xc " 2xd*e - 2
*bkckd*e* (- (d*xaxc — b~2)73)7(1/2)) /(8% (16*a~2*c”™5 + b~4*c™3 - 8*a*b™2*c”4))
)7(1/2) + (2*xx(b74*d"2 — 2*xaxc”3*e”2 + 2*%a”2%cT2*xd"2 + bT2*%c"2%e”2 - 2*b”3
xckd*e - 4xaxb"2xcxd"2 + 6xaxbkxc”2kd*e))/c)*(—(b75%d"2 + b "2*xd"2*x (- (4*axc -
b~2)73)7(1/2) + b7 3*c"2*e”2 + c"2xe"2*x(-(4*axc - b"2)73)"(1/2) + 12*a”2*Db*
cT2xd72 - 2%b"4*ckdke — Txaxb"3xc*d”2 - axc*d"2x(-(4*xaxc - b~2)73)7(1/2) -
dxaxbxc~3xe”2 - 16*a”2*c”3kd*e + 12*xaxb”2*xc”2+d*e - 2*bkxckxdxex(-(4xaxc - b~
2)73)7(1/2)) /(8% (16*a~2*c™5 + b~ 4*c”™3 - 8*xaxb™2xc”™4))) " (1/2)))*(-(b"5*xd"2 +
b~2*xd"2x (- (4*xaxc — b~2)73)"(1/2) + b 3*c™2%e”2 + c 2xe"2*x(-(4*axc - b"2)"3
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)7(1/2) + 12%a”~2%b*xc”2%d"2 - 2*%b~4xckdxe - T*xaxb"3*cxd”"2 - axckxd 2% (-(4xaxc
- b72)73)7(1/2) - 4xaxbxc”3%e”2 - 16%a”2%c " 3xd*xe + 12%axb”~2%c"2*dxe — 2x*b*
ckd*xex(-(4*axc - b72)73)7(1/2))/(8%(16*a~2*c™5 + b~4*xc~3 - 8*axb™2%xc”4)))~(
1/2) %21

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x**2)/(c+a/x**4+b/x**2) ,%)

[Out] Timed out
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3
= dx
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C x6

338 |

Optimal. Leaf size=311

(\/5\/501+\/Ee)10g(—\/§\6/5\6/5x+\3/5 +\3/Ex2) (@\/Ed—\/ze)log(\/g%\é/zx+% +\3/Ex2) (‘/E

—_ +_
12~/ac7/6 12~/ac7/e

Rubi [A] time = 0.29, antiderivative size = 311, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 10, integrand size = 17,

number of 1ules _ 0,588, Rules used = {1394, 1503, 1416, 635, 203, 260, 634, 617, 204, 628}

integrand size

24 2§ex 5 Vex
(V3ad + ee) log (V3 §a §Ex + ¥ + §Ex2)  (V3vad - ee)log (V3 ex + 4 + ¥ex?) (\ﬁd—\@xﬁe)mnl(ﬁ—vﬁ‘) (\/Ezi+\6\/ze>tan1(v+\/§) {adtan 1(?) clog (V2 + 62) dx
123acle - 123ac’le * 6ac’lo - 6aclo - 3776 - 63ach T

Antiderivative was successfully verified.
[In] Int[(d + e/x73)/(c + a/x76) ,x]

[Out] (d*x)/c - (a~(1/6)*d*ArcTan[(c~(1/6)*x)/a~(1/6)]1)/(3*xc~(7/6)) + ((Sqrt[al*d
- Sqrt[3]*Sqrt[cl*e)*ArcTan[Sqrt[3] - (2xc™(1/6)*x)/a~(1/6)]1)/(6*%a~(1/3)*c
~(7/6)) - ((Sqgrtlal*d + Sqrt[3]*Sqrt[cl*e)*ArcTan[Sqrt[3] + (2xc~(1/6)*x)/a
~(1/6)1)/(6%a~(1/3)*c™(7/6)) - (exLogla™(1/3) + c~(1/3)*x72])/(6*a~(1/3)*c”
(2/3)) + ((Sqrt([3]*Sqrt[al*d + Sqrtlcl*e)*Logla”(1/3) - Sqrt[3]*a~(1/6)*c”(
1/6)*x + ¢~ (1/3)*x~2])/(12*a~(1/3)*c~(7/6)) - ((Sqrt[3]1*Sqrtlal*d - Sqrtl[c]
*e)*Log[a~(1/3) + Sqrt[3]*a~(1/6)*c™(1/6)*x + c~(1/3)*x72])/(12%a”~(1/3)*c~(

7/6))

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQl[a/bl && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] ||l LtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d)) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634
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Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 635

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*xx~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(a*c)]

Rule 1394

Int[((a_) + (c_.)*x(x_)"(n2_.)) " (p_.)*x((d_) + (e_.)*(x_)"(n_))"(q_.), x_Symb
ol] :> Int[x"(nx(2xp + @))*(e + d/x"n) gx(c + a/x"(2*n))"p, x] /; FreeQ[{a,
c, d, e, n}, x] & EqQ[n2, 2*n] && IntegersQ[p, ql && NegQ[nl]

Rule 1416

Int[((d_) + (e_.)*x(x_)"3)/((a_) + (c_.)*(x_)"6), x_Symbol] :> With[{q = Rt[
c/a, 6]}, Dist[1/(3*a*q~2), Int[(q™2xd - exx)/(1 + q~2*x~2), x], x] + (Dist
[1/(6*%axq~2), Int[(2%q~2xd - (Sqrt[3]*q~3*d - e)*x)/(1 - Sqrt[3]*qg*x + q~ 2%
x72), x], x] + Dist[1/(6%axq~2), Int[(2*q~2xd + (Sqrt([3]*q~3*d + e)*x)/(1 +
Sqrt[3]*g*x + q~2*x72), x], x]1)] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 +
axe”2, 0] && PosQ[c/al

Rule 1503

Int [CCE_)*x(x_)) " (m_.)*((d_) + (e_.)*x(x_)"(n_))*x((a_) + (c_.)*x(x_)"(n2_))"(
p_), x_Symbol] :> Simp[(exf~(n - D)*x(f*x)"(m - n + 1)*(a + c*x~(2*n)) " (p +
D)/ (cx(m + nx(2%xp + 1) + 1)), x] - Dist[f"n/(c*(m + n*x(2*%p + 1) + 1)), Int
[(f*x)"(m - n)x(a + cxx™(2*n)) px(a*ex(m - n + 1) - c*xd*x(m + nx(2xp + 1) +
D*x"n), x], x] /; FreeQl{a, c, d, e, £, p}, x] &% EqQ[n2, 2*n] && IGtQ[n,
0] && GtQ[m, n - 1] && NeQ[m + nx(2*p + 1) + 1, 0] && IntegerQ[p]

Rubi steps
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e

fd+x_3dx_fx3(€+dx3)dx

c+ a+ cx®

EPNC)
Jx f ad—cex dx

_ a+cx®
c c
2a2/3%/_d (\/_\/_\/_d+ce)x dx f2a2/3\3/_d+(\/_\/_\/_d ce)x gy f a2/3\3/§d+cex Jx
- Vivh"ﬁx Vf%ﬂ o2 1+V5ﬂ
_dx o 3 o 3 3 {a
T 622343 622343 322343
V3 5 ZWﬂ
1
df—lfﬁxz dx ef—uiﬁxz dx  (V3+ad- \/Ee)f f{x Y gx (VByad+
_dx W W e .\
c 3c 3a23+]c 12+/a c’/6 1
1 ( Sex
dx {’/Edtanl(%) elog(\%+\3/5x) (V3+ad+ee)log(va - V3afex+
T 3c7fe T 6dacs 12ac7le
6 6
\Jadtan™ (\/Ex) (\/Ed—\/gx/ze)tan'l(\/g—w) (\/Ed+\/§\/ze)tan'1 (\/:
v 7 . )
o 3c7/6 6-ac7le 6a c7lo
Mathematica [A] time = 0.11, size = 346, normalized size = 1.11
(e~ 7)o 6 i ) (VG o (6 e ) (B WW(*UWVWM(*) fadtan (L) 1;,(5 ) i

Antiderivative was successfully verified.

[In] Integratel[(d + e/x73)/(c + a/x76),x]

[Out] (d*x)/c - (a~(1/6)*d*ArcTan[(c™(1/6)*x)/a~(1/6)])/(3*c~(7/6)) + ((-(a~(7/6)
*Sqrt [c]*d) + Sqrt[3]*a~(2/3)*c*e)*ArcTan[(-(Sqrt[3]*a~(1/6)) + 2xc~(1/6)*x
)/a”(1/6)]1)/(6xa*xc™(5/3)) + ((-(a~(7/6)*Sqrtlcl*d) - Sqrt[3]*a”(2/3)*c*e)*A
rcTan[(Sqrt[3]*a~(1/6) + 2*c~(1/6)*x)/a~(1/6)])/(6%xa*xc”(5/3)) - (exLogla™(1

/3) + ¢~ (1/3)*x72])/(6%xa~(1/3)*c~(2/3)) - ((-(8qrt[3]*a~(7/6)*Sqrtlcl*d) -
a~(2/3)*c*xe)*Logla~(1/3) - Sqrt[3]*a~(1/6)*c”(1/6)*x + c~(1/3)*x72])/(12%ax
c~(5/3)) - ((Sqrt[3]*a~(7/6)*Sqrtlcl*d - a~(2/3)*c*xe)*Logla~(1/3) + Sqrt[3]

*a~ (1/6)*c™(1/6)*x + ¢~ (1/3)*x72])/(12%a*xc”~(5/3))

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

d+ =
f x3dx
c+—

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x73)/(c + a/x"6),x]
[Out] IntegrateAlgebraic[(d + e/x"3)/(c + a/x76), x]
fricas [B] time = 2.13, size = 3169, normalized size = 10.19
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"3)/(c+a/x"6),x, algorithm="fricas")
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[Out] -1/12%(4xsqrt(3)*cx((axc™3*sqrt(-(a”2+%d™6 - 6*xa*xckd™4*e”2 + 9xc~2xd"2*e~4)/
(a*c™7)) + 3*axd™2xe - c*xe”3)/(a*c”3)) " (1/3)*arctan(1/3*(2x(sqrt(3)*(a~2*c”
6*%d"2 - axc”T*xe"2)*sqrt(-(a”2+%d"6 - 6xaxc*d"4*e”2 + 9*xc"2xd"2%e”4)/(axc”7))
- 2%sqrt(3)*(a”2*c”3*xd"4*xe - 3xaxc”4*xd"2xe”3))*sqrt(((a”3*d”7 - a”~2xc*d~b*
€72 - bxaxcT2xd"3%e”4 - 3*c"3*d*e”6)*x”2 + (2*%a"2*c”6*d*exsqrt(-(a"2*d"6 -
6xakcxd~4*xe”2 + 9xc”2*d"2*%e"4)/(a*xc”7)) + a~3*kcT2xd"5 - 4*xa”2+c”3*%d"3xe”2 +
3kaxc~4xd*xe”4) * ((axc™3*sqrt(-(a"2xd"6 - 6*axcxd~4*xe”2 + 9xc~2*xd"2xe"4)/(ax
c77)) + 3xaxd”2xe - c*e”3)/(axc”3))7(2/3) + ((a”2xc”b*xd"2%e + axc”6xe”3)*xx*
sqrt(-(a”2xd"6 - 6*axc*d"4*xe”2 + 9*xc~2*d"2%e”4)/(axc”7)) + (a"3xc*d"6 - 2xa
T2%c72%d74%e”2 - 3kaxc”3xd"2%e”4)*x) * ((axc”3*xsqrt(-(a”2*d"6 - 6xakxcxd”"4*xe”2
+ 9xc72xd"2%e"4)/(a*xc”7)) + 3*axd"2xe - c*e”3)/(axc”3))7(1/3))/(a"3*d"7 -
a~2xcxd"b*e”2 - Bkaxc 2xd"3*e”4 - 3xc”3*d*e”6))* ((a*xc 3xsqrt(-(a"2+%d"6 - 6%
axcxd"4*xe”2 + 9*xc”2+xd"2xe"4)/(axc”7)) + 3*axd"2*e - c*xe”3)/(axc”3))"(2/3) -
2% (sqrt (3) *x(a”2xc™6*d"2 - axc”7*xe”2)*x*xsqrt(-(a~2*d™6 - 6xaxc*d"4xe”2 + Ox
c"2xd"2*%e"4) /(a*xc”7)) - 2*sqrt(3)*(a”2*c”3*d"4*xe - 3xakxc”4*xd"2xe”3)*x)* ((ax*
c"3*xsqrt(-(a”2*d"6 - 6*akxcxd”~4*xe”2 + 9*xc"2xd"2xe"4)/(a*xc”7)) + 3*kaxd"2*xe -
cxe”3)/(axc™3))"(2/3) + sqrt(3)*(a”3*d”7 - a~2*c*d"5*e”2 - bkakxc"2*d"3*e”4
- 3*%c73xd*e”6))/(a"3*d"7 - a"2*xcxd"b*e”2 - bxaxc”"2*d"3xe”4 - 3*c~3xd*e”6))
- 4xsqrt (3) *cx (- (axc™3*sqrt (-(a”"2*d"6 - 6*axcxd™4*xe”2 + 9xc~2*xd"2*xe”~4)/(a*c
“7)) - 3%axd”"2*xe + cxe”3)/(a*xc”3)) " (1/3)*arctan(1/3*(2x(sqrt(3)*(a~2*%c~6*d™
2 - axc”7*e”2)*xsqrt(-(a”2*d"6 - 6xakxcxd"4*e”2 + 9*xc”"2xd"2*xe"4)/(a*xc”7)) + 2
*xsqrt (3)*(a”2xc”3*d"4*e - 3*xaxc”4xd"2*xe”3))xsqrt(((a~3*d~7 - a~2*cxd”"5*xe”2
- Bxa*xc”2+d"3xe”4 - 3*%c"3*d*e”6)*x72 - (2*%a"2*c”6xd*exsqrt(-(a"2*d"6 - 6xax
cxd"4*e”2 + 9xcT2*xd"2xe”"4)/(a*xc”7)) - a”3%cT2%d"5 + 4*a~2%c”3%d"3%e”2 - 3*a
*xCT4xdxe”4) * (- (axc™3*sqrt (-(a”2+d"6 - 6xaxc*xd”4*xe”2 + 9*xc~2xd"2%e"4)/(axc”7
)) - 3xaxd"2xe + c*e”3)/(axc”3))7(2/3) - ((a"2xc”5xd"2%e + axc”6*e”3)*x*sqr
t(-(a”2*%d™6 - 6*akxckd"4xe”2 + 9xc”2xd"2*e"4)/(axc”7)) - (a"3xc*xd"6 - 2xa”2x
cT2*%d"4*xe”2 - 3kaxc”3*xd"2*%e”"4)*x)* (- (a*c”3xsqrt(-(a”2*d"6 - 6xaxckd"4xe”2 +
9%c™2xd"2*e"4) /(axc”7)) - 3*xaxd"2%e + c*e”3)/(axc”3))"(1/3))/(a”3xd"7 - a”
2%c*d"b*e”2 - Bxaxc”2*d"3*e”4 - 3*c"3xd*xe”6))*(-(axc”3*sqrt(-(a"2xd"6 - 6*a
xckd"4xe”2 + 9*xc”2xd"2*xe"4)/(a*xc”7)) - 3*axd"2%e + c*xe”3)/(axc”3))"(2/3) -
2% (sqrt (3)*x(a™2*c™6+xd”™2 - axc”7*xe"2)*x*sqrt(-(a”2+%d"6 - 6xa*xckxd~4*e”2 + 9xc
~2xd"2%e"4)/(a*xc”7)) + 2*sqrt(3)*(a”2xc”3*%d"4*xe - 3kakcT4xd"2*e”3)*x)* (- (ax
c"3xsqrt(-(a”2*d"6 - 6%akxcxd"4*xe”2 + 9*c"2xd"2xe"4)/(a*xc”7)) - 3kaxd"2*e +
cxe”3)/(axc”3))"(2/3) - sqrt(3)*(a”3*d”7 - a”2*c*d"5*e”2 - Bb¥axc 2*d"3*e”4
- 3%c73xd*e”6))/(a"3*d”7 - a"2xcxd"b*e”2 - b¥xaxc"2*d"3xe”4 - 3*c”3xd*e”6))
+ c*x((axc™3*sqrt(-(a”2*d"6 - 6*akxcxd~4*xe”2 + 9*c™2xd"2xe"4)/(a*xc”7)) + 3kax
d"2xe - c*e”3)/(axc”3)) " (1/3)*log(-(a~3*%d”7 - a~2*c*d"b*e”2 - bkaxc~2xd"3*e
T4 - 3%cT3xd*e”76)*x"2 - (2%a”2xc”6xd*e*xsqrt(-(a”2%d"6 - 6xaxckd"4*e”2 + 9xc
“2xd"2xe"4)/(axc”7)) + a"3*c72xd"5 - 4*%a"2xc"3*d"3*%e”2 + 3kakc"4xd*xe"4)*((a
*xc"3*xsqrt (-(a”2*%d"6 - 6xakxckxd”"4*xe”2 + 9*xc”2xd"2*xe"4)/(a*c”7)) + 3kaxd"2*e -
cxe”3)/(axc”3))"(2/3) - ((a”2%c”bxd"2*xe + axc”6*xe”3)*x*sqrt(-(a”2*d"6 - 6%
axckxd"4xe”2 + 9xcT2xd"2%e"4)/(a*xc”7)) + (a"3*c*d"6 - 2%a”2%c"2xd"4*e”2 - 3%
axc~3xd"2xe”4) *x) * ((a*c”™3*sqrt (- (a”2*%d™6 - 6xa*xc*d”4*xe”2 + 9*kc~2xd"2*e”4)/(
a*xc”7)) + 3*axd”2%e - c*e”3)/(axc”3))7(1/3)) + c*x(-(axc 3*sqrt(-(a"2*d"6 -
Bxaxc*xd~4*xe”2 + 9xc”2xd"2xe"4)/(axc”7)) - 3xaxd"2xe + cxe”3)/(axc”3))"(1/3)
xlog(-(a™3*d~7 - a”2xc*d"5*e”2 - bxaxc"2xd"3%e”4 - 3*c”3xd*e"6)*x"2 + (2*a”
2xc"6*xdxexsqrt (- (a"2xd"6 - 6*axc*xd"4xe”2 + 9kcT2*d"2%e”4)/(axc”7)) - a~3*c”
2%d”"5 + 4*a”2%c"3xd"3%e”2 - 3xakxc"4xdxe”4)*(-(axc”3*sqrt(-(a”2xd"6 - Gkxaxcx
d~4xe”2 + 9*c”2xd"2*e”4)/(axc”7)) - 3*xaxd"2%e + c*xe”3)/(axc”3))"(2/3) + ((a
“2%cTbxd"2%e + axcT6%e”3)*x*xsqrt(-(a”2*d"6 - 6*akxc*d"4*e”2 + 9xcT2xd"2*e"4)
/(axc™7)) - (a”3%ckd™6 - 2%a”~2xc”2xd"4*e”2 - 3kakxc”3xd"2%e”4)*x)* (- (axc”3*s
qrt(-(a”2*d"6 - 6xa*xcxd”4*e”2 + 9*xc”"2xd"2*xe"4)/(a*c”7)) - 3*axd"2*e + c*xe”3
)/ (axc™3))7(1/3)) - 2xcx((axc™3xsqrt(-(a”2*d”6 - 6*akxckd™4*e™2 + O*c™2*d™2%*
e”4)/(a*xc”7)) + 3*axd"2xe - c*e”3)/(a*xc”3))"(1/3)*log(-(a"2*d"5 - 2%a*xc*d"3
xe”2 - 3%c72*d*xe"4)*x + (axc"bxexsqrt(-(a”2*d"6 - 6*axckd"4*e”2 + 9xcT2%xd"2
xe”4)/(a*xc”7)) + a"2xc*d"4 - 3xaxc”2xd"2xe”2)*((a*xc”3*sqrt(-(a"2*xd"6 - 6*ax
cxd"4*xe”2 + 9*c”2*xd"2*xe"4)/(axc”7)) + 3*axd"2%e - cxe”3)/(axc”3))"(1/3)) -
2*xck (- (axc™3xsqrt (-(a™2*d™6 - 6*akxcxd™4*e”2 + 9xc”2*d"2*xe"4)/(a*xc”7)) - 3*a
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xd"2%e + cxe”3)/(a*xc”3))"(1/3)xlog(-(a"2xd"5 - 2*axc*d~3*e”2 - 3*c~2*dxe"4)
*x — (axc”bkxexsqrt(-(a™2+%d”6 - 6xaxc*d"4*xe”2 + 9*kc"2xd"2*e”4)/(axc77)) - a”
2xc*kd~4 + 3xaxc”2xd"2xe”2)*x (- (axc”3*sqrt(-(a”2*%d"6 - 6*xakxcxd"4*e”2 + 9kc 2%
d"2xe”4)/(a*c”7)) - 3*axd"2*e + c*e”3)/(a*c”3))7(1/3)) - 12xd*x)/c

giac [A] time = 0.53, size = 295, normalized size = 0.95

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x~3)/(c+a/x"6),x, algorithm="giac")

[Out] -1/6%abs(c)*e*xlog(x~2 + (a/c)~(1/3))/(a*xc”5)~(1/3) + d*x/c - 1/3x(axc”5)~(1
/6)*dxarctan(x/(a/c)~(1/6))/c”2 - 1/6x((a*c”5) " (1/6)*a*xc”2*d + sqrt(3)*(a*c
~5)7(2/3)*e)*arctan((2xx + sqrt(3)*(a/c)~(1/6))/(a/c)~(1/6))/(a*xc™4) - 1/6%
((axc™B)~(1/6)*a*xc”2xd - sqrt(3)*(a*xc™5)7(2/3)*e)*arctan((2*x - sqrt(3)*(a/
c)~(1/6))/(a/c)~(1/6))/(axc™4) - 1/12*%(sqrt(3)*(axc™5)~(1/6)*axc”2xd - (axc
~5)7(2/3)*xe) *log(x"2 + sqrt(3)*x*x(a/c)~(1/6) + (a/c)~(1/3))/(a*xc™4) + 1/12%
(sqrt(3)*(a*c™5)~(1/6) *axc™2*d + (a*xc™5)7(2/3)*e)*log(x"2 - sqrt(3)*xx*(a/c)
~(1/6) + (a/c)~(1/3))/(a*xc”4)

maple [A] time = 0.08, size = 334, normalized size = 1.07

(a6 (3 3) (gm“mﬁw’ (‘f]l‘\ﬁuman‘(i+ﬁ] Famfer ) @enfe @) emfers @) ()41[7’ (g):m.d,\[[ﬁﬁ] (:‘)%marmn[i+\ﬁ} 5 3 anfe 5 3 3)
2 * & - & - o * 7 * 7 3 - & - 3 * 20

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x"3)/(c+a/x"6),x)

[Out] 1/cxd*x-1/12%(a/c)~(7/6)/a*1n(x"2+3"(1/2)*(a/c)~(1/6)*x+(a/c)~(1/3))*37(1/2
Yxd+1/12%(a/c) " (2/3) /axexIn(x~2+37(1/2)*(a/c) " (1/6)*x+(a/c)~(1/3))-1/6/c*(a
/c)~(1/6)*arctan(2/(a/c)~(1/6)*x+3"(1/2))*d-1/6*(a/c)~(2/3)*37(1/2) /axe*arc
tan(2/(a/c)~(1/6)*x+3"(1/2))+1/12x(a/c)~(2/3) /a*ex1n(x"2-3"(1/2)*(a/c)~(1/6
)*xx+(a/c)~(1/3))+1/12/c*1n(x"2-37(1/2)*(a/c) ~(1/6) *x+(a/c) ~(1/3) ) *37(1/2) *(
a/c)~(1/6)*d+1/6%(a/c)~(2/3)*3~(1/2) /axexarctan(2/(a/c)~(1/6)*x-3"(1/2))-1/
6/cx(a/c)”(1/6)*arctan(2/(a/c)~(1/6)*x-3"(1/2))*d-1/6%*(a/c) ~(2/3) /axex1n(x~
2+(a/c)~(1/3))-1/3/cx(a/c)~(1/6) *d*arctan(1/(a/c) "~ (1/6) *x)

maxima [A] time = 1.53, size = 295, normalized size = 0.95

1
1 1 _Sx
2c3elog|c3x2+a3 11
a3c3 + adc
d 1 [TT 2 2 2 [T1T 2 [T1T
ax _ a3 a3c3 ac3 ac3 ac3Va3c3 ac3Va3c3

c 12¢

57 42 3 H
3 - 33 2¢3x- 6
1 4a3darctan| 7 2 1 11 1 7 2 1 11 1 2[\/§ﬂéféﬁ-ﬂ3c3d)arctan
(\Ené\ﬁd*ﬂ3m)lng[c3x2+\/§n5:hY+a3] [\/Sa(x\ﬁdmzm]lng[caxL\ﬁﬂwx+a3] %
+ +
1
3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"3)/(c+a/x"6),x, algorithm="maxima"

[Out] d*x/c - 1/12x(2*xc”~(1/3)*e*xlog(c™(1/3)*x"2 + a~(1/3))/a~(1/3) + 4xa~(1/3)*dx*
arctan(c”(1/3)*x/sqrt(a~(1/3)*c~(1/3)))/sqrt(a~(1/3)*c~(1/3)) + (sqrt(3)*a”
(7/6)*sqrt(c)*d - a~(2/3)*c*xe)*xlog(c™(1/3)*x72 + sqrt(3)*a~(1/6)*c~(1/6)*x

+ a~(1/3))/(axc™(2/3)) - (sqrt(3)*a”(7/6)*sqrt(c)*d + a~(2/3)*cx*e)*log(c” (1
/3)*x72 - sqrt(3)*a~(1/6)*c~(1/6)*x + a~(1/3))/(axc™(2/3)) + 2x(sqrt(3)*a~(
5/6)*c”(7/6)*e + a~(4/3)*c~(2/3)*d)*arctan((2*c~(1/3)*x + sqrt(3)*a~(1/6)*c
~(1/6))/sqrt(a~(1/3)*c™(1/3)))/(axc™(2/3) *sqrt(a~(1/3)*c~(1/3))) - 2*x(sqrt(
3)*a~(56/6)*xc~(7/6)*e - a~(4/3)*c”(2/3)*d)*arctan((2xc~(1/3)*x - sqrt(3)*a~(
1/6)*c”~(1/6))/sqrt(a~(1/3)*c~(1/3)))/(axc™(2/3)*sqrt(a~(1/3)*c~(1/3))))/c

mupad [B] time = 3.10, size = 1308, normalized size = 4.21
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x73)/(c + a/x”6),x)

[Out] log(exx*(-a~3%c”7)7(1/2) - a~2*c™4*(-(axc™b*e”3 + a*xd~3*(-a"3*c”7)7(1/2) -
3*a”"2*xcT4*xd"2xe - 3*ckd*e”2*(-a”3*c”7)"(1/2))/(a"2%c”7)) " (1/3) + a"2xc"3xdx
x)*(—(axc™bxe”3 + a*d"3*(-a”"3*c”7)"(1/2) - 3*a"2*c"4*xd"2*e — 3kckxdxe”2x(-a”
3*xc”7)7(1/2))/(216%a~2%c” 7))~ (1/3) + log(exx*(-a~3xc~7)~(1/2) + a~2*c™4x*(-(
axc~b*e”3 - axd"3*(-a"3*c”7)7(1/2) - 3*xa"2xc”4*d"2xe + 3kckd*xe 2x(-a"3*c”7)
~(1/2))/(@a™2%c~7))"(1/3) - a~2%c”3*d*x)*(-(a*xc”™5*e”3 - a*xd~3*(-a~3%c”7)"(1/
2) - 3*a”2*%c”4*xd"2xe + 3*ckxd*e 2% (-a”"3*xc”7)"(1/2))/(216*%a"2*%c”7))"(1/3) + 1
og(2xexx* (-a~3*%c~7) " (1/2) + a~2*xc~4*(-(axc”b*e”3 + a*d"3x(-a"3*c”~7)"(1/2) -
3*xa”2%c"4*xd"2%e - 3kckdke " 2x(-a~3*c”7)"(1/2))/(a"2*xc”7))"(1/3) - 37(1/2)*a
“2xcT4x (- (axc”hb*e”3 + axd"3*(-a~3*c”7)"(1/2) - 3*a"2*xc"4xd"2*e - 3*kcxd*e 2%
(ma”3%c™7)7(1/2))/(a~2*xc™7)) " (1/3) *1i + 2xa”2*c~3*d*x)*((37(1/2)*1i)/2 - 1/
2)*(-(a*xc™5*e”™3 + axd~3x(-a~3*c”7) " (1/2) - 3*a"2xc"4*d"2%e - 3*kckxdxe"2x(-a”
3*c”7)7(1/2))/(216%a~2%c” 7))~ (1/3) - log(2%e*xx*(-a~3*c”7)~(1/2) + a~2*c™4x*(
-(axc™b*e”3 + axd"3*(-a~3*%c”7) " (1/2) - 3*a"2*xc"4xd"2*e - 3*kckdre 2% (-a~3xc”
7)"(1/2)) /(@ 2xc"7))~(1/3) + 37 (1/2)*a"2xc"4*(-(a*xc™5*%e”3 + axd~3*(-a~3*c”7
)" (1/2) - 3*%a"2xc”4*d"2%e - 3xcxdxe”2x(-a~3*xc”7)"(1/2))/(a”2%c”7)) " (1/3)*1i
+ 2*%a”2xc”3xd*x) * ((37(1/2)*11) /2 + 1/2)*(—=(a*xc™5*xe”3 + a*d~3*(-a"3*xc~7)" (1
/2) — 3*%a”2xc"4xd"2xe — 3kckdxe”2%(—a~3*%c”7)"(1/2))/(216%a"2xc"7)) " (1/3) -
log(a™2xc™4*(-(a*c™bxe”3 - a*xd™3x(-a~3*c”7)7(1/2) - 3*%a"2xc~4*xd"2%e + 3*c*d
*xe72x(-a”3%c77)7(1/2))/(a”2xc”7)) " (1/3) - 2*exx*(-a~3*xc”7)"(1/2) + 37(1/2)*
a~2*c74x (- (axc”bxe”3 - a*d"3*%(-a"3*c”7)"(1/2) - 3*%a"2xc"4xd"2%e + 3xckxd*e”2
*(-a”3%c”7)"(1/2))/(@"2%c77)) " (1/3)*1i + 2*xa”~2*c " 3*d*x)*((37(1/2)*1i)/2 + 1
/2)*(—(a*xc™5*%e”3 - axd~3*(-a~3*c”7) " (1/2) - 3*a~2xc"4*xd"2%e + 3*kckd*e"2x(-a
“3%c77)7(1/2))/(216%a”2xc”7)) " (1/3) + log(2xe*xxx(-a~3xc”7)"(1/2) - a”2xc™4x
(-(a*xc™b*e”3 - axd™3*(-a~3*c”7)7(1/2) - 3*xa”2*c"4*d"2*xe + 3*kckxdxe”2x(-a~3*c
~7)"(1/2))/(@”2%c”7)) " (1/3) + 37(1/2)*a"2%c”4* (- (a*xc™b*e”3 - a*xd"3*(-a”~3*c”
7)"(1/2) - 3*a™2xc”4*xd"2%e + 3*ckxd*xe”2x(-a~3*c”7)7(1/2))/(a"2xc”7))~(1/3)*1
i = 2%a72%c”3*xd*x)*((37(1/2)*1i) /2 - 1/2)*(-(a*xc™5*e”3 - axd~3*(-a~3*c”7) ~(
1/2) — 3*a”2%c”4*d"2%e + 3*xcxdxe”2x(-a~3*c”7) " (1/2))/(216*%a"2xc~7))~(1/3) +
(d*x)/c

sympy [A] time = 2.98, size = 167, normalized size = 0.54

—1296t*ac%e — 6ta’cd* + 36tac’d?e? — 6tc3e* d
RootSum (46656t6a2c7 + 13 (-1296a%ctd%e + 432ac°¢%) + a¥d® + 3a2cd'e? + 3ac’de* + 3¢S, (t  tlog (x + e oac a i ))) +Z

a2d5 - 2acd®e? — 3c2det ©

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x**3)/(c+a/x**6) ,x)

[Out] RootSum(46656% t*x*Bkax*2*xck*7 + _t**x3* (-1296%a*x*2kck*d*xd*x*2ke + 432*axcxxbx
ex*x3) + ax*x3xd**6 + 3Ikaxkkckdkkdkek*k2 + Ikakckk2kxdkkkex*k4d + cx*3kxe*x*kx6, La
mbda(_t, _t*log(x + (-1296%_txk4xakxck*kbxe — 6%_t*xakx*2kckd**4 + 36%_t*akcx*2
*xd**kQkex*Q — 6*_t*c**3*e**4)/(a**2*d**5 — 2xkakckd*kk3kek*x2 — 3kckk2kdkex*x4))

)) + d*x/c
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339 [y

AL
x6 x3

Optimal. Leaf size=716

B 23 o
( Zai/ﬁ;rb_;bce bd—ce)log( \/_\/Ex\/b Vb2 - 4ac +( 4ac) +22/3c2/3x2) (%4

+
2/3
62 c4/3 (b - Vb2 - 4ac)

Rubi [A] time = 1.63, antiderivative size = 716, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 9, integrand size = 22,

number of 1S — 0,409, Rules used = {1393, 1502, 1422, 200, 31, 634, 617, 204, 628}

integrand size

(P2 g VBT (222 o A 0+ (T ) 0] (22 g G+ 540 (2 - (O o+ )
600 o -vFam) Ve (Va4 B (o &

Antiderivative was successfully verified.
[In] Int[({d + e/x73)/(c + a/x"6 + b/x"3),x]

[Out] (d*x)/c + ((b*d - cxe - (b~2*%d - 2%a*xc*d - bxc*e)/Sqrt[b~2 - 4*axc])*ArcTan
[(1 - (2%x27(1/3)*c™(1/3)*x) /(b - Sqrt[b~2 - 4xaxc])~(1/3))/Sqrt[3]1]1)/(27(1/
3)*Sqrt [3]*c”(4/3)*(b - Sqrt[b~2 - 4*axc])”~(2/3)) + ((b*d - cxe + (b72xd -
2xaxc*d - bxcxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%x27(1/3)*c™(1/3)*x)/(b +
Sqrt[b™2 - 4*axc])~(1/3))/Sqrt[311)/(27(1/3)*Sqrt [3]1*c™(4/3)*(b + Sqrt[b~2
- 4xaxc])"(2/3)) - ((bxd - cxe - (b72%d - 2%axc*d - bxcxe)/Sqrt[b~2 - 4xaxc
D*Logl(b - Sqrt[b™2 - 4*a*xc])~(1/3) + 27(1/3)*c™(1/3)*x])/(3%27(1/3)*c™(4/
3)*(b - Sqrt[b~2 - 4xaxc])~(2/3)) - ((b*d - c*xe + (b72xd - 2%akxc*xd - b*cxke)
/8qrt[b72 - 4xaxc])*Logl[(b + Sqrt[b~2 - 4xaxc])~(1/3) + 27(1/3)*c~(1/3)*x])
/(3%27(1/3)*c~(4/3)*(b + Sqrt[b~2 - 4xaxc])~(2/3)) + ((b*xd - c*e - (b"2*xd -
2xaxcxd - bxcxe)/Sqrt[b~2 - 4xaxc])*Logl(b - Sqrt[b~2 - 4xaxc])~(2/3) - 2~
(1/3)*c™(1/3)*(b - Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%2"
(1/3)*c™(4/3)*(b - Sqrt[b~2 - 4xaxc])~(2/3)) + ((b*d - cxe + (b72*d - 2*axc
xd - bxc*e)/Sqrt[b”™2 - 4xaxc])*Logl[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*
c™(1/3)*(b + Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%27(1/3)*
c”(4/3)*%(b + Sqrt[b™2 - 4*axc])~(2/3))

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]72), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(Rtl[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]172*x"2), x], x] /; F
reeQ[{a, b}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 617
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || 'RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1393

Int[((a_) + (c_)*(x_)"(2_.) + (b_)*(x_)"(n_)) (p_.)*((d_) + (e_.)*(x_)"(
n ))~(q_.), x_Symbol] :> Int[x~(nx(2*p + g))*(e + d/x"n) "g*(c + b/x"n + a/x
~(2*n))"p, x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && IntegersQ[
p, ql && NegQ[n]

Rule 1422

Int[((d)) + (e_)*x(x_ )" (m))/((a) + (b_)*x(x_)"(n_) + (c_.)*x(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2%c*xd - bxe)/(2xq),

Int[1/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (2xcxd - b*xe)/(2*q), Int[1/(
b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2+*n]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*xe”2, 0] && (PosQ[b~2 - 4xa
*c] || 1IGtQ[n/2, 0])

Rule 1502

Int[((£_)*(x_))"(m_.)*x((d_) + (e_)*(x_)"(m_))*x((a_) + (b_)*x(x_)"(m_) + (
c_)*(x )" (02 ))"(p_), x_Symbol] :> Simp[(exf~(n - *(f*x)"(m - n + 1)*(a

+ b*x"n + cxx~(2*n)) " (p + 1))/(cx(m + nx(2%p + 1) + 1)), x] - Dist[£f7n/(cx*(
m+ nxk(2%p + 1) + 1)), Int[(f*x)"(m - n)*x(a + b*x™n + c*xx”(2%n)) “p*Simp [a*e
*(m - n + 1) + (bxex(m + n¥p + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, ¢, d, e, f, p}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,

0] && IGtQ[n, 0] &% GtQ[m, n - 1] &% NeQ[m + n*(2*p + 1) + 1, 0] && Integer
Qlp]

Rubi steps



213

d+ - X3 (e + dx3)
f — Ty dx= f PR ap—
c+ i +3 a+bx° +cx
ad+(bd—ce)x®
_ d_x f a+bx3+cxb
C Cc
b2d—2acd-bce b2d—2acd—bce 1
bd — ce — ) dx (bd —ce + )
dx ( N f L%mﬂ,@ Vb2 —4ac f §+§M+
Coc 2c 2c
b2d—2acd—bce 22/3 ?\%
b2d—2acd-bce bd - ce —
b - ce - P2 z | i)
( ce b2 4ac f w' — b2 411(: * b?~4ac (b* Vb274ac)2/3
_dx 22/3
T 2/3 B
3\3’/§c(b—\/b2—4ac) 3\3/§c(b—\/b2—44
b2d—2acd—bee b2d—2acd—bce
bd — ce - ) b -\~ dac + (bd— +—)
_ dx ( ce Vb2—dac ( ac \/_ \/E x) ce Vb2—4ac
~ 2/3
332 c43 (b— Vb? —4ac) 32 ¢4
b d—2acd—bce b2d—2acd—bee
bd - ) Ny (bd _ce+t —)
dx ( Vb2 —4ac ( ac \/_ \/E x) ce Vb2-4ac
T 2/3
33243 (b—\/bz —4ac) 32 43
235 Yex 25
(b J— ce— bZd—Zacd—bce) tan-1 i b-Vi2—dac (b J—cet bZd—Zacd—bce) tan-1 1_3_\/;
Vb2—4ac V3 Vb2—4ac A
d
= ?x —+ +

2/3
2343 (b - Vb2 - 4ac)

Mathematica [C] time = 0.05, size = 88, normalized size = 0.12

#13bd log (x—#1)—#13ce log (x—#1)+ad log (x—#1
RootSum #16c+#13b+a&, og(x—#1)-#1 ce log(x—#1)+ad log(x—#1)

dx 2115+ %

2/
V2 /343 (b + Vb? —4ac)

<]

c 3c

Antiderivative was successfully verified.

[In] Integrate[(d + e/x"3)/(c + a/x"6 + b/x"3),x]

[Out] (d*x)/c - RootSum[a + b*#173 + c*#176 & , (axd*Logl[x - #1]
1##173 - cxexLoglx - #1]1*#173)/(b*#172 + 2xc*#175) & 1/(3%c)

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x73)/(c + a/x"6 + b/x73),x]

[Out] IntegrateAlgebraic[(d + e/x"3)/(c + a/x"6 + b/x"3), x]

+ bxd*xLog[x - #1
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fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"3)/(c+a/x"6+b/x"3),x, algorithm="fricas")
[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"3)/(c+a/x"6+b/x73),x, algorithm="giac")
[Out] integrate((d + e/x73)/(c + b/x"3 + a/x"6), x)

maple [C] time = 0.02, size = 67, normalized size = 0.09

dx ((—bd + ce) RootOf (_Z6c + _Z3b + a)3 - ad) In (— RootOf (_Z6c + _Z3b + a) + x)

5 2
¢ 3c (2 RootOf (_Z6c + _Z3b + a) ¢ + RootOf (_Z6c + _Z3b + a) b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x"3)/(c+a/x"6+b/x73),x)

[Out] 1/c*d*x+1/3/c*sum(((-bxd+c*e)* R~3-ax*d)/(2%x_R"5*c+ R"2*b)*1n(-_R+x), R=Root
0f (_Z~6*c+_Z"3%*b+a))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(bd—ce)x3+ad
cx6+bx3+a

dx

c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"3)/(c+a/x"6+b/x"3),x, algorithm="maxima")
[Out] d*x/c + integrate(-((b*d - cxe)*x~3 + a*xd)/(c*x"6 + b*x"3 + a), x)/c

mupad [B] time = 29.42, size = 11453, normalized size = 16.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x73)/(c + a/x"6 + b/x"3),x)

[Out] log((3*axx*(a*b™4*d™4 - 2*a*xc ™ 4*e”4 - b75*d"3*e + 2*%a”3*c”™2*d"4 + b72*c"3%e
"4 - 4*xa"2%b"2xcxd"4 - 3*%b"3*c"2*xd*e”3 + 3kbT4*xc*xd"2xe”2 + 8xaxbxc”3*kd*e”3

+ 2*%axb"3kcxd"3xe + 4*a”2%b*c”2*%d"3*e — 9*axb"2xc”2+%d"2%e”2))/c - (27(2/3)*
((27(1/3) *(B1*xaxc™3*exx* (d*xaxc - b~2)72 - (81*%27(2/3)*axb*c”3*(4*a*c - b~2)
“2%((b77*d"3 + b~4*xd"3*(-(4*a*xc - b"2)73)"(1/2) - 16*a"2*c"5*e”3 - b~4*xc" 3%

e”3 - 32*%a”3*%b*c”3*d"3 + 8xaxb"2xc"4*e”3 - b*c 3*xe”3x(-(4xaxc - b"2)73)"(1/

2) + 48%a”3xc”4*xd"2%e + 3*%b 5*xcT2*kd*e”2 + 32%a”2*xb"3*%cT2%d"3 + 2*a”2xc”2*xd”

3k (-(4d*xaxc - b72)73)7(1/2) - 10*a*b~bxcxd™3 - 3*b~6*c*d"2%e - 4*xaxb~2xcxd~3
*(—(4*a*xc - b72)73)7(1/2) - 24*a*xb”3*c " 3xd*e”2 + 27*axb”4*c”2*xd"2*%e + 48*a”

2¥b*xc 4*d*e”2 - 6*xaxc”3xdxe” 2% (- (4*axc - b72)73)7(1/2) - 3*¥b"3*kckd"2*xex(-(4
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xaxc — b72)73)7(1/2) - T2*a"2%b"2*c”3*d"2*%e + 3*b"2%c"2xd*e” 2% (- (4*axc - b~
2)73)7(1/2) + 9*xaxbxc”2xd"2*ex (-(4*axc - b~2)73)7(1/2))/(c"4*(4d*axc - b~2)"
3))°(1/3))/2)*x((b~7*d"3 + b~4*d"3*(-(4*axc - b~2)73)"(1/2) - 16%a~2*c 5*xe”3
- bT4%c”3*%e”3 - 32%a”3*b*c”3*d"3 + 8xaxb"2xc”4*e”3 - bxc " 3*e" 3% (-(4xaxc -
b~2)73)7(1/2) + 48*a~3*c”4*xd"2%e + 3*b75*xcT2xd*e”2 + 32*%a”2*xb"3%c”2%d"3 + 2
*a"2%c72%d" 3% (- (4d*axc - b72)73)"(1/2) - 10*a*xb~5xcxd~3 - 3*b~6*kckd"2*%e — 4x*
axb”2*ckd"3x (- (4d*xaxc — b72)73)"(1/2) - 24*axb~3*xc"3*d*e”2 + 27*axb"4d*xc~2xd”
2%e + 48*a”2xb*c"4xd*e”2 - 6*axc”3kdxe”2x(-(4*axc - b72)73)7(1/2) - 3%b"3*c
*d"2%e* (- (d*xaxc — b72)73)7(1/2) - 72*a"2xb"2*xc"3xd"2%e + 3*b~2*kc " 2*xd*e"2x (-
(4xa*xc - b~2)73)7(1/2) + 9*xaxbxc™2+xd"2*e*(-(4d*axc — b~2)73)7(1/2))/(c™4*(4x*
axc - b72)73))7(2/3))/18 + (9*ax(4*axc - b"2)*(b~4*%d"3 - b*c"3*e”3 + a~2xc”
2%d"3 + 3*b72*kcT2*d*e”2 — 3%axb"2*c*kd"3 - 3¥axc”3*kd*xe”2 - 3*%b"3xc*kd"2%e + 6
*axbxc2xd"2%e) ) /c)* ((b™7+%d"3 + b~4*xd"3*(-(4*a*xc - b~2)73)"(1/2) - 16%a"2x*c
“b*e”3 - bT4*c"3*e”3 - 32%a”~3*b*c~3*%d"3 + 8*axb~2*c"4*e”3 - b*xc 3*ke” 3% (- (4x*
axc - b72)73)7(1/2) + 48*a~3*c”4*d"2*e + 3*bThExcT2xd*e”2 + 32*a”2*b”3*c”2*d
3 + 2%a”2*xc”2xd"3* (- (4xaxc - b"2)73)7(1/2) - 10*axb"5*c*d”3 - 3*bT6kcxd"2*
e - 4*xaxb”2*xckd"3x(—(4*xaxc - b"2)73)"(1/2) - 24*xaxb~3*xc”3*xd*e”2 + 27*axb"4x
c"2x%d"2%e + 48%a”2*bkxc 4*xd*e”2 - 6*axc 3kdke 2% (-(4*xaxc - b~2)"3)"(1/2) - 3
*b73*kckd”"2*xex (—(d*xaxc - b72)73)7(1/2) - 72*xa~2xb"2%c"3*%d"2%e + 3*bT2xcT2xdx
e 2% (-(4*axc - b72)73)7(1/2) + 9*axbkxc™2xd"2xex(-(4*a*xc - b~2)73)"(1/2))/(c
“4x(4*a*xc - b72)73))"(1/3))/6)*((b"7*d"3 + b~4*xd"3*(-(4*a*xc - b~2)"3)"(1/2)
- 16*%a"2*%c"bxe”3 - b74xc"3*%xe”3 - 32%a”3*xb*c”3*xd"3 + 8*axb"2*xc"4*e”3 - bxc”
3ke” 3k (- (4d*axc — b72)73)"(1/2) + 48*a”~3*c"4*xd"2*e + 3*¥b"5*kxc"2xd*e”2 + 32*a”
2%b73*%c”2*%d"3 + 2*a"2xc”2x%d"3* (- (4*a*xc - b72)73)7(1/2) - 10*a*b~b*c*d"3 - 3
*b76*xc*d"2%e — 4dxaxb"2xcxd"3* (- (4*a*c - b72)73)7(1/2) - 24xaxb”3*c " 3*kd*e”2
+ 27*axb"4*xc"2xd"2xe + 48*a”2*bkc T 4*xd*e”2 - 6xaxc”3*xd*e 2% (-(4*axc - b"2)73
)7 (1/2) - 3*%b73*kckd"2xex(—(4*xaxc - b~2)73)7(1/2) - 72*xa"2%b"2*c"3*d"2*e + 3
*b72%cT2kdke" 2% (- (4d*xaxc - b72)73) " (1/2) + 9*kaxbxc~2xd"2*ex (- (4*a*c - b72)73
)7(1/2))/(54x(64*%a~3*c”7 — b~6%c”4 + 12%xaxb~4*xc”5 - 48%a~2%b"2xc”6))) " (1/3)
+ log((3xaxx*(a*b™4*d™4 - 2%a*xc”4*e”4 - b75*xd"3%e + 2%a”3%c”2%d"4 + b7 2xc”
3%e74 - 4*xa”2xb72xc*d"4 - 3*b"3*%xcT2xdxe”3 + 3*b74kxckxd"2xe”2 + 8kaxbkxc”3*xd*xe
3 + 2%axb”3*kckxd"3%e + 4*a”2xb*c”2*%d"3*e — 9*axb"2xc”2+xd"2%e”2))/c - (27(2/
3)*((27(1/3) *(81xa*xc~3*e*x* (d*axc — b72)72 - (81%27(2/3)*ax*bxc™3*(4d*axc - b
“2) 2% ((b77*%d"3 - b~4*xd"3*%(-(4*xa*c - b~2)73)"(1/2) - 16*xa"2*xc”b*xe”3 - b~ 4dx*xc
“3%e73 - 32*%a”3*bxc"3*%d"3 + 8*ax*b”"2*c”4*e”3 + bxc"3%e”3*(-(4*axc - b"2)73)"
(1/2) + 48*a~3*c™4*xd"2*xe + 3xb75*c™2*d*e”2 + 32*%a”"2*xb"3*%c”2%d"3 - 2*a”2*c”2
*d"3* (- (4*axc - b72)73)7(1/2) - 10*a*b”™5xcxd~3 — 3*b"6*c*d"2%e + 4*xaxb"2xcxk
d"3*(-(4d*axc — b~2)73)"(1/2) - 24*a*xb~3*c”3xd*e”2 + 27*a*b 4*xc"2xd"2*e + 48
*a”"2xb*xc”4xd*e”2 + 6*axc”3xd*e"2x(-(4dxaxc - b"2)73)7(1/2) + 3*b"3kckxd " 2*ex*(
-(4*a*xc - b72)73)7(1/2) - T2*a"2*b~2*c”3*d"2*e - 3*b"2*c " 2*d*e”2*x (- (4d*axc -
b~2)73)7(1/2) - 9*axb*c”2xd"2xex(-(4xa*c - b"2)73)"(1/2))/(c"4x(4*a*xc - b~
2)73))7(1/3))/2)*((b~7*d"3 - b~4*d"3*(-(4*axc - b~2)73)7(1/2) - 16%a~2*c b*
e”3 - b 4xc"3%e”3 - 32*%a~3*b*xc”3*%d"3 + 8*xaxb"2*xc"4*e”3 + bkxc 3xe”3x (- (4*axc
- b72)73)7(1/2) + 48%a~3*c"4*d"2%e + 3*b"bkc"2xd*e”2 + 32%a”2*b"3*xc"2*d"3
- 2%a”2%c”2*xd" 3% (- (4*xaxc - b72)73)"(1/2) - 10*a*xb~5xcxd~3 - 3*b~6*c*d"2*e +
dxaxb~2xcxd 3% (- (4*a*xc - b72)73)7(1/2) - 24*axb”3*c”3*kd*e”2 + 27xaxb"4*c”2
*d"2%e + 48%a”2xbxc"4xdxe”2 + 6*axc”3kdxe"2x(—(4xaxc - b"2)73)7(1/2) + 3*b”
3kckd"2xex (—(4d*xaxc — b72)73)7(1/2) - 72*a”"2xb"2*%c~3*%d"2%e - 3*b"2*c"2xd*e”2
*(-(4*a*xc - b72)73)7(1/2) - 9*axb*c™2xd"2*xex(-(4*xa*xc - b~2)"3)"(1/2))/(c"4x*
(4xaxc - b72)73))"(2/3))/18 + (9*ax(4xaxc - b~2)*(b~4*d"3 - b*c~3*%e”3 + a~2
*Cc72%d"3 + 3*%bT2xcT2*d*e”2 - 3*kaxb " 2%cxd"3 - 3*axc”3xd*e”2 - 3xb"3kckd"2xe
+ 6*xaxbxc™2xd"2*xe) ) /c)* ((b~7*d"3 - b74*xd"3*(-(4*a*xc - b~2)"3)"(1/2) - 16*a”
2%c"bxe”3 — bT4*xc"3%e”3 - 32*%a~3*b*xc”3*%d"3 + 8*axb"2%c"4*e”3 + b*c 3xe”3x (-
(4xaxc - b"2)73)"(1/2) + 48*a~3*c~4*d"2%e + 3*b~bkxc~2xd*xe”2 + 32%a”2*b"3*xc”
2%d"3 - 2*a"2%c”2*xd"3*(-(4*axc - b72)73)7(1/2) - 10*ax*b~5xc*d~3 - 3*b~6*c*d
“2%e + 4dxaxb”2xcxd"3x(-(4xaxc - b"2)73)7(1/2) - 24*xaxb~3*c”3*d*e”2 + 27*ax*b
“4xcT2%d72%e + 48*%a"2xbxcT4*d*xe”2 + 6*axc”3xdxe”2x (- (4*axc - b72)73)7(1/2)
+ 3*b73*kckd"2xex (- (4*axc - b72)73)7(1/2) — T2*xa"2%b"2%c"3*d"2*e - 3*b"2xc”2
*d*xe” 2% (- (4*axc — b~2)73)7(1/2) - 9*axbkc”™2xd"2*xex(—(4*a*xc - b~2)"3)"(1/2))
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/(c™4x(4*xaxc - b~2)73))"(1/3))/6)*((b~7*d"3 - b~4*xd"3*(-(4*axc - b"2)"3)" (1
/2) — 16%a”~2%c”5%e”3 - b~4*xc " 3%e”3 - 32%a”3xb*c”3%d"3 + 8xaxb"2xc"4*xe”3 + b
*c73%e 3% (- (d*xaxc - b72)73)7(1/2) + 48*a”3*xc"4xd"2%e + 3*b"H*kc 2*xd*e”2 + 32
*a"2*b73*cT2%d"3 - 2%a”"2x%c”2*xd"3* (- (4*xaxc - b"2)73)"(1/2) - 10xa*b”~5xc*d”3
- 3*%b76*kckd"2*%e + 4xaxb"2xc*xd"3*(-(4*axc - b72)73)7(1/2) - 24*axb”3*xc"3xd*e
"2 + 27xaxb~4xc”2xd"2%e + 48*%a~2xbxc 4xd*e”2 + 6xaxc”3kxd¥xe”2x(—(4*axc - b2
)"3)7(1/2) + 3%b"3%xckxd"2*ex (—(4d*xaxc - b~2)73)"(1/2) - 72*xa~2xb"2xc”3*xd"2*e
- 3*b72*c”2xd*e 2% (- (d*xaxc - b~2)73)"(1/2) - 9*xaxb*xc”2xd " 2*ex(-(4*axc - b2
)73)7(1/2))/(54*%(64%a~3*%c”7 - b 6%c”4 + 12*a*xb~4xc”5 - 48%a~2*xb"2*c”6))) (1
/3) + log((27(2/3)*(37(1/2)*1i - 1)*((27(1/3)*(37(1/2)*1i + 1)*(81l*a*xc™3*ex
x*(dxaxc — ©72)72 - (81*%27(2/3)*axbxc™3*x(37(1/2)*11i - 1)*(d*xaxc — b~2) 2% ((
b~7*%d"3 + b 4*xd"3*x(-(4*axc - b"2)"3)"(1/2) - 16%a"2*%c~5*%e”3 - b "4*xc"3*e”3 -
32*a~3*b*c"3*%d”"3 + 8*axb"2*c"4%e”3 - b*c"3xe”3*x(-(4*axc - b"2)73)7(1/2) +
48*a~3*c"4*xd"2%e + 3*xb75kcT2+d*e”2 + 32*a”2%b"3*cT2*xd"3 + 2%a " 2*c”2%d 3% (= (
dxaxc — b72)73)7(1/2) - 10*a*xb~5xcxd™3 - 3*b~6*c*kd"2*%e — 4d*xaxb~2xc*xd"3*(-(4
xaxc - b72)73)7(1/2) - 24%axb”3*xc”3*kd*e”2 + 27*xaxb"4*xc”2+%d"2%e + 48*%a”2xbxc
“4xd*e”2 - 6*xaxc”3xdxe”2x (- (4*axc - b72)73)7(1/2) - 3*b"3kc*kd"2*e*x (- (4d*xaxc
- b72)73)7(1/2) - 72*a"2*%b"2%c"3*d"2*e + 3*b"2xc"2xd*e"2* (- (4*a*c - b"2)"3)
~(1/2) + 9xaxb*xc”2xd"2xex*x (- (4*xaxc - b~2)"3)7(1/2))/(c"4*x(4*axc - b~2)73)) " (
1/3))/4)*((b"7*d"3 + b~ 4*xd" 3% (-(4d*xaxc - b~2)73)7(1/2) - 16*xa~2*c” b*xe”"3 - b~
4xc”3xe”3 - 32%a”3*b*c”"3*d"3 + 8*axb"2xc"4*e”3 - bkc"3*e"3*(-(4xaxc - b"2)"
3)7(1/2) + 48*a~3xc~4*d"2%e + 3*b " 5kcT2xd*e”2 + 32%a"2%b"3*%c”2*d"3 + 2%xa~ 2%
c"2*%d"3* (- (4*a*c - b72)73)"(1/2) - 10*a*b~5*xc*xd"3 - 3*b~6xc*d"2%e - 4*axb”2
*c*xd"3* (- (4d*xaxc - b72)73)7(1/2) - 24*a*xb”3*c”3xd*e”2 + 27*a*xb”4*c”2*xd"2*e +
48%a”2xbxc 4xd*e”2 - 6*axc”3kdxe 2x(-(4xaxc - b72)73)7(1/2) - 3*b"3*c*xd" 2%
ex(-(4*a*xc - b72)73)7(1/2) - 72*a"2*b"2*c"3*d"2xe + 3*¥b"2*xc " 2kd*e 2% (- (4*xax
c - b72)73)7(1/2) + 9*axbxc~2xd"2*ex (- (4*axc - b"2)73)7(1/2))/(c"4*(4*a*xc -
b~"2)73))"(2/3))/36 - (9%ax(4*axc - b~2)*(b"4%d~3 - b*c~3%e”3 + a~2xc”~2%d"3
+ 3*xb72*%cT2*%d*e”2 - 3¥axbT2*ckxd"3 - 3kaxcT3kdxe”2 - 3*%b"3*c*kd"2%e + 6*axb*
c"2%d"2%e) ) /c)*((b77*d"3 + b~4*d"3*(-(4*axc - b72)73)7(1/2) - 16*a~2xc 5*xe”
3 - bT4*xcT3*%e"3 - 32%a"3*b*c”3*d"3 + 8*axb"2xc"4%e”3 - b*c " 3*ke " 3x(-(4*xaxc -
b~2)73)7(1/2) + 48*a”3*c”4*xd"2xe + 3*¥b"5*xcT2*xd*e”2 + 32%a"2xb"3*%c”2%d"3 +
2%a"2%c”2xd" 3% (- (4d*axc - b72)73)"(1/2) - 10*a*xb~bxcxd~3 - 3*b"6*c*d"2*e - 4
*axb~2%xckd" 3% (- (4d*xaxc - b72)73)7(1/2) - 24*axb”3xc"3*xd*e”2 + 27xaxb"4dxc”2x*d
“2%e + 48%a”2*xbxcT4xdxe”2 - 6*axc”3kd*e”2x(-(4xaxc - b72)73)"(1/2) - 3*b"3x%
cxd"2%ex (- (4*a*xc - b72)73)7(1/2) - T2*a"2*%b"2*c”3*d"2*e + 3*b72*c”2*d*e”2*(
-(4*a*xc - b72)73)7(1/2) + 9*axb*xc”2*xd " 2*xex(-(d*axc — b~2)73)7(1/2))/(c”4*x(4
xaxc - b72)73))"(1/3))/12 + (3xa*x*x(axb~4*d~4 - 2%akxc~4*e”4 - b 5*xd"3*e + 2
*a"3%c”2*%d"4 + bT2*xc"3%e"4 - 4%a”2*%b " 2*xckd"4 - 3xb"3*c"2*d*e”3 + 3*kb"4*xcxd”
2xe”2 + 8kaxbkxc"3xd*xe”3 + 2%a*b”3*xckxd"3ke + 4*xa”2*b*c"2*d"3*%e - 9%axb"2*c”2
*d"2%e72))/c)*((37(1/2)*11)/2 - 1/2)*((b~"7*d"3 + b~ 4*d~3*(-(4*a*c - b~2)73)
~(1/2) - 16*%a"2*c”5*e”3 - b 4*xc"3*e”3 - 32*%a~3*b*xc”3*d"3 + 8*xaxb " 2*xc 4*e”3
- b*xc"3*%e" 3k (- (d*axc — b72)73)7(1/2) + 48*a”3*c"4*d"2xe + 3*¥b " 5kc " 2xd*e”2 +
32%a"2*b"3*c"2*xd"3 + 2*a"2%c”2*%d"3* (- (4d*axc - b"2)73)"(1/2) - 10*axb”~5*xc*d
3 - 3*b76kckd"2xe - 4xaxb"2*c*d"3* (- (4d*xaxc - bT2)73)7(1/2) - 24*axb”3xc"3x%
d*e”2 + 27*xaxb~4xc”2+%d"2%e + 48*a”2xbxcT4xdxe”2 - 6*axc”3kd*e 2% (- (4*xaxc -
b~2)73)"(1/2) - 3*b~3xc*xd"2xex (- (4dxaxc — b~2)73)7(1/2) - 72*xa"2*xb"2%c”3*d"2
xe + 3*b72kcT2xd*e"2x (—(4*axc - b"2)73)7(1/2) + 9xaxbxc”2+%d"2*e* (- (4d*xaxc -
b~2)73)"(1/2))/(54%(64*a"3%c~7 - b~6%c”4 + 12*%xa*xb"4*xc~5 - 48%a”2*xb~2%c”6)))
~(1/3) + log((27(2/3)*(37(1/2)*11 - 1)*((27(1/3)*(37(1/2)*11 + 1)*(81l*a*xc~3
*exx* (d*xaxc — b72)72 - (81%27(2/3) *axbxc™3*(37(1/2)*1i - 1)*(4*axc - b~2)72
*((b77*d"3 - b74*xd"3*(-(4*a*xc - b"2)73)7(1/2) - 16*a"2*%c”5*e”3 - b~ 4*xc"3*xe”
3 - 32*%a”3*b*c”3*%d"3 + 8*ax*b”2*xc”4*e”3 + bxc"3*e”3*(-(4*axc - b"2)73)"(1/2)
+ 48*a”~3*%c"4xd"2%xe + 3xbThkcT2kd*e”2 + 32%a”2xb73*%cT2*d"3 - 2%a”2%xcT2*xd " 3%
(=(4d*xaxc - b72)73)7(1/2) - 10*a*xb~5*xc*xd~3 - 3*b~6*xcxd"2*e + 4*xaxb~2*cxd~3*(
-(4*a*xc - b72)73)7(1/2) - 24*axb~3*c”3*kd*e”2 + 27xa*xb”4*xc”2*d"2*e + 48*%a"2x
bxcT4xd*xe”2 + B¥axc”3*kd*e 2% (-(4d*xaxc - b72)73)7(1/2) + 3*b"3xckxd"2xex (- (4*a
x¥c — b72)73)7(1/2) - 72*xa"2*%b"2xc"3xd"2%e — 3*b"2xc " 2*xd*xe” 2% (—(4*axc - b"2)
~3)7(1/2) - 9xaxbxc”2xd"2%ex(—(4*axc - b"2)"3)"(1/2))/(c"4x(4d*xaxc - b~2)"3)
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)7(1/3))/4)*x((b"7*d"3 - b~4*d"3*(-(4*xaxc - b~2)"3)"(1/2) - 16*a~2%c 5*xe”3 -
b~4*c"3%e”3 - 32%a”3*bxc”3*d"3 + 8xaxb~2%c"4*e”3 + b*c " 3*e”3x(-(4*axc - b~
2)73)7(1/2) + 48*a”~3xc"4*d"2%e + 3*b7E5kcT2xd*e”2 + 32%a”2%b"3*c”2*d"3 - 2*a
“2%cT2+%d7 3% (- (d*xaxc - b72)73)7(1/2) - 10*axb"5xcxd~3 - 3*b~6kckd"2*e + 4xax
b~2xcxd"3x (- (4*a*xc - b72)73)7(1/2) - 24*axb~3*c”3*d*e”2 + 27*axb"4xcT2xd"2*
e + 48*a”2*bxc 4*xd*e”2 + 6xaxc”3*kd*e”2x(-(4d*axc - b~2)73)7(1/2) + 3*b"3*c*d
~2%ex (- (4*axc - b72)73)7(1/2) - 72*a"2*b"2*c"3*xd"2xe - 3*¥b"2*c " 2*d*e”2x(-(4
xaxc — b72)73)7(1/2) - 9xaxb*xc”2*xd"2xex (- (4dxa*xc - b~2)73)7(1/2))/(c™4x(4*ax
c - b™2)73))"(2/3))/36 - (9%ax(4*a*xc - b~2)*(b~4*d"3 - bxc~3%e”3 + a 2xc 2
d™3 + 3*%b72*%xcT2xd*xe”2 - 3*axb"2*%xc*xd”3 - 3%a*c”3*kd*e”2 - 3xb"3*c*d"2*e + 6%*a
*bxc”2%d"2%e) ) /c)*((b"7*d"3 - b~ 4*xd" 3% (-(4d*xaxc — b~2)"3)"(1/2) - 16*xa~2*c”5b
*¥e"3 - bT4*xc"3%e”3 - 32*%xa~3*bxc”3*d"3 + 8*xaxb " 2xc"4*e”3 + bkxc 3%e 3% (- (4*xax
c - b72)73)7(1/2) + 48*a”3%c”4*xd"2%e + 3*b " 5*xc"2*xd*e”2 + 32%a”2xb"3*c"2%d"3
- 2%a”2*xc”T2xd"3* (- (4*a*xc - b72)73)7(1/2) - 10*a*xb~5*c*d”"3 - 3*b"6xcxd"2xe
+ 4xaxb"2xcxd"3x (- (4*a*xc - b72)73)7(1/2) - 24xaxb~3*c”3*xd*e”2 + 27*axb"4xc”
2%d"2%e + 48*a”2xbxc"4xdxe”2 + 6xaxc”3kdxe”2x(—(4*xaxc - b72)73)"(1/2) + 3*b
~3*xc*kd"2*%ex (- (dxaxc — b72)73)7(1/2) - 72*a"2*xb"2xc"3*%d"2%e - 3*b"2*xc"2xd*e”
2% (- (4*a*xc - b72)73)"(1/2) - 9*axb*xc™2*xd"2*xe*x(-(4*xaxc - b~2)"3)"(1/2))/(c"4
*(4*xaxc - ©72)73))"(1/3))/12 + (3*a*x*(a*b~4*xd"4 - 2%axc”4xe”4 - b~5xd"3x*e
+ 2*%a"3*%c"2*xd"4 + bT2*%c”3*%e”"4 - 4xa”2xb"2*%c*d"4 - 3*xb"3xcT2*d*e”3 + 3*xb"4x*c
*d"2*%e”2 + Bxaxb*c”3*kd*e”3 + 2*xaxb”3*c*kd"3*e + 4*xa"2xbxc”2*%d"3*e - O*xaxbT2x
c™2xd"2%e"2)) /) *x((37(1/2)*11) /2 - 1/2)*((b"7*d"3 - b~ 4*xd~3*(-(4*a*c - b"2)
~3)7(1/2) - 16*%a”2*xc”5%e”3 - b 4*c"3*e”3 - 32*a"3*b*c”3*%d"3 + 8*axb"2xc 4*e
3 + b*c”3*e”" 3% (-(4*xaxc - b"2)73)7(1/2) + 48*a~3xc"4*d"2%e + 3*bT5xcT2xd*xe”
2 + 32%a"2*b"3*%cT2%d"3 - 2*a”2xc”2*xd"3* (- (4xaxc - b"2)73)7(1/2) - 10*axb”bx*
cxd”3 - 3*%b76*ckd"2*%e + 4xaxb"2xc*xd"3*(-(4*axc - b72)73)7(1/2) - 24*a*xb”3*c
“3kd*xe”2 + 27*axb"4xc”2xd"2%e + 48*a~2xbxc 4xd*e”2 + 6kxaxc”3kxdxe” 2% (- (4*axc
- b72)73)"(1/2) + 3*%b~3xc*kd"2xex(-(4*axc - b"2)"3)"(1/2) - 72xa"2*xb~2%c” 3%
d"2xe - 3*b"2*xcT2xd*e 2% (- (4d*xaxc - b72)73)7(1/2) - Ykaxbxc”2xd"2*ex (- (4*axc
- b"2)73)"(1/2))/(54%(64*a~3%c”7 - b"6%c”4 + 12xa*xb”~4*c”5 - 48*a”~2%b”2xc”6
)))7(1/3) - log(- (27(2/3)*(37(1/2)*1i + 1)*x((27(1/3)*(37(1/2)*11i - 1)*(81x
axc”3kex*xxk (dxaxc — b72)72 + (81%27(2/3)*axbxc™3*x(37(1/2)*1i + 1)*(4*axc - b
“2)72x ((b”7*%d"3 + b~4xd"3*(-(4xaxc - b"2)73)"(1/2) - 16*xa~2*xc”b*e”3 - b 4x*c
“3*%e"3 - 32%a"3*bxc”3*d"3 + 8*axb”"2xc"4*e”3 - b*c"3*e " 3x(-(4*xaxc - b~2)73)"
(1/2) + 48*a~3*c™4*xd"2*xe + 3xb~5*c”2*d*e”2 + 32*%a”~2*xb"3%c"2%d"3 + 2*a”2*c”2
*d"3* (- (4*axc - b72)73)7(1/2) - 10*a*b”5xcxd~3 - 3*b"6*c*d"2*e - 4*xaxb~2xcx
d"3*(-(d*xaxc — b~2)73)7(1/2) - 24*a*xb”~3*c"3xd*e”2 + 27*a*b "4*xc"2xd"2*e + 48
*a " 2%b*c 4xd*e"2 — B6xaxc”3*kd*e” 2% (- (4*axc - b72)73)7(1/2) - 3*b " 3*kckd"2*kex*(
-(4d*xaxc - b72)73)"(1/2) - 72*a~2%¥b”2*xc"3*d"2%e + 3*b"2xc " 2*d*e"2* (- (4*a*c -
b~2)"3)"(1/2) + 9*axb*xc~2xd"2xex*(-(4*xa*xc - b~2)"3)"(1/2))/(c"4*(4*a*xc - b~
2)73))7(1/3))/4)*((b"7*d"3 + b~4*d"3*(-(4*axc - b~2)73)"(1/2) - 16*a~2*c”bx*
e”3 - bT4*xc"3%e”3 - 32*%a~3*b*xc”3*%d"3 + 8*xaxb"2xc"4*e”3 — b*c 3xe”3*x (- (4*axc
- b72)73)7(1/2) + 48%a”~3%c”4*xd"2%e + 3*b"bxc " 2xd*e”2 + 32%a”"2x%b " 3*xc"2%d"3
+ 2*%a”2%xc”2xd"3* (- (4*a*xc - b"2)73)"(1/2) - 10*axb~5*c*d"3 - 3*b"6kckd"2xe -
dxaxb~2xcxd 3% (- (4*a*xc - b~2)73)7(1/2) - 24*axb”3*c”3*kd*e”2 + 27*xaxb"4*c”2
*d"2%e + 48%a”2xbxc 4xdxe”2 - 6*axc”3kd*e"2x(-(4xaxc - b"2)73)7(1/2) - 3*b~
3kckd"2xex (—(4d*xaxc - b72)73)7(1/2) - 72*xa~2xb"2xc~3*%d"2%e + 3*b"2*xc"2xd*e”2
*(-(4*axc - b72)73)7(1/2) + 9xaxb*c™2*xd"2*xex(—(4*xa*xc - b~2)"3)"(1/2))/(c"4x*
(4*a*xc - b~2)73))"(2/3))/36 + (9xa*x(4xa*xc - b~2)*(b"4*d"3 - b*c~3*e”3 + a2
*c"2%d"3 + 3*b72xc"2xd*e”2 - 3*axb " 2*ckd"3 - 3kaxc”3xd*e”2 - 3*b " 3*kckd"2*e
+ 6xaxbxc”2xd"2%e))/c)*((b"7*d"3 + b~4*d"3*(-(4*a*c - b~2)73)"(1/2) - 16x*a”
2%c"bxe”3 — bT4*xc"3%e”3 - 32*%a~3*b*xc”3*%d"3 + 8*axb"2*c"4%e”3 — b*c 3xe”3x (-
(4xaxc - b~2)73)7(1/2) + 48*a~3*c™4*d"2%e + 3*b~bxc"2xd*xe”2 + 32%a”2*b"3*xc”
2%d"3 + 2*a”2xc”2xd"3* (- (4*a*xc - b"2)73)"(1/2) - 10*a*b~5*xc*d"3 - 3*b"6*xc*d
“2%e - 4*xaxb"2*xcxd"3*(—(4xaxc - b"2)73)7(1/2) - 24xaxb”3*xc"3*kd*e”2 + 27*axb
“4xcT2%d72%e + 48*%a"2xbxcT4*d*e”2 - 6*axc”3xdxe”2x(-(4*axc - b72)73)7(1/2)
- 3%b73*kckd"2*xex (—(4d*xaxc - b72)73)7(1/2) - 72*xa"2xb"2%c”3*d"2*e + 3*b"2xc”"2
*d*e” 2% (- (4*xaxc — b72)73)7(1/2) + 9*axbkxc™2xd"2*xex(—(4*a*xc - b~2)73)"(1/2))
/(c”4x(4*xa*xc - b~2)73))"(1/3))/12 - (3xa*x*(a*b~4*d"~4 - 2%axc”4xe”4 - b~5xd
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“3%xe + 2%a"3%c72*%d"4 + bT2*kc"3%e”4 - 4xa”2*%b"2%c*kd"4 - 3*%b"3kxc"2xd*e”3 + 3%
b74xc*kd"2%e”2 + 8xaxbxc”3*kd*xe”3 + 2%axb"3*kckxd"3*e + 4*xa"2*bxcT2*d"3%e - 9*a
*b"2xc"2%d"2%e”2) ) /c)*x ((37(1/2)*%1i) /2 + 1/2)*x((b"7*d"3 + b~4xd~3* (- (4*a*xc -
b~2)73)"(1/2) - 16*%a~2*%c”5*e”3 - b74*c"3%e”3 - 32*a”"3%b*c~3*%d"3 + 8*axb"2x
cT4xe”3 - b*c”3*e 3k (-(4*xaxc - b72)73)7(1/2) + 48*a~3*xc"4xd"2%e + 3*b”5*c”2
*d*e”2 + 32*%a”"2*xb"3*c"2x%d"3 + 2*a”2*xc”2xd"3*(—(4*xaxc - b~"2)73)7(1/2) - 10*a
*b"5*xc*d"3 - 3*b"6xckd"2%e - 4*axb " 2kckd"3x(—(4*xaxc - b"2)73)"(1/2) - 24x*ax
b~ 3*c"3xd*e"2 + 27*xaxb~4xc 2xd"2%e + 48*%a”2xbxc 4*xd*e”2 - 6*xaxc”3kdxe 2% (- (
4xaxc - b72)73)7(1/2) - 3*b~3xckd"2*xe* (-(4d*axc - b~2)73)7(1/2) - T2*xa"2xb"2
*C"3*%d"2%e + 3*bT2xcT2xd*xe” 2% (- (4*axc - b72)73)7(1/2) + 9xaxb*c”2*xd"2*xex (= (
dxaxc — b~2)73)7(1/2))/(54x(64*%a~3*%c”7 — b"6*c”4 + 12xaxb”4*xc”5 — 48*a”2xb”
2%c76)))"(1/3) - log(- (27(2/3)*(37(1/2)*11i + 1)*((27(1/3)*(37(1/2)*1i - 1)
*(81*xa*xc™ 3xexx*k (dxa*xc — b~2)72 + (81%27(2/3)*axbxc™3*(37(1/2)*1i + 1)*(4x*ax
c - b72)"2%x((b~7*d"3 - b74*d"3*(-(4*axc - b~2)73)"(1/2) - 16*a"2*xc"5*e”"3 -
b~4xc”3%e”3 - 32%a”3*b*c”3*d"3 + 8xaxb"2xc"4*e”3 + bxc 3*ke" 3% (-(4*xaxc - b72
)73)7(1/2) + 48*%a”3*%c”T4xd"2xe + 3*¥b75*cT2*xd*e”2 + 32*a"2xb"3*%c”2+%d"3 - 2*a”
2%c72%d"3*% (- (d*axc — b72)73)7(1/2) - 10*a*xb”"bxcxd~3 — 3*b~6*c*d"2*e + 4*ax*b
~2%c*xd"3*% (- (d*xaxc — b"2)73)"(1/2) - 24*axb"3*xc”3xd*e”2 + 27*axb"4d*kxc"2xd"2*e
+ 48%a”2*xbxcT4xd*xe”2 + B¥axc”3*kd*e 2% (- (4dxaxc - b72)73)7(1/2) + 3*b"3*xcxd”
2%ex (= (4*axc - b72)73)7(1/2) - T2*a"2%b"2*c~3*d"2xe - 3*b~2kxc " 2*d*e” 2% (- (4x*
axc - b72)73)7(1/2) - 9xaxb*xc”2*xd"2*ex (- (4d*xaxc - b72)73)"(1/2))/(c”4*x(4d*axc
- b72)73))"(1/3))/4)*((b"7*d"3 - b~4*d"3*(-(4*xaxc - b72)"3)"(1/2) - 16%a”2
*c"5%e”3 - bT4*c"3*%e”3 - 32%a”3*b*c”"3*d"3 + 8*axb"2%c"4*e”3 + bkc 3*ke" 3k (—(
dxaxc — b72)73)7(1/2) + 48*a”3*c"4*xd"2xe + 3*b"5*kcT2*xd*e”2 + 32*xa"2%b"3*c”2
*d73 - 2*%a"2%c”2xd 3% (—(4*axc - b"2)73)"(1/2) - 10*a*xb~5xc*d"3 - 3*b~6*cxd”
2%e + 4xaxb”2xcxd"3x(-(4*axc - b"2)73)7(1/2) - 24xaxb”3*xc”3*kd*e”2 + 27*xaxb”
4xc”2xd"2xe + 48*a”2*bkxc 4xd*e”2 + Bxaxc”3*kd*e 2% (-(4d*axc - b"2)73)"(1/2) +
3*xb"3*kckd"2xex (—(4d*xaxc - b"2)73)7(1/2) - 72*xa"2%b"2*c"3*%d"2*e - 3*b"2xc" 2%
dxe" 2% (—-(4xa*xc - b~2)73)7(1/2) - 9*axb*c”™2xd " 2*xex(-(4d*axc - b~2)"3)"(1/2))/
(c™4x(4*a*xc - b~2)73))"(2/3))/36 + (9xax(4d*xaxc - b~2)*(b"4*d~3 - b*xc~3*e”3
+ a”2*%c”72xd"3 + 3xb72*c”2*kd*e”2 - 3xaxb”2*c*d"3 - 3*xaxc”3*d*e”2 - 3*b"3*xcxd
“2%e + 6G*axbxcT2xd"2*xe))/c)*((b"7*d"3 - bT4*xd"3*(-(4*xaxc - b"2)"3)"(1/2) -
16*%a"2*%c"5%xe”3 - b74xc"3*%e”3 - 32%a"3*%bxc”3*xd"3 + 8*axb"2*kc"4*e”3 + bxc " 3*e
“3x(-(4*axc - b72)73)7(1/2) + 48*a"3*xc"4*d"2xe + 3*b"5kc"2*xd*e”2 + 32*xa~2x*b
“3%cT2%d73 - 2*%a"2xc”2xd"3* (- (4*a*c - b72)73)7(1/2) - 10*a*b”5*xcxd"3 - 3*b”
B6xcxd"2%e + 4dxaxb"2xcxd" 3% (- (4*a*c - b72)73)7(1/2) - 24xaxb”3*kc”"3*kd*e”2 + 2
Txaxb™4*xc™2xd"2xe + 48*a”2*bkc 4*xd*e”2 + Bxaxc”3*xd*e 2% (-(4d*xaxc - b~2)73)7(
1/2) + 3*b~3*c*d"2*e*x(-(4d*axc — b~2)73)"(1/2) - 72*a"2*b"2*c~3*d"2*xe - 3*b~
2%c”2xd*e”2x (- (d*xaxc - b72)73)"(1/2) - 9*axbxc”™2xd " 2*ex(-(4*axc - b~2)73) " (
1/2))/(c™4*(4*a*xc - b72)73))7(1/3))/12 - (3*a*xx*(a*xb”™4*d"4 - 2%a*xc™4xe”4 -
b"5%d"3*%e + 2%a”3*%c"2*d"4 + bT2xc"3%e"4 - 4*xa"2xb"2%c*d"4 - 3*%b"3*xc"2xd*e”3
+ 3*b7T4xckd"2*xe"2 + 8kaxb*c”3*kd*e”3 + 2*xaxb~3xc*d"3*e + 4*a”2xbxcT2xd"3*e
- Oxaxb”2*xc”2xd"2*e”2) ) /c)*((37(1/2)*1i) /2 + 1/2)*((b"7*d"3 - b~ 4*d"3*(-(4x*
axc — b72)73)7(1/2) - 16%a"2*xc~5*e”3 - b 4*xc"3*%e”3 - 32%xa~3*b*xc~3*d"3 + 8*a
*b72%c"4*e”3 + bxcT3xe" 3% (-(4*axc - b72)73)7(1/2) + 48*a"3*c”4*d"2*e + 3*xb”
5xc”2*d*e”2 + 32%a"2xb"3%c”2+%d"3 - 2*a”2xcT2xd"3x (- (4*axc - b72)73)7(1/2) -
10*a*xb~5xcxd~3 - 3*b~6*c*kd"2*e + 4d*xaxb~2xcxd"3*(-(4*a*xc - b72)73)7(1/2) -
24xa*b"3xc"3xd*e”2 + 27*axb"4*xc”2*%d"2%e + 48%xa”2*%xbxc 4xd*e”2 + 6*xaxc”3kxdxe”
2% (- (4*a*xc - b72)73)"(1/2) + 3*b"3*kckd " 2*xex(—(4*xaxc - b~2)"3)"(1/2) - 72*xa”
2*%b72%c”3*d"2%e — 3*%b72xc"2*xd*e 2% (—(4*axc - b"2)73)"(1/2) - 9xaxb*xc”2*d"2x*
ex(-(4xaxc - b"2)73)7(1/2))/(54x(64*a~3*c”7 - b~6*c”4 + 12*xa*xb~4*xc”5 - 48*a
“2%b72%c76))) " (1/3) + (d*x)/c

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x**3)/(c+a/x**6+b/x**3) ,%)
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[Out] Timed out
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- +

84/2 (2 - \/E) 23/809/8 8. /2 (2 _ \/E) 23/809/8

Rubi [A] time = 1.44, antiderivative size = 753, normalized size of antiderivative
= 1.00, number of steps used = 21, number of rules used = 8, integrand size = 17,

number o rWles _ 0,471, Rules used = {1394, 1503, 1415, 1169, 634, 618, 204, 628}

integrand size

Antiderivative was successfully verified.
[In] Int[(d + e/x74)/(c + a/x78) ,x]

[Out] (d*x)/c + (Sqrt[2 - Sqrt[2]]*((1 + Sqrt[2])*Sqrtlal*d + Sqrt[cl*e)*ArcTan[(
Sqrt[2 - Sqrt[2]]1*a~(1/8) - 2xc™(1/8)*x)/(Sqrt[2 + Sqrt[2]]1*a~(1/8))]1)/(8*a
~(3/8)*c~(9/8)) - (Sqrt[2 + Sqrt[2]]1*(Sqrt[al*(d - Sqrt[2]*d) + Sqrtlclx*e)=*
ArcTan[(Sqrt[2 + Sqrt[2]]*a~(1/8) - 2*c~(1/8)*x)/(Sqrt[2 - Sqrt[2]]*a~(1/8)
)1)/(8%a~(3/8)*c~(9/8)) - (Sqrt[2 - Sqrt[2]1]1*((1 + Sqrt[2])*Sqrt[al*d + Sqr
t[c]*e)*ArcTan[(Sqrt[2 - Sqrt[2]]*a~(1/8) + 2xc~(1/8)*x)/(Sqrt[2 + Sqrt([2]]
*a~(1/8))]1)/(8*a~(3/8)*c~(9/8)) + (Sqrt[2 + Sqrt[2]]1*(Sqrtl[al*(d - Sqrt[2]*
d) + Sqrtl[clxe)*ArcTan[(Sqrt[2 + Sqrt[2]]1*a~(1/8) + 2*c~(1/8)*x)/(Sqrt[2 -
Sqrt[2]1*a~(1/8))1)/(8*a~(3/8)*c~(9/8)) - ((Sqrtl[al*(d - Sqrt[2]*d) + Sqrtl
cl*e)*Logla~(1/4) - Sqrt[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x72]) /(8%
Sqrt[2*(2 - Sqrt[2])]1*a~(3/8)*c~(9/8)) + ((Sqrtlal*(d - Sqrt[2]*d) + Sqrtlc
1xe)xLogla~(1/4) + Sqrt[2 - Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x"2])/(8*S
qrt[2*(2 - Sqrt[2])]1*a~(3/8)*c~(9/8)) + (((1 + Sqrt[2])*Sqrt[a]*d + Sqrtl[c]
xe)*Logla~(1/4) - Sqrt[2 + Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x~2])/(8%Sq
rt[2%(2 + Sqrt[2])]*a”(3/8)*c~(9/8)) - (((1 + Sqrt[2])*Sqrt[al*d + Sqrtlc]x*
e)*Logla~(1/4) + Sqrt[2 + Sqrt[2]]1*a~(1/8)*c~(1/8)*x + c~(1/4)*x~2])/(8*Sqr
t[2%(2 + Sqrt[2])]1*a~(3/8)*c~(9/8))

Rule 204

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*ax*xc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
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t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*cxq*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 1394

Int[((a_) + (c_.)*x(x_)"(n2_.)) " (p_.)*x((d_) + (e_.)*(x_)"(n_))"(q_.), x_Symb
ol] :> Int[x"(nx(2xp + @))*(e + d/x"n) gx(c + a/x"(2*n))"p, x] /; FreeQ[{a,
c, d, e, n}, x] & EqQ[n2, 2*n] && IntegersQ[p, ql && NegQ[nl]

Rule 1415

Int[((d_) + (e_.)*x(x_)"(n_))/((a_) + (c_.)*(x_)"(n2_)), x_Symbol] :> With[{
q = Rtla/c, 41}, Dist[1/(2*Sqrt[2]*c*q~3), Int[(Sqrt[2]*d*q - (d - exq~2)*x
~(n/2))/(q"2 - Sqrt[2]*q*x~(n/2) + x"n), x], x] + Dist[1/(2*%Sqrt[2]*c*q~3),
Int [(Sqrt[2]*dxq + (d - e*xq~2)*x~(n/2))/(q"2 + Sqrt[2]*g*x~(n/2) + x"n), x
1, x]]1 /; FreeQ[{a, c, d, e}, x] && EqQ[n2, 2*n] && NeQ[c*d"2 + a*e”2, 0] &
& NeQlcxd™2 - axe”™2, 0] && IGtQ[n/2, 0] && PosQ[axc]

Rule 1503

Int [CCE_)*x(x_))"(m_.)*((d_) + (e_)*x(x_)"(n_))*x((a_) + (c_.)*x(x_)"(n2_))"(
p_), x_Symbol] :> Simp[(exf~(n - D)*x(f*x)"(m - n + 1)*(a + c*x~(2*n)) " (p +
D)/ (cx(m + nx(2%xp + 1) + 1)), x] - Dist[f"n/(c*(m + n*x(2*%p + 1) + 1)), Int
[(f*x)"(m - n)x(a + cxx™(2*n)) px(a*ex(m - n + 1) - c*dx(m + nx(2xp + 1) +
D*x"n), x], x] /; FreeQl{a, c, d, e, £, p}, x] &% EqQ[n2, 2*n] && IGtQ[n,
0] && GtQ[m, n - 1] && NeQ[m + nx(2*p + 1) + 1, 0] && IntegerQ[p]

Rubi steps
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Mathematica [A] time = 0.90, size = 551, normalized size = 0.73

Antiderivative was successfully verified.

[In] Integrate[(d + e/x"4)/(c + a/x78),x]

[Out] (8%axc”™(5/8)*d*x + 2*ArcTan[Cot[Pi/8] + (c~(1/8)*x*Csc[Pi/8])/a~(1/8)]1*(a"(

5/8)*c*e*xCos[Pi/8] - a~(9/8)*Sqrt[c]*d*Sin[Pi/8]) + Logla~(1/4) + c~(1/4)*x
72 + 2%a”(1/8)*c”(1/8) *x*Sin[Pi/8]]*(a~ (5/8)*c*e*xCos[Pi/8] - a~(9/8)*Sqrtlc
1*d*Sin[Pi/8]) + 2*xArcTan[Cot[Pi/8] - (c~(1/8)*x*Csc[Pi/8])/a~(1/8)]1*(-(a~(
5/8)*cxe*xCos[Pi/8]) + a~(9/8)*Sqrt[c]l*d*Sin[Pi/8]) + Logla~(1/4) + c~(1/4)*
X"2 - 2%a”(1/8)*c”(1/8) *x*Sin[Pi/8]]1*(-(a~(5/8) *c*exCos[Pi/8]) + a~(9/8)*Sq
rt[c]*d*Sin[Pi/8]) - 2*ArcTan[(c~(1/8)*x*Sec[Pi/8])/a~(1/8) - Tan[Pi/8]]*(a
~(9/8)*Sqrt [c]*d*xCos [Pi/8] + a~(5/8)*c*e*xSin[Pi/8]) - 2*ArcTan[(c™(1/8)*x*S
ec[Pi/8])/a~(1/8) + Tan[Pi/8]]1*(a~(9/8)*Sqrt[c]*d*Cos[Pi/8] + a~(5/8)*c*exS
in[Pi/8]) + Logla~(1/4) + c~(1/4)*x"2 - 2*a~(1/8)*c~(1/8)*x*Cos[Pi/8]]*(a"(
9/8)*Sqrt [c] *d*Cos [Pi/8] + a~(5/8)*c*e*Sin[Pi/8]) - Logla~(1/4) + c~(1/4)*x
~2 + 2xa”(1/8)*c”(1/8)*x*Cos [Pi/8]]*(a~(9/8) *Sqrt [c]*d*Cos[Pi/8] + a~(5/8)*
cxex3in[Pi/8]))/(8*a*xc™(13/8))



223

IntegrateAlgebraic [F]  time = 0.00, size = 0, normalized size = 0.00

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x"4)/(c + a/x"8),x]
[Out] IntegrateAlgebraic[(d + e/x74)/(c + a/x"8), x]
fricas [B] time = 2.07, size = 3378, normalized size = 4.49
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+a/x"8),x, algorithm="fricas")

[Out] -1/8*(4*ckx(-(a*xc™4xsqrt(-(a~4*d™8 - 12xa”3*xc*xd"6xe”2 + 38*a~2xc~2xd " 4*e"4 -
12*%a*xc”3*xd"2%e”6 + c”4*e”8)/(a"3*c”9)) - 4xa*xd"3*e + 4xcxd*xe”3)/(axc”4)) " (
1/4)*arctan(-((3*a~4*xc~4*xd"6%e - 19*a”3*c~5*xd"4*e”3 + 9*a~2*xc”"6*d"2*e”5 - a
xCT*xe”7 + (a"4*c”8%d”3 - 3*a”3*%cT9*d*e”2)*sqrt(-(a"4*d"8 - 12*a”~3*ckd"6*e”
2 + 38xa”2xc"2xd"4*xe"4 - 12%axc”3*d"2%e”6 + c"4xe”8)/(a”3*c”9)))*sqrt(((a~4
*d7"8 - 4*a”"3%ckd"6%e”2 — 10*%a"2%c”2xd"4*e”4 - 4dxaxc”3*d"2%e”6 + c"4*xe”8)*x”
2 - (2%a”3xc”T*xd*e*xsqrt(-(a”4*d"8 - 12*%a~3*c*xd"6*e”2 + 38*a~2xc"2*d"4*e"4 -
12%a*c”3*xd"2*%e”6 + c"4*xe”8)/(a”3*%c”9)) - a~4xc”2xd"6 + Txa"3kc"3*d"4*xe”2 -
Txa~2%c"4*d"2%e”"4 + axc”bkxe”6)*sqrt(-(axcT4*sqrt(-(a"4*xd"8 - 12*a”~3*c*xd"6x
e”2 + 38*a"2xc”2xd"4xe”4 - 12*%axc”3*d"2%e”6 + c"4*xe"8)/(a"3*%c”9)) - 4*xaxd”3
xe + 4xcxd*xe”3)/(axc”4)))/(a"4*xd"8 - 4xa”3xc*xd"6*xe”2 - 10*a”2*xc"2*xd"4xe"4 -
4xa*xc”3*%d"2xe”6 + c"4xe”8))*sqrt(-(axc 4*sqrt(-(a"4*xd"8 - 12*a”~3*c*d"6*e”2
+ 38*%a”"2*xc"2xd"4*e"4 - 12*axc”3*d"2*e”6 + c"4%e”8)/(a"3*c”9)) - 4*axd"3xe
+ 4xcxd*xe”3)/(axc”4)) - ((a”4*c™8*d"3 - 3*a”~3xc~9xd*e”2)*x*sqrt(-(a~4xd"8 -
12%a”3*cxd"6%e”2 + 38*a~2xc"2xd"4*e”4 - 12*axc”3*d"2*e”6 + c"4*e”8)/(a"3x*c
"9)) + (3*a"4*c”4xd"6*e — 19*%a~3*%c”5xd"4*e”3 + 9*a~2*xcT6xd"2*e”5 - axc T*xe”
7)*x)*sqrt (- (axc”™4*xsqrt (-(a"4*d"8 - 12%a~3*%cxd"6*e”2 + 38*a~2xc”2xd"4*e"4 -
12*%a*xc”3*xd"2%e”6 + c 4*e”8)/(a"3*c”9)) - 4xa*xd"3*e + 4xcxd*e”3)/(axc”4)))*
(-(axc™4*xsqrt(-(a™4*d™8 - 12*a~3*cxd"6*e”2 + 38*a~2xc”2*d"4*xe”4 - 12%a*xc” 3%
d"2%e”6 + c"4*xe~8)/(a"3%c”9)) - 4xaxd"3*e + 4xcxd*xe”3)/(axc”4))"(1/4)/(a~5*
d”10 - 3%a"4x*c*d"8*e”2 - 14*xa”"3*xc"2xd"6%e”4 - 14xa”2%c”3*d"4*e”6 - 3xaxcT4x
d"2%e”8 + c"b*e710)) - 4xck((axc™4xsqrt(-(a”™4*d"8 - 12%a”3*c*d"6%e”2 + 38*a
T2%cT2%d74*e"4 - 12*axc”3*%d"2%e”6 + c4*e”8)/(a"3*%c”9)) + 4*xa*xd”3*e - 4xcxd
xe~3)/(a*c”4)) " (1/4)*arctan(((3*a~4*c~4*xd"6*xe - 19%a~3*c 5*d"4*e”3 + 9*a 2%
cT6xd"2%e”5 - axcT7xe”7 - (a4*cT8*d"3 - 3*a”3xc”9*xd*e”2)*sqrt(-(a"4*d"8 -
12%a”~3*%cxd"6%xe”2 + 38*a~2xc"2xd"4*xe”4 - 12*axc”3*d"2*e”6 + c"4*e”8)/(a"3*c”
9)))*sqrt (((a~4*d~8 - 4xa”3xc*d"6%e”2 - 10*a”~2*c”2xd"4*xe”4 - 4*axc”3*xd"2*e”
6 + cT4*xe”8)*x72 + (2*%a~3*c"7xd*exsqrt(-(a"4*d"8 - 12xa”3*c*d"6%e”2 + 38*a”
2%c72%d74*e"4 - 12*axc”3*%d"2%e”6 + c4*e”8)/(a"3*%c”9)) + a"4*c”2xd"6 - 7*xa”
3xcT3%d"4*e”2 + T*a"2xc"4*xd"2%e"4 - axc”bxe”6)*sqrt((axc"4xsqrt(-(a”4*d"8 -
12%a”3*cxd~6%e”2 + 38*a~2xc"2xd"4*e”4 - 12*axc”3*xd"2*e”6 + c"4*e”8)/(a"3*c
~9)) + 4*axd”"3*xe - 4xcxd*e”3)/(a*c”4)))/(a"4*xd"8 - 4*a~3*c*d"6*e”2 - 10*a”2
xCT2xd"4*%e"4 - 4xaxc”3*xd"2%e”6 + c"4xe78))*((axcT4xsqrt(-(a”4*d"8 - 12xa”3x%
cxd"6*e”2 + 38*a " 2xc"2xd"4*xe"4 - 12%axc”3*d"2*%e”6 + c"4*xe”8)/(a"3*%c”9)) + 4
xa*xd"3%e - 4xcxd*e”3)/(axc”4))"(3/4) + ((a~4*c™8*d"3 - 3*a~3xc " 9xd*e”2)*x*s
grt(-(a”4*d~8 - 12*a"3xc*xd"6xe”2 + 38*a”2*c”2*xd"4*xe”4 - 12xaxc”3xd"2%e”6 +
c"4%e”8)/(a"3%c”9)) - (3*a~4*c”4*xd"6*e - 19*a~3*c"bxd"4*e”3 + 9*xa~2*xc"6*d"2
xe”5 - axcT7*e”7)*x)x((axc 4*xsqrt(-(a”4*%d"8 - 12*a~3*cxd"6*e”2 + 38*a”2%c”2
*d"4*e”4 - 12*%a*xc”3*d"2%e”6 + c"4*e”8)/(a"3*c”9)) + 4xaxd"3*e - 4*xckxd*xe”3)/
(a*c™4))~(3/4))/(a"5*%d"10 - 3*a~4*c*d"8*e”2 - 14*a"3*c”2%d"6*e”4 - 14*a~2*c
“3%d"4*xe”6 - 3*axc”4xd"2%e”8 + c"b*e”10)) + c*((axcT4*xsqrt(-(a”4*d"8 - 12%a
“3%c*d"6*e”2 + 38*%a”2xc”"2%d"4*e”4 - 12%axc”3*d"2*e”6 + c"4*xe”8)/(a"3*c”9))
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+ 4xaxd"3%e - 4xcxd*e”3)/(axc”4)) " (1/4)*log((a~3*d"6 - 5*xa~2%c*xd~4*e”2 - bx
axc"2xd"2%e”4 + cT3%e76)*x + (a”"2*%c"6*xexsqrt(-(a”4*d"8 - 12xa”3*c*kd"6xe”2 +
38xa~2xc"2xd"4xe"4 - 12%a*xc”3*d"2%e”6 + c"4*e”8)/(a”3%c”9)) + a~3xcxd”5 -
6*a~2*%c"2+%d"3%e”2 + akxc”3*dxe”4)*((axc"4xsqrt(-(a”4*d"8 - 12xa”3*kcxd”"6%e”2
+ 38%a”2xc"2*xd"4*e"4 - 12%axc”3xd"2*e”6 + c”4%e”8)/(a”3*c”9)) + 4xaxd”"3xe -
4xckxdxe”3)/(a*xc™4))~(1/4)) - c*x((a*xc”4xsqrt(-(a~4*d~8 - 12xa”3*c*d"6%e”2 +
38xa"2xc"2xd"4xe"4 - 12%axc”3*%d"2%e”6 + c"4%e”8)/(a”3%c”9)) + 4xaxd"3xe -
4xcxd*xe”3)/(axc™4))”(1/4)*log((a~3*%d™6 - b*a~2kcxd 4*e”2 - bxaxc 2xd"2xe”4
+ c73%e"6)*x - (a"2*c"6*exsqrt(-(a”4*d"8 - 12*%a"3*cxd"6*xe”2 + 38%a”"2xc”2*d”
4xe”4 - 12%axc”3*d"2%e”6 + c"4*e”8)/(a"3%c”9)) + a”3xc*d”5 - 6%xa”2xcT2*xd 3%
e”2 + axc”3kxdxe”4)*((a*xc 4xsqrt(-(a”™4*d"8 - 12%a”3xc*d"6%e”2 + 38*a~2xc”2xd
“4xe”4 - 12%axc”3*%d"2%e”6 + c"4xe”8)/(a”3%c”9)) + 4xaxd"3*e - 4xcxd*e”3)/(a
xc"4))"(1/4)) - cx(-(a*xc™4*sqrt(-(a™4*d™8 - 12%a”3*c*d~6%e”2 + 38*a~2*c”2xd
T4xe”4 - 12%axc”3*%d"2%e”6 + c74%e”8)/(a”3%c”9)) - 4xaxd"3%e + 4xckxd*e”3)/(a
xc”4)) " (1/4) *1log((a~3*%d"6 - b*a~2xc*kd"4*e”2 - bxaxc™2xd"2xe”4 + c”3%e”6)*x
+ (a”2*c”6xexsqrt(-(a”4*%d™8 - 12*%a~3*cxd"6*e”2 + 38*a”2xc"2*xd"4*e”4 - 12%ax
c™3*d"2*%e"6 + c"4*e”8)/(a"3*%c”9)) - a"3xc*kd"5 + 6%a”2xc”2xd"3*e”2 - axc”3xd
xe~4)x (- (axc™4*sqrt(-(a"4*d~8 - 12%a~3*cxd"6xe”2 + 38*%a~2xc”2*d"4*xe"4 - 12x
a*xc”3*d"2%e”6 + c"4*e78)/(a"3%c”9)) - 4*axd"3xe + 4xcxdxe”3)/(axc”4))"(1/4)
) + cx(-(axc™4*xsqrt(-(a”4*d™8 - 12*a~3*c*xd"6*e”2 + 38*%a~2*%c"2*xd"4*e”4 - 12%
axc”~3xd"2%e"6 + c"4%e78)/(a"3*%c”9)) - 4*axd"3*e + 4xcxd*e”3)/(axc”4))"(1/4)
xlog((a”3*%d™6 - 5*a~2kcxd"4*e”2 - bkaxc " 2xd"2*e"4 + c"3*e"6)xx - (a"2*c”6%xe
*xsqrt (- (a”4*d”™8 - 12xa~3*c*d"6%e”2 + 38%a”2*c"2xd"4*e”4 - 12%axc”3*xd"2*e”6
+ c74%e78)/(a”3%c79)) - a”3*ckd"5 + 6*%a”2%c”2*%d"3%e”2 - akxc”3*d*e”4)*(-(a*xc
“4xsqrt (-(a”4*d"8 - 12*a”3*c*kd"6*e”2 + 38*%a"2*c"2xd"4%e”4 - 12%axc”3*xd"2*e”
6 + c"4*xe”8)/(a"3*c”9)) - 4xaxd"3*e + 4*cxd*xe”3)/(axc”4))"(1/4)) - 8xd*x)/c

giac[A] time = 0.81, size = 647, normalized size = 0.86

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+a/x"8),x, algorithm="giac")

[Out] d*x/c - 1/8%(c*sqrt(-sqrt(2) + 2)*(a/c)”(5/8)*e + axd*sqrt(sqrt(2) + 2)x*(a/
c)~(1/8))*arctan((2*x + sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt(sqrt(2) + 2)*
(a/c)~(1/8)))/(axc) - 1/8*(c*ksqrt(-sqrt(2) + 2)*(a/c)~(5/8)*e + axd*sqrt(sq
rt(2) + 2)x(a/c)~(1/8))*arctan((2*x - sqrt(-sqrt(2) + 2)*(a/c)~(1/8))/(sqrt
(sqrt(2) + 2)*(a/c)~(1/8)))/(a*xc) + 1/8x(cxsqrt(sqrt(2) + 2)*(a/c)~(5/8)*e
- axd*sqrt(-sqrt(2) + 2)*(a/c)~(1/8))*arctan((2*xx + sqrt(sqrt(2) + 2)*(a/c)
~(1/8))/(sqrt(-sqrt(2) + 2)*(a/c)~(1/8)))/(a*xc) + 1/8*(c*ksqrt(sqrt(2) + 2)*
(a/c)~(5/8)*%e - axd*sqrt(-sqrt(2) + 2)*(a/c)”(1/8))*arctan((2*x - sqrt(sqrt
(2) + 2)*x(a/c)~(1/8))/(sqrt(-sqrt(2) + 2)*(a/c)~(1/8)))/(a*xc) - 1/16*(c*sqr
t(-sqrt(2) + 2)x(a/c)~(5/8)*e + axdxsqrt(sqrt(2) + 2)*(a/c)”~(1/8))*log(x~2
+ xxsqrt(sqrt(2) + 2)*(a/c)~(1/8) + (a/c)~(1/4))/(a*xc) + 1/16%(c*sqrt(-sqrt
(2) + 2)x(a/c)”~(5/8)*e + axd*sqrt(sqrt(2) + 2)*(a/c)”~(1/8))*log(x~2 - x*sqr
t(sqrt(2) + 2)*x(a/c)~(1/8) + (a/c)~(1/4))/(axc) + 1/16%(c*sqrt(sqrt(2) + 2)
x(a/c)~(5/8)*e - axdxsqrt(-sqrt(2) + 2)*(a/c)~(1/8))*log(x"2 + x*sqrt(-sqrt
(2) + 2)x(a/c)~(1/8) + (a/c)~(1/4))/(axc) - 1/16x(c*sqrt(sqrt(2) + 2)*(a/c)
~(5/8)*e - axd*xsqrt(-sqrt(2) + 2)x(a/c)~(1/8))*log(x"2 - x*sqrt(-sqrt(2) +
2)*x(a/c)~(1/8) + (a/c)~(1/4))/(a*c)

maple [C] time = 0.00, size = 45, normalized size = 0.06

dx (RootOf (_Zsc + a)4 ce — ad) In (— RootOf (_ZSC + a) + x)

¢ 8c2 RootOf (_ch + a)7

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d+e/x"4)/(c+a/x"8),x)
[Out] 1/c*d*x+1/8/c”2*xsum((_R™4*c*e-a*d)/_R~7*1n(-_R+x), R=Root0f(_Z~"8x*c+a))
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

RN o e I T N e et el ez T et

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+a/x"8),x, algorithm="maxima"
[Out] d*x/c + integrate((c*e*x™4 - a*xd)/(c*x"8 + a), x)/c
mupad [B] time = 1.22, size = 2520, normalized size = 3.35

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x74)/(c + a/x"8),x)

[Out] (atan((a™3*d"6*x — c " 3*%e”6*x — a*c™2xd"2*%e~4*x + a~2*xcxd 4*xe”2xx + (2*d*ex*xx
*(a"2xd"4*x (-a~3*c™9) " (1/2) + c™2%e”4*x(-a"3*c"9) " (1/2) + 4xa~2*xc"6*d*e”3 - 4
*a”~3%c"5*d"3%e - 6kaxckd"2%e”"2x(-a"3%c”9)"(1/2)))/(axc”4))/(a"2*c " 6xex(-(a”
2%d"4x (—a”"3*%c”9) " (1/2) + c 2*e"4x(-a"3%c”9) " (1/2) + 4*a”2xc”6*xd*xe”3 - 4%a”3
*Cc75*%d"3%e - Bkaxcxd"2xe” 2% (-a~3%c”9) " (1/2))/(a"3*c”9)) " (5/4) - a~3*cxd"5*(
-(a"2xd"4x(-a~3*c"9) " (1/2) + c~2*%e"4*x(-a"3*c”9) " (1/2) + 4xa"2*xc 6*d*e”3 - 4
*a"3%c"5*d"3%e — 6kxakxckd " 2xe”2x(-a”~3%c”9) 7 (1/2))/(a”3%c”9)) "~ (1/4) + 2*a"2xc
“2xd"3%e”2x (- (a"2xd"4x (-a~3*c”9) " (1/2) + c"2*e"4*x(-a"3*%c”9) " (1/2) + 4*a"2xc
“6xd*e”3 - 4%a”3*xc"5*d"3%e - 6xaxcxd"2¥xe”2x(-a”"3*xc”9)"(1/2))/(a"3*c”9)) " (1/
4) + 3*xaxc”3*d*e”4*(-(a"2xd"4*x(-a"3*%c”9) " (1/2) + c " 2*xe”4*x(-a~3*c”9)"(1/2) +
4xa”2*xc"6xd*xe”3 - 4*a”3*%c"5xd"3*e — BGxaxckxd"2xe”2*(-a"3*c”9) " (1/2))/(a"3*c
~9)) " (1/4)))*x(-(a~2*%d"4*x(-a~3%c~9) " (1/2) + c™2*%e”4x(-a"3%c”9)~(1/2) + 4x*a~2
*Cc76*d*e”3 - 4*a”3xc 5xd"3%e - 6Bkaxc*kd"2*xe”2x(-a~3*xc”9) " (1/2))/(a"3*c”9)) " (
1/4))/4 - (atan((c™3*e”6*x — a~3*d"6xx + a*xc™2*xd"2*e 4*x - a”~2xcxd 4*e”2*x
+ (2*xd*xexx*(a~2*xd"4* (-a~3%c”9) " (1/2) + c™2xe"4x(-a~3%c”9) " (1/2) - 4*a~2*c”6
*d*e”3 + 4*a”"3*c"5*xd"3xe - Braxckd"2*xe”2x(-a"3*c”9)~(1/2)))/(axc”4))/(a"2*c
“6xex ((a”™2xd"4*x(-a~3*%c”9) " (1/2) + c ™ 2*e"4*x(-a~3*c”9) " (1/2) - 4*a”2*c 6*xd*e”
3 + 4xa”3*%c"5*%d"3%e - 6*axckd"2xe”2*(-a”3*%c”9)"(1/2))/(a"3%c”9))"(5/4) - a”
3*xcxd"5*x ((a”2+%d"4*(-a"3*%c™9) " (1/2) + c™2xe”4*x(-a"3%c~9) " (1/2) - 4xa~2*c”6*d
*e73 + 4*a”3*xc"5xd"3%e - Bxaxcxd”"2*e”2*x(-a”"3*c”9)"(1/2))/(a"3%c”9)) " (1/4) +
2%a~2%c”2xd " 3*ke" 2% ((a"2x%d"4*x (-a~3*c"9) " (1/2) + c"2%e"4x(-a"3*c”9)"(1/2) -
4*xa”2*xc"6xd*e”3 + 4*a”3*%c”5*d"3*e — Bxaxckd"2*e” 2% (-a"3*c”9) " (1/2))/(a"3*c”
9))~(1/4) + 3xaxc”3*xd*e”4x((a~2xd"~4*(-a~3*xc”9) "~ (1/2) + c 2*e"4x(-a~3*c~9)~(
1/2) - 4%a”2xc”6xd*e”3 + 4*%a~3*%c b*d"3%e - 6*axckd"2xe”2x(-a~3%c”9)"(1/2))/
(a”3*%c™9)) " (1/4)))*((a~2*xd~4*x(-a~3*c~9) " (1/2) + c™2xe"4*x(-a~3*%c"9)~(1/2) -
4xa”2xc"6xd*xe”3 + 4*a”3*%c”5*d"3*e — Bxaxc*xd"2*e”2*(-a"3*c”9) " (1/2))/(a"3*c”
9))"(1/4))/4 + atan((c™3xe"6*xx*1i - a~3*d"6xx*1i + akxc™2xd"2*%e~4*x*x1i - a~2
xckd"4*e " 2kx*1i + (dxexx*(a”2+%d"4*(-a"3*c”9)~(1/2) + c 2*e"4*(-a"3*c”9) " (1/
2) - 4xa”2%c”6*xd*xe”3 + 4*a~3*c”5xd"3*e - 6Bxakckxd"2*xe”2x(-a~3*c”9) " (1/2))*2i
)/ (axc™4))/(a~2xc 6*xex ((a~2xd"4*(-a~3*%c~9) " (1/2) + c~2*%e”4x*(-a~3*xc~9)~(1/2)
- 4*a”2*%c”T6xd*e”3 + 4*a~3*%c”5*d"3*e - 6xaxcxd"2*xe”2x(-a”"3*c”9)"(1/2))/(a"3
*c79))~(5/4) - a~3xc*d"bx((a"2xd"4*x(-a~3*c”9) " (1/2) + c"2%e"4*x(-a"3*xc”9) " (1
/2) - 4*a”2*xc”6xd*e”3 + 4*a~3*c”5*d"3*e - 6Grakckxd"2xe” 2% (-a"3*%c”9) " (1/2))/(
a~3%c”9)) " (1/4) + 2xa~2xc”2+%d"3*xe” 2% ((a"2xd"4*x(-a~3%c"9) " (1/2) + c " 2*xe " 4x (-
a”3%c”9) " (1/2) - 4*a~2xc 6xd*e”3 + 4xa”~3*c”b*d"3*%e - Gkakckd 2xe”2%(-a”~3*c”
9)7(1/2))/(a"3%c”9)) " (1/4) + 3*xaxc”3xd*xe”4*x((a"2xd~4*(-a~3*c"9)~(1/2) + c~2
*e7 4% (—a”3*%c”9) " (1/2) - 4*xa~2+c”6*d*e”3 + 4*a~3*xc”5xd"3*e - 6G*akckdT2xe” 2% (
-a”3%c79) " (1/2))/(a”3%c”9)) " (1/4)))*((a~2*%d"4*(-a~3*%c~9) ~(1/2) + c 2*xe 4x(-
a"3*c79) " (1/2) - 4xa"2*xc"6*d*e”3 + 4*xa~3*c"5*%d"3*e - 6kxaxckd"2xe”2*x(-a~3*c”
9)~(1/2))/(4096*a~3%c~9)) " (1/4)*2i - atan((a~3*d"~6*x*1i - c 3*e 6*x*1i - ax
CT2xd72%e"4*x*11 + a”"2xcxd"4xe"2xx*1i + (drexx*(a”2xd"4*x(-a~3%c”9) " (1/2) +
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c"2xe" 4% (—a”3*%c”9) " (1/2) + 4xa"2*c”6*d*e”3 - 4*a"3*c"5xd"3%e - 6Gkaxckd"2*xe”
2% (-—a~3%c”9)~(1/2))*21i)/(a*xc”4))/(a"2xc 6xex (- (a~2*%d"4*x(-a"3*xc~9) " (1/2) + ¢
“2xe 4 (—a”3%c”9) " (1/2) + 4*xa”2*cT6*d*xe”3 - 4*a”3*c"5*d"3*e - Bxakxckd"2%e”2
*(-a”3*%c”9)"(1/2))/(a"3%c~9)) " (5/4) - a~3*xcxd"5*(-(a~2xd"4*(-a~3*c~9)~(1/2)
+ cT2*%e74*x(—a”3%c”9) " (1/2) + 4*a”2*xcT6xd*e”3 - 4*xa~3*c”5*d"3*e - 6*xaxcxd”2
*e" 2% (—a”3%c”9) " (1/2))/(a”3*%c”9)) " (1/4) + 2xa"2*xc"2*d"3xe"2*x (- (a"2xd~4*(-a~
3%c”9) " (1/2) + c™2xe"4*x(-a"3*%c”9) " (1/2) + 4*xa~2xc"6*d*e”3 - 4*a”3*c"5*xd"3*e
- Bxaxcxd"2%e”2x(-a"3*c”9) " (1/2))/(a"3%c”9)) " (1/4) + 3*axc”3*xd*e~4x*x(-(a"2%
d~4x(-a~3*%c”9) " (1/2) + c™2%xe”4x*x(-a~3%c”9) " (1/2) + 4*a~2xc 6xd*e”3 - 4xa”3*c
“B5*xd"3%e - 6*xaxcxd"2xe" 2% (-a”3%c”9) " (1/2))/(a"3%c79)) " (1/4))) *(-(a"2xd"4x* (-
a"3xc”9) " (1/2) + c"2%e”4x(-a"3*%c”9) " (1/2) + 4xa"2xc"6*d*xe”3 - 4xa~3*xc”5*xd"3
xe — Gkakcxd 2%e 2% (-a~3%c”9) ~(1/2))/(4096%a~3%c”9)) " (1/4)*2i + (d*x)/c

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x*x4)/(c+a/x**8),x)

[Out] Timed out
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d+=

x4
3.41 JNZIZZI?ZliX
x8 x4

Optimal. Leaf size=433

—2acd+b%d—bce

(—2acd+bzd—bce 4 bd - ce) tan~! [ , 41/5 %/Zx ] (_—2ucd+b2d—bce +bd - ce) tan™ ( - (L/E Vex ] (

Vb2-4ac VP —2ac-b . Vb2—4ac Vo2—4ae—b . Vb2—4ac
3/4 3/4
2+/2 c5/4 (—Vbz —4ac — b) 2+/2 c5/4 (Vb2 —4ac — b) 22

Rubi [A] time = 0.99, antiderivative size = 433, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 6, integrand size = 22,

number of rules _ 973, Rules used = {1393, 1502, 1422, 212, 208, 205}

integrand size

—2acd+1Pd—bee _ V2 {ex ] —2acd+H2d—bee _ 32 {ex —2acd+1Rd—bee | V2 dex ~2acd+H2d—bee a2 fex
+bd - cr) tan”! [ == (— +bd - ce) tan”! | == (7 +bd - ce) tanh™ | ——= (—7 +bd - ce) tanh
( Vb—dac [3/4/172-4«-& . VbR —dac VP aa b . VP-tac V- VP-aac-b . Vi2—dac N . dx
374 3/4 3/4 3/4 ?
2+/2 ¢S4 (—\/bz —4ac - b) 22 54 (\/b2 —4ac - b) 22 54 (—Vbz —4ac - b) 22 54 (\/bz —4ac - h)

Antiderivative was successfully verified.

[In] Int[(d + e/x74)/(c + a/x"8 + b/x74),x]

[Out] (d*x)/c + ((b*d - c*xe + (b72xd - 2%a*xcxd - b*cke)/Sqrt[b~2 - 4xaxc])*ArcTan

[(27(1/4)*c™(1/4)*x) /(-b - Sqrt[b~2 - 4xaxc])~(1/4)]1)/(2*%27(1/4)*c~(5/4)* (-
b - Sqrt[b~2 - 4*a*xc])~(3/4)) + ((b*xd - c*e - (b"2%d - 2*a*xc*d - b*cxe)/Sqr
t[b7™2 - 4xaxc])*ArcTan[(27(1/4)*c”(1/4)*x) /(b + Sqrt[b™2 - 4xaxc])~(1/4)]1)
/(2%27(1/4)*c™(6/4)*(-b + Sqrt[b~2 - 4*axc])~(3/4)) + ((bxd - cxe + (b~2x*d

- 2xa*xcxd - bxc*e)/Sqrt[b”2 - 4*axc])*ArcTanh[(27(1/4)*c~(1/4)*x)/(-b - Sqr
t[b™2 - 4xaxc])”(1/4)])/(2%27(1/4)*c™(6/4)*(-b - Sqrt[b~2 - 4x*a*c])~(3/4))

+ ((bxd - cxe - (b72xd - 2*axcxd - b*cxe)/Sqrt[b~2 - 4xa*xc])*ArcTanh[(27(1/
4)xc~(1/4)*x) /(b + Sqrt[b~2 - 4*axc])~(1/4)]1)/(2*x2~(1/4)*c~(5/4)*x(-b + Sqr
t[b™2 - 4xaxc])~(3/4))

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/Db),
2]], s = Denominator[Rt[-(a/b), 2]]1}, Dist[r/(2*a), Int[1/(r - s*x~2), x],
x] + Dist[r/(2%a), Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] && !'GtQ
[a/b, O]

Rule 1393

Int[((a_) + (c_)*x(x_)"(m2_.) + (b_)*xx_)"(m_)) " (p_.)*x((d_) + (e_.)*(x_)"(
n_))~(q_.), x_Symbol] :> Int[x~(n*x(2*p + q))*(e + d/x"n) g*(c + b/x"n + a/x
~(2*n))"p, x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && IntegersQ[
p, ql && NegQ[n]

Rule 1422
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Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*x(x_)"(n_) + (c_.)*(x_)"(n2.)), x
_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2*c*d - bxe)/(2xq),
Int[1/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (2xcxd - b*e)/(2*q), Int[1/(
b/2 + q/2 + c*x"n), x], x]1] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && (PosQ[b~2 - 4xa
xc] || 'IGtQ[n/2, 0]1)

Rule 1502

Int [C(E_D*(x_))"(m_.)*((d_) + (e_)*(x_)"(n_))*((a_) + (b_.)*(x_)"(n_) + (
c_)*(x ) (02 ))"(p_), x_Symbol] :> Simp[(exf~(n - L*(f*x)"(m - n + 1)*(a

+ b*x"n + cxx~(2*n)) " (p + 1))/(cx(m + nx(2%p + 1) + 1)), x] - Dist[£f7n/(cx*(
m+ nx(2%p + 1) + 1)), Int[(f*x)"(m - n)*(a + b*x"n + c*x”(2*n)) “p*Simp [axe
*(m - n+ 1) + (bxex(m + nxp + 1) - cxd*x(m + n*x(2*%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, f, p}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,

0] && IGtQ[n, 0] &% GtQ[m, n - 1] &% NeQ[m + n*(2*p + 1) + 1, 0] && Integer
QLp]

Rubi steps

d+ 5 x4(e+dx4)
Py s
C+i+ a+bx4+cx8

PO
ad+(bd—ce)x*
_ d_x _ f a+bx*+cx8 dx
C Cc
b2d—-2acd-bce b2d—-2acd-bce
(bd—ce— N )fbl - | dx (bd—ce N )fb - ;
dx Vb2-4ac 222~ dac +cx Vb2-4ac \/b —4ac +cx
Coc 2c 2c
(bd _ v2d—-2acd- bce) f (bd o bzd—Zucd—bce) f
2 VhH2
dx Vi2—dac \-b+V2—dac - \/_\/Exz b"—dac —b+ V2

+
¢ 2C\/—b + Vb2 - 4ac ZC\/—b + Vb2 — 4ac

4= 4 45 4
(bd e+ bzd—Zucd—bce) tan-1 V2 Yex (bd ce— bzd—Zacd—bce) tan~! V2 Ve
dx VbR—dac N-b-ViZdac VeR—tdac Vb VB2
= — +
c 3/4 3/4
2+/2 c5/4 (—b - Vb2 - 4ac) 2+/2 c5/4 (—b + Vb2 - 4ac)

Mathematica [C] time = 0.07, size = 88, normalized size = 0.20

#14 bd log(x—#1)— #14ce10g(x —#1)+ad log(x— #1)&]

8 4
@ ) RootSum |#1°¢c + #1°b + a&, D

c 4c
Antiderivative was successfully verified.

[In] Integrate[(d + e/x74)/(c + a/x"8 + b/x74),x]

[Out] (d*x)/c - RootSum[a + b*#174 + cx#1°8 & , (axd*Logl[x - #1] + bxdxLoglx - #1

1x#174 - cxexLoglx - #1]1x#174)/(b*#173 + 2xcx#177) & 1/(4x*c)

IntegrateAlgebraic [F] time = 0.00, size = 0, normalized size = 0.00
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Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e/x"4)/(c + a/x"8 + b/x74) ,x]
[Out] IntegrateAlgebraic[(d + e/x"4)/(c + a/x"8 + b/x"4), x]

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+ta/x"8+b/x"4),x, algorithm="fricas")

[Out] Timed out
giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+a/x"8+b/x"4),x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Evaluation time: 6.98Unable to convert to re

al 1/4 Error: Bad Argument Value

maple [C] time = 0.01, size = 67, normalized size = 0.15

qr (b + c)RootOF (L7 +b_7* + a)" - ad) In (~ RootOF (7" + b_7* + a) + x)

+ 7 3
¢ 4c (2 RootOf (_ZSC b 74+ a) ¢ + RootOf (_ZSC +bh 7y a) b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d+e/x"4)/(c+a/x"8+b/x"4),x)
[Out] 1/c*d*x+1/4/c*sum(((-bxd+c*e)* R~4-axd)/(2%x_R~7*c+ _R~3*b)*1n(-_R+x), R=Root
0f (_Z~8*c+_Z"4xDb+a))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(bd—ce)x*+ad
d_x n cx8+bxt+a
c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x"4)/(c+a/x"8+b/x"4),x, algorithm="maxima")
[Out] d=*x/c + integrate(-((bxd - cxe)*x"4 + a*xd)/(c*xx"8 + b*x"4 + a), x)/c

mupad [B] time = 9.24, size = 50213, normalized size = 115.97

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + e/x74)/(c + a/x"8 + b/x"4),x)

[Out] atan((((((4*x*x(4096*a”~bxb*xc~6+xd~2 + 4096%a”~4*xbxc”~7*e~2 + 256%a”~3*%b~5*xc~4*d~
2 - 2048*%a"4*b"3*%c"5*d"2 + 256*%a”"2*%b"b*c"hxe"2 - 2048*%a"3*b"3xc"6*%e”2 - 163
84%3 " b*xc " T*xd*xe — 1024%a~3*b~4xc”5xd*e + 8192%a”4xb"2*c”6*d*xe))/c - (16*(-(b
“9%d"4 + b~4xd"4x(-(4*xaxc - b"2)75)7(1/2) + b~bkc"4*xe"4 + cT4xe"4x(-(4xaxc
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- b72)75)7(1/2) + 80*a~4xb*c~4*d"4 - 8*axb"3*xc"5xe"4 + 16*a”2*b*c"6*e”4 + 1
28%xa”3*%cT6*kd*xe”3 - 128*%a"4*c 5*d"3xe - 4xb"6xc”3*d*e”3 + 61*a"2xb " 5xc”2*xd"4
- 120*%a"3*b"3*c"3*xd"4 + a"2*c”2*xd"4*x(-(d*xaxc - b72)75)7(1/2) + 6*xb”7*xc"2*d
T2%e”2 - 13*%axb " T7*xcxd"4 - 4xb78*ckd"3*xe + 240%a”2*%b"3*c"4*xd"2xe”2 + 6%b"2*cC
~2%d72%e” 2% (= (4d*xaxc - b72)75)7(1/2) - 3*axb"2xcxd"4*(-(4*a*xc - b72)75)"(1/2
) + 40*axb~4*c”4*xd*e”3 + 48*axb”6*c”2*%d"3*e - 4*xbxc”3xd*xe”3* (- (4*a*c - b"2)
“5)7(1/2) - 4%b~3xc*d"3xex(-(4xaxc - b~2)75)"(1/2) - 66*xa*xb " bxc”3*d"2%e"2 -
128%xa”2*xb"2*%c b*d*e”3 - 200*%a"2*%b"4xc”3*xd"3*e — 288%a”3xb*c 5xd"2*xe”2 + 32
0*a~3*b~2*xc"4*xd"3xe - B*axc”3*d"2*xe 2% (-(4*xaxc - b~2)75)7(1/2) + 8*xaxbxc 2%
d"3*xex(-(4dxaxc - ©72)75)7(1/2))/(512x(256*a~4*c~9 + b~8*c”5 - 16*a*xb~6*c”6
+ 96%a”2xb~4*c”7 - 256%a”3*b"2%c”8))) " (1/4)*(16384*a"bxc " 8*e - 256%a”2*b” 6%
c"bxe + 3072*a"3*b"4*xc"6xe — 12288*a"4*b"2*xc”7*e))/c)*(—(b"9*%d"4 + b 4*xd"4x*
(=(d*xaxc - b~2)75)7(1/2) + b~5*xc™4*e”™4 + c 4xe"4*x(-(4*axc - b~2)75)"(1/2) +
80*xa~4xbxc”4*d"4 - 8*xaxb~3xc"b*xe"4 + 16xa"2%b*c”6*e”4 + 128xa”3*c”6*d*e”3
- 128%a”4*c"5*%d"3*xe - 4xb76*c”3*kd*e”3 + 61*%a”"2xb"5xcT2xd"4 - 120*a”"3*xb"3xc”
3xd~4 + a"2xc”2xd"4*x(—(4*xaxc — b"2)75)7(1/2) + 6xb"T*xc"2*%d"2%xe"2 - 13*axb”7
xcxd~4 - 4xb"8kcxd"3ke + 240%a"2%b"3xc"4*xd"2%e”2 + 6%bT2xc”2xd"2%e” 2% (- (4*a
*c - b72)75)7(1/2) - 3xaxb"2*c*d"4*(-(4d*xaxc - b~2)75)"(1/2) + 40*a*xb~4*xc~4x
d*e”3 + 48*axb~6xc”2%d"3*e - 4*xbkxc”3*kd*e"3x(-(4*axc - b"2)75)7(1/2) - 4xb~3
xcxd"3*ex (—(4*axc - b72)75)7(1/2) - 66*axb~5xc”3*xd"2*%e”2 - 128%a”2*b~2%c”bx*
d*¥e”3 - 200*%a”"2xb"4*c”3*%d"3*e - 288xa”3*b*c”5*d"2*xe”2 + 320%a”3*b"2*c"4*xd"3
xe — 6B*axc”3xd"2xe"2x (—(4*xa*xc - b”"2)75)7(1/2) + 8xaxbxc”2+%d"3*e* (- (4*axc -
b~2)75)"(1/2))/(512%x(256*a"~4*%c™9 + b~8*c~5 - 16%a*xb~6xc”6 + 96*a " 2xb~4x*xc”7
- 256%a”3*b"2%c”8))) " (3/4) - (16*%(a”3*b~6*d"5 - 4*a~6*c~3*%d"5 - T*a~4xb"4dx*c
*d”5 + 4xa”3xb*c”5*%e”5 - a"2xb"7xd"4*e + 12xa"4*xc”5kd*e"4 + 13*%a"5xbT2xcT2x%
d”5 - a"2xb"3xc74xe”5 + 8*a " 5kxcT4xd"3xe”2 - 6*%a " 2xb"5xcT2xd"2%e”3 + 32%a” 3%
b73*%c"3xd"2*%e”3 - 22%a”3*%b74*cT2*%d"3%xe”2 + 22*%a"4xb"2xc”3*d"3*%e”2 + 4*xa”3%Db
“bxckd"4xe - 20*%a”b*xbxc”T3xd"4*e + 4*xa"2*%b"4*xc”3xd*e"4 + 4xa”2%xbT6*kcxd"3*%e”2
- 19%a"3*b"2%c”4*xd*e”4 - 32*%a~4xb*c"4*d"2*e”3 + 5xa~4xb~3*xc”2xd"4x*e))/c)*(
-(b79*%d"4 + b~4*xd"4x(-(4*a*xc - b"2)75)7(1/2) + b~5xc"4*e"4 + cT4*xe 4x(-(4*a
*c - b72)75)7(1/2) + 80*a~4xb*xc”4*d"4 - 8*axb~3xc"5*e”4 + 16*a”2*bxc 6xe”4
+ 128%a”"3xc”6*xd*e”3 - 128%a"4xc”5*xd"3%e - 4*b76*c"3xd*e”3 + 61*%a"2*b"bxc”2x%
d"4 - 120*%a~3*b"3%c"3*xd"4 + a~2*xc”2xd"4*x(-(4*xaxc - b"2)75)"(1/2) + 6x%b"T7*xc”
2%d"2xe”2 - 13%a*xb”7*c*xd"4 - 4xb~8xc*kd"3xe + 240*%a"2*b"3*%c"4xd"2*%xe”2 + 6%b”
2xc”2xd"2%e" 2% (- (4*a*xc - b~2)75)7(1/2) - 3xaxb”2xc*kd"4*x(-(4*xa*xc - b"2)75) 7 (
1/2) + 40xa*xb~4*c”4*d*e”3 + 48*axb~6xc”2+%d"3*e - 4xbxc”3xd*e"3x(-(4*axc - b
“2)75)7(1/2) - 4xb~3*cxd"3*xex(—(4*axc - b"2)75)7(1/2) - 66*axb~5*xc”3xd"2*e”
2 — 128*%a"2%b"2xc”b*xdxe”3 - 200%a"2*xb"4*c"3*%d"3xe - 288*a~3*b*xc”b5*d"2*%e”2 +
320*%a~3*b"2%c"4*xd"3*e — B*axc”3*d"2xe"2*x(-(4*axc - b"2)75)7(1/2) + 8xaxbxc
~2%d"3*ex (- (4xa*xc - b72)75)7(1/2))/(512%(256%a~4*c™9 + b"8*c™5 - 16*a*xb”~6*c
“6 + 96*a”2xb"4*xc”7 - 256%a”3*b"2%c”8))) " (1/4) + (4xx*x(a~4*b"4*xd"6 + 2¥a”6x*
cT2xd"6 - 2*%a”3*%c b5*e"6 - 4xa"bxb72*%c*kd"6 - 2*xa~3xb"5*xd"5*e + a~2xb"2xc"4dxe
76 + a"2xb"6xd"4*e”2 — 2%a"4xcT4*xd"2*%e”4 + 2*%a”bkxcT3*%d"4%e”2 + 6*%a”2*%b"4x*xc”
2%d"2xe"4 - 16*%a”3xb72*%xc”3*%d"2%e"4 + 8*%xa"3*b"3*%c"2xd"3*%e”3 - 17*a"4*xb"2*c”"2
*d"4*xe”2 + 10*%a”~3xbkxc"4*d*e”5 + 6*%a"4*xb"3xc*kd"5*e + 2*%a"bxbxcT2*d"5*e - 4x*a
T2*%b73%xc"3xd*xe”5 - 4*a”2%xb"5xcxd"3%e”3 + 2*%a"3xb"4xcxd"4*e”2 + 12%a"4x*b*c”3
*d"3%e"3)) /c)*(-(b79*%d"4 + b~ 4*xd"4*x(-(4*axc - b"2)75)"(1/2) + b~5*c"4*xe"4 +
c"4xe"4* (- (4*xaxc - b"2)75)7(1/2) + 80*a"4*b*c~4*xd"4 - 8xaxb~3*c”5*e”4 + 16
*a"2%bxcT6*%e"4 + 128*a”3*%c " 6xd*e”3 - 128*%a"4xc”5xd"3*%e — 4*xbT6*c”3*%d*e”3 +
61*a~2%b"5xc”2%d"4 - 120*%a"3*b"3*%c”3*d"4 + a"2*c”2%d"4x*x(-(4*axc - b"2)75) " (
1/2) + 6xb~7*c™2+%d"2*xe”2 - 13*axb~7Txc*xd~4 - 4*xb~8*cxd~3*e + 240*a”~2x¥b”3*c"4
*d72%e”2 + 6*bT2xcT2xd"2%e” 2% (- (4*axc - bT2)75)7(1/2) - 3*xaxb"2*xckxd"4*x (- (4x
axc - b72)75)7(1/2) + 40*axb~4*c”4*d*e”3 + 48*axb"6*c”2%d"3*e - 4*xbxc”3xd*xe
~3%(-(4*axc - b"2)75)"(1/2) - 4%b"3*xc*xd " 3*xex(-(4d*xaxc - b~2)75)"(1/2) - 66%*a
*b"B5*c"3xd"2%xe”2 - 128*%a"2*%b"2*%c 5xd*e”3 - 200*a”"2xb"4*xc”3*d"3%e - 288*%a”3x*
b*cT5xd"2xe"2 + 320*a”3*b”"2*c"4*d"3%e - B*axc”3*d"2*e 2% (-(4*xaxc - b~2)75)"
(1/2) + 8xaxb*xc™2*xd"3*xex(-(4xa*xc - b~2)75)7(1/2))/(512x(256*a~4*c™9 + b~ 8*c
5 - 16*a*b”6*c”6 + 96*a~2%b"4*c”7 - 256*%a”"3*b"2xc”8))) " (1/4) %11 + ((((4*xxx*
(4096*%a~5*xbxc~6*d"2 + 4096%a"4*xbxc 7*xe"2 + 256*a”3*xb~5xc~4*%d"2 - 2048*a~4x*b
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“3xcTh*xd"2 + 256*%a"2*%b"bxc"hbxe”2 - 2048*a"3*%b"3kxc"6*%xe”2 - 16384*xa”5kxc”7*d*e
- 1024*a”3*b"4*c"5xd*xe + 8192*a”4*b"2xc”"6*xd*e))/c + (16%(-(b"9*%d"4 + b~ 4x*d
“4x(-(4*axc - b72)75)7(1/2) + b~5*cT4*xe”4 + c"4*xe"4*x(-(4*a*c - b"2)75)7(1/2
) + 80*xa~4xbxc~4*xd"4 - 8*xaxb”~3kc"5*e”4 + 16*%a"2*b*c 6%e”4 + 128*%a~3*c”6xd*e
“3 - 128%a"4xc”5*%d " 3%e - 4*xb"6*xc”3*d*e”3 + 61%a”2*%b"5*xc"2xd"4 - 120%a”3*b"3
*c"3*%d"4 + a”2xcT2xd"4x (- (4*axc - bT2)75)7(1/2) + 6x%b"T*cT2%d"2%e”2 - 13*ax
b~ T7*c*d~4 - 4xb~8*cxd"3*e + 240%a~2*%b " 3kxc"4*d"2%e”2 + 6*b " 2xc”2*xd"2%e” 2% (- (
dxaxc — b72)75)7(1/2) - 3*axb~2*xcxd"4*x(-(4*axc - b"2)75)7(1/2) + 40*a*b”4xc
“4xd*e”3 + 48*axb"6xc”2xd"3%e - 4*bkc”3kd*e"3x(-(4*axc - b"2)75)7(1/2) - 4x
b~ 3*cxd"3xex (- (4*a*xc - b72)75)7(1/2) - 66*a*xb~5*xc”3*d"2*e”2 — 128*a”2%b"2*cC
“bxd*e”3 - 200%a”2xb"4*xc”3*%d"3*%e - 288*xa”3*bkxc"5xd"2*%e”2 + 320%a”3%b"2xc"4x*
d"3*e - 6*xaxc”3xd"2%e” 2% (- (4*axc - b72)75)7(1/2) + 8xaxb*c”2*xd"3*xex*x (- (4*axc
- b72)75)7(1/2))/(512%(256*a"4*c”9 + b~8*c”5 - 16%a*xb”6*c”6 + 96*a”~2xb"4x*c
~7 - 256*a”3*%b"2xc”8))) " (1/4)*(16384*a”~5*xc"8*%e - 256%a”2%b"6xc 5xe + 3072*a
“3%b74*cT6*xe — 12288*a~4*b"2%c”T*e))/c)*(=(b79*%d"4 + b~4*d"4* (- (4*xaxc - b2
)75)7(1/2) + b7b*cT4*e™4 + cT4xe"4x (- (4*a*xc - bT2)75)7(1/2) + 80*a~4*bkxc 4x*
d™4 - 8*xaxb”3xc”b*e"4 + 16*%a"2xbxcT6*%e”4 + 128*a~3*%c 6xd*e”3 - 128*a”"4xc 5
d"3xe — 4xb76*xc”3*kd*xe”3 + 61%a”2xb"5*kxcT2*%d"4 - 120*%a”"3*%b"3*xc”3*d"4 + a"2*c”
2%d74* (- (d*axc - b72)75)7(1/2) + 6*%b77*c™2xd"2*xe”2 - 13*a*xb~7*c*d"4 - 4*b”8
xckd"3%e + 240%a”2x%b " 3*c"4*xd"2%e”2 + 6x%b72xc”2*xd"2%e 2% (- (4*axc - b"2)75) " (
1/2) - 3xa*xb~2*c*d"4*(-(4d*xaxc — b~2)75)7(1/2) + 40*a*xb”4*xc~4*xd*xe~3 + 48*ax*b
“6*cT2%d"3*%e — 4xbxc”3xd*e”3* (- (4*axc - b72)75)7(1/2) - 4%b"3*xckd"3*kex(—(4x*
axc - b72)75)7(1/2) - 66%a*xb”5*xc " 3*kd"2*e”2 — 128*a”2*%b"2*c " 5*xd*e”3 - 200*a”
2xb74*c”3*%d"3*%e - 288*a”3%b*c”h*d"2*%xe”2 + 320%a”3*b"2*%c"4*xd"3xe - 6%akxc”3*d
~2xe” 2% (= (4*axc - b72)75)7(1/2) + 8xaxbxc”2xd"3xex(-(4d*axc - b~2)75)"(1/2))
/(512%(256*a~4*c”™9 + b~8*c”5 - 16*a*b”™6*c”6 + 96*a~2xb"4*c”7 - 256*a”3*b"2x%
c”8)))"(3/4) + (16x(a"3*b~6*%d"5 — 4*a”~6%c”3*xd~5 - 7xa"4xb~4xcxd~5 + 4*xa~3x*b
*c~b*e”5 - a"2%b"7xd"4*xe + 12*%a"4*c”bxd*e”4 + 13*%a"b*b"2*%c”T2xd”5 - a”"2%xb"3x*
c"4xe”5 + 8*a”bkxcT4*xd"3*e”2 - 6%a”2%b " 5*xc”T2xd"2*%e”3 + 32*a”3*b"3*c”3*kd"2*e”
3 — 22%a”3%b74*cT2xd"3*%xe”2 + 22*%xa”"4xb72*%c”3*%d"3*%e”2 + 4xa~3%b"5*c*kd"4*xe - 2
O*a~5*xbxc~3*xd"4*xe + 4*a~2%b 4*xc"3kd*e"4 + 4xa”2%b"6*c*kd"3*e”2 — 19*%a"3xb 2%
c"4xd*xe”4 - 32%a"4xbxcT4*xd"2xe”3 + 5*xa”4*xb " 3kc"2xd"4*e))/c)*(-(b"9*d"4 + b~
4xd~4* (- (4*axc - b"2)75)"(1/2) + b~5*xc"4*xe"4 + c 4*xe”4x(-(4dxaxc - b~2)75) " (
1/2) + 80%a”~4xbxc”™4*%d~4 - 8*axb”~3*%c”5*e”4 + 16*a”2xbxc”6*e”4 + 128*a~3*xc 6%
d*¥e”3 - 128*%a”"4*xc”b*d"3*%e - 4*xb"6*xc”3xd*e”3 + 61*xa”2%b"5*c”"2*xd"4 - 120%a” 3%
b~3%c”"3*%d"4 + a"2*%c”2xd"4x (- (4*axc - b"2)75)7(1/2) + 6%b7T*xc"2*xd"2%e”2 - 13
*axb~7*xcxd"4 - 4xb78*c*kd"3*ke + 240%a”2%b73*%cT4*xd"2%xe”2 + 6%bT2*cT2*xd"2*%xe”2x%
(=(4*a*xc - b"2)75)7(1/2) - 3xa*xb~2*c*d"4*(-(4d*axc — b~2)75)"(1/2) + 40*axb™
dxc”4*xd*xe”3 + 48*axb"6%c”2xd"3*e — 4xbxc”3*d*e” 3% (-(4xaxc - b~2)75)7(1/2) -
4xb~3xcxd " 3xex (- (4*a*xc - b72)75)7(1/2) - 66%a*xb”5*xc”3*d"2*e”2 - 128%a”2%b”
2xc”b*xd*e”3 - 200*%a”2xb"4*c”3*d"3*e - 288*xa~3*b*c”5*d"2*%e”2 + 320%a”3*b"2*c
“4%d"3%e - 6*axc”3xd"2xe” 2% (- (4*a*xc - b72)75)7(1/2) + 8xaxb*c”T2*xd"3xex (- (4x*
axc — b72)75)7(1/2))/(512%(256*%a~4*c”9 + b~8%c”5 - 16*a*xb~6*c”6 + 96xa~2%b”
4xc”7 — 256%a~3*%b"2%c”8))) " (1/4) + (4*xx(a~4*b~4*d"6 + 2*a”~6xc”2*xd"6 - 2*a”
3*%c7b*xe”6 - 4*a~bxb"2xc*d"6 - 2*a”3*b " 5*xd"5*e + a"2%b"2*xc"4*e”6 + a~2xb”6*d
T4xe”2 - 2%xa"4xcT4*d"2*%e"4 + 2*%xa"bxcT3*%d"4*e”2 + 6*%xa"2xb74*xcT2*xd"2*%xe"4 - 16
*a"3*%b"2xc"3xd"2%e"4 + 8*%a~3*xb"3xcT2*%d"3*%e”3 - 17*a"4*b"2xc"2xd"4*xe”2 + 10x%
a~3*%bxc 4xd*e”5 + 6*%a"4*b"3*ckd"b*e + 2*%a~bxbkxcT2*%d"b¥xe - 4*a”2xb " 3xc”3*d*e
"5 - 4xa”2%b”5%cxd"3%e”3 + 2%a”3xb 4xckd"4xe”2 + 12%a”4*bxc”3*d"3%e"3))/c)*
(-(079%d"4 + b~ 4*d~4x(-(4*xa*xc - b~2)75)7(1/2) + b bxc"4*e™4 + c 4*xe”4x(-(4x*
axc - b72)75)7(1/2) + 80*a~4*b*xc”4*d"4 - 8*axb~3xc"5xe”4 + 16*a”2*b*c”"6*xe”4
+ 128*%a”3*%c"6*xd*xe”3 - 128*a"4*c"5%xd"3xe - 4*xbT6*c " 3*d*e”3 + 61*%a~2xb"5xc”2
*d"4 - 120*%a”3*b"3%c”3*xd"4 + a~2xc”2xd"4x(—(4*xaxc - b"2)75)7(1/2) + 6%b"T*c
“2xd72*%e”2 - 13%a*xb”"T7xc*kd"4 - 4xb"8*xc*xd"3xe + 240*a”"2%b"3xc”4*xd"2*e"2 + 6%b
“2xcT2%d"2%xe" 2% (= (4*axc - b"2)75)7(1/2) - 3xaxb”2xc*d"4x(-(4*xaxc - b~2)75)"
(1/2) + 40*a*b™4*xc”4*xd*xe”3 + 48*a*xb~6*c”2*d"3*e — 4xbxc~3*d*e”3* (- (4*a*xc -
b~2)75)7(1/2) - 4%b~3*c*kd"3*kex(-(4d*xaxc - b~2)75)7(1/2) - 66*xaxb~5xc~3*d"2*e
T2 - 128%a”2xb72*%c”b*kd*e”3 - 200*xa"2%b"4*c”"3*d"3*xe - 288*a”3*b*xc 5xd"2*xe”2
+ 320*%a"3*b"2*c"4*d"3*e - 6*a*xc”3kd"2xe"2x(—(4*axc - b"2)75)"(1/2) + 8*xaxbx
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c"2%d"3%e*x (—(4*axc — b"2)75)7(1/2)) /(512 (256*a"4*xc”9 + b~8*c”5 - 16*a*xb~6x
CT6 + 96%a~2xb”4*xc”7 - 256*%a”3*b"2%c”8))) " (1/4)*1i)/ (((((4*x*(4096*a~5*bxc”
6xd"2 + 4096*%a"4xb*c”7*e”"2 + 256%a”3*%b"5*c"4*xd"2 - 2048*a”"4*xb"3xc”5*xd"2 + 2
56*%a”~2*xb"bxc"bxe”2 — 2048%a”3*b"3*c"6*%xe”2 - 16384*a"5*xc " 7*xd*xe - 1024*%a”3*xb”
4xc"bxdxe + 8192%a”4*b"2*xc”6xd*e))/c - (16%(-(b"9*d"4 + b~ 4*xd~4x(-(4*a*xc -
b~2)75)"(1/2) + b"5*xc"4*xe”4 + c dxe"4x(—(4*xaxc — b"2)75)7(1/2) + 80*a~4dx*xb*c
“4xd"4 - 8*axb"3*kc"b*e"4 + 16*%a"2%bxcT6*%e”4 + 128*a”3*%c " 6kxd*e”3 - 128%a"4x*c
“B5xd"3*%e — 4xbT6*kc"3*%d*e”3 + 61%a"2%b"5*kc"2*%d"4 - 120%a"3*xb"3*%c”3*%d"4 + a”2
*Cc72%d74* (- (d*xaxc — b72)75)7(1/2) + 6xb77*cT2xd"2xe”2 - 13*a*b”7*xcxd"4 - 4x
b~ 8*cxd"3xe + 240%a”2*%b " 3*kcT4*xd"2*e"2 + 6*b72%c”2*xd"2*%e 2% (—(4*axc - b~2)75
)" (1/2) - 3*a*xb”2*xckd"4*x(—(4*xaxc - b~2)75)"(1/2) + 40*axb~4*c”4*d*e”3 + 48%
axb”6*c”2xd"3*%e — 4xbxc”3*%d*e”3*%(-(4*axc - b"2)75)7(1/2) - 4*b"3*xc*kxd"3kex (-
(4*axc - b72)75)7(1/2) - 66%a*b~5*xc”~3*xd"2*%e”2 - 128*a~2*xb"2*c”5xd*e”~3 - 200
*¥a"2*%b74xc"3x%d"3%e — 288*%a”3xbxc”bxd"2*%e”2 + 320*%a”3*xb"2*c”4*d"3*%e - 6*xaxc”
3*xd"2*xe 2% (= (4*xaxc - b~2)75)7(1/2) + 8*axbxc~2xd " 3*ex(-(4*a*xc - b~2)75)~(1/
2))/(512%(256*a"4*xc”9 + b~8*c”5 - 16*%a*xb”6xc”6 + 96%a”2xb~4*xc”7 - 256%a~3*b
~2%c”8))) " (1/4)*x(16384*xa~5*xc"8xe — 256*a”2xb~6*xc"b*xe + 3072*a~3*%b"4*xc 6*e -
12288*a”~4*xb"2xc"7*e) ) /c) *(-(b"9*d"4 + b~4*d~4*(-(4*a*c - b"2)75)"(1/2) + b
“bxcT4%e”4 + cT4dxe"4x(-(4*axc - b"2)75)7(1/2) + 80%a~4xb*c”4*d"4 - 8*xaxb~3x
c~bxe"4 + 16*xa”2xb*c”6%e”4 + 128%a"3xc”6*d*e”3 - 128*xa"4xc”5*d"3*e - 4*xb76x%
c"3*%d*e”3 + 61*xa”2xb"5*xc"2x%d"4 - 120*%a”~3*b"3*c”3*d"4 + a"2%c”2xd"4* (- (4*axc
- b72)75)"(1/2) + 6*%b"7Txc"2xd"2*%e”2 - 13*%axb”7*xcxd"4 - 4xb"8*xc*d"3xe + 240
*a " 2%b"3*kcT4*xd"2%e"2 + 6¥%b72%xc”2%d"2%e” 2% (—(4d*axc - b~2)75)"(1/2) - 3*axb~2
xcxd"4* (- (d*xaxc — b72)75)7(1/2) + 40*axb”™4*xc~4xdxe”3 + 48*a*b”~6xc”2xd"3*xe -
4xbxc~3xd*xe" 3% (- (4*a*xc - b~2)75)7(1/2) - 4%b~3*c*d"3*kex(-(4d*xaxc - b~2)75)"
(1/2) - 66*a*b™5*xc™3*d"2*xe"2 - 128%a”2*%b~2*xc”5xd*e”3 — 200*a~2%¥b~4*c”3*d"3*
e — 288%a”3xb*c”bxd"2*%e”2 + 320%a”3*b"2%c"4xd"3*ke — 6Gxaxc 3kd"2xe” 2% (- (4*xax
c - b72)75)7(1/2) + 8*axbxc~2*d " 3*ex(-(4*xaxc - b~2)75)"(1/2))/(512*%(256*a"4
*C"9 + b78%c”5 - 16%a*xb”™6%c”6 + 96*a~2xb~4*c”7 - 256*%a”3*%b"2%c~8)))"(3/4) -
(16%(a"3*b"6*d"5 - 4*a~6xc”3*d"5 - 7*xa~4*xb"4*c*d~5 + 4*a”3*bxc”5*e”5 - a~2
*b~7*xd"4xe + 12*%a”~4xc”bxd*e”4 + 13%a"5*b"2*%c"2xd"5 - a"2%b"3*c"4*e”5 + 8xa”
5%cT4xd"3%xe"2 - 6*%a”"2xb " 5xcT2*xd"2%e”3 + 32*%a"3*%b"3%c”"3xd"2*%e”3 - 22*%a”3*%b"4
*CT2%d"3%e”2 + 22%a”4xb72xc”3*d"3%e”2 + 4*xa”3*b"5*kckxd"4*e - 20%a”5xb*xc~3*d”
dxe + 4xa”2%xb"4*c”3*%d*e"4 + 4xa”2xb"6*kxckxd"3*xe”2 - 19%a”3xb72*xc 4*d*xe”4 - 32
*a"4xbxc”4*d"2xe”3 + 5*a~4xb"3xc”2*xd"4xe) ) /c)* (- (b79*d"4 + b~4xd"4x* (- (4*axc
- b72)75)7(1/2) + b~5*c"4*xe”4 + cT4xe"4x(—(4*axc - b"2)75)7(1/2) + 80*a~4x
b*cT4*xd"4 - 8*axb”3*%c"5*%e"4 + 16*a”2xbxc”6xe”4 + 128*a~3xc"6xd*e”3 - 128*a”
4xc”b*d"3%e - 4*b"6*c”3xd*e”3 + 61*%a"2*%b"bxc”2xd"4 - 120*%a"3*%b"3*%c"3xd"4 +
a~2xc”2*%d"4x (- (d*xaxc - b~2)75)7(1/2) + 6*b"7T*c”2xd"2*%e”2 - 13*axb”7*xcxd"4 -
4xb~8*cxd"3*e + 240*a”"2¥b"3*xc"4*d"2%e”2 + 6*¥bT2xc”2*xd"2%e 2% (- (4*axc - b2
)75)7(1/2) - 3%xaxb"2xckd"4x(-(4d*xaxc - b~2)75)7(1/2) + 40*axb”4d*xc 4*d*e”3 +
48*%axb"6xc"2*%d " 3*%e - 4*xbkc"3kd*e"3*(-(4*axc - b72)75)7(1/2) - 4*xb~3*c*d"3*e
*(-(4xaxc — b"2)75)7(1/2) - 66*xa*xb”bxc~3*d"2%e"2 — 128*%a~2%b"2xc " 5*xd*xe”3 -
200*%a"2*%b"4*c”3xd"3*%e — 288%a”3xb*c 5*xd"2xe”2 + 320%a”3*b"2*c"4*d"3xe - 6%*a
*Cc73*%d"2*%e” 2% (—(4*xaxc - b~2)75)7(1/2) + 8*axbxc~2xd"3*ex(-(4*a*c - b~2)75)"
(1/2))/(512%(256*a~4*%c™9 + b~8*c~5 - 16%a*b”~6xc™6 + 96*a”2xb~4*c”~7 - 256%a”
3*xb72*%c”8))) " (1/4) + (4*x*x(a"4*b~4*d"6 + 2*xa~6*c”2%d"6 - 2*a”~3*xc"bxe"6 - 4%
a"b*b"2*%cxd"6 - 2*%a"3xb"5xd"b*e + a"2%b"2xc"4*e”6 + a"2xb"6*%d"4xe”2 - 2*%a"4
*CcT4*xd"2%e"4 + 2*%a"b*cT3*%d"4xe”2 + 6%a”2%bT4xcT2xd"2*%e"4 - 16*%a”3*%b"2*c”3*d
T2xe74 + 8*%a"3%b"3xcT2xd"3*%e”3 - 17*a"4*b"2*%c"2xd"4*xe”2 + 10*xa”3*xb*c " 4*xd*e”
5 + 6%a”4*b " 3*%ckxd"bxe + 2%a”b*bkcT2xd"bxe - 4%a”2%b"3*%c"3*xd*xe”5 - 4*xa”2*b”5
*c*d"3%e”3 + 2*%a"3*b"4xcxd"4*e”2 + 12*%a"4xbxc”3*d"3*e"3))/c)*(-(b”9*d"4 + b
“4xd"4x (- (4xaxc — b"2)75)"(1/2) + b"bxc"4*xe”4 + c"4xe”4x(-(4xaxc - b~2)75)"
(1/2) + 80*a"4*b*c~4*xd~4 - 8xaxb~3*c"5*xe”4 + 16*%a " 2xbxc”6xe”4 + 128%a”3*c”6
*dxe”3 - 128*%xa”4*c”5*d"3%xe - 4*b"6xc”3xd*e”3 + 61*a"2%b"5xc”2*xd"4 - 120*%a”3
*b~3*%c”3*%d"4 + a"2xc"2xd"4* (- (4*a*c - bT2)75)7(1/2) + 6%b7T7*c”2*%d"2*%e”2 - 1
3*%a*b”7*xckxd"4 - 4xb78*c*kd"3*ke + 240*%a”2%b73*c”4*xd"2*%xe”2 + 6%bT2*c”2*d"2*%e”2
*(=(4*a*xc - b"2)75)7(1/2) - 3*axb”2*c*d"4*x(-(4d*xaxc - b~2)75)"(1/2) + 40*ax*b
“4xc”4*d*e”3 + 48*axb"6xc”2+%d"3*%e - 4xbkxc”3kd*xe”3x (- (4*axc - b"2)75)"(1/2)
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- 4xb"3*c*kd"3*kex (—(4d*xaxc - b72)75)"(1/2) - 66*%axb~5xc”3*%d"2%e”2 - 128*a”2x*b
T2xcThxd*xe”3 - 200%a”2*%xb"4*c”3*%d"3xe - 288*a”3*b*xc”5*d"2%e”2 + 320%a”3*xb"2x*
cT4xd"3%e - 6*axc”3xd"2xe"2x(-(4*axc - b"2)75)7(1/2) + 8xaxb*xc”2*xd"3*ex(-(4
xaxc — b72)75)7(1/2)) /(512 (256%a~4*c”9 + b~8*c”5 - 16*a*xb”6*c”6 + 96*xa~2*b
“4xc”T7 - 256*%a”3*b"2x¢c78))) " (1/4) - ((((4*xx*(4096*a~5xb*xc”6+%d"2 + 4096*a~4x*
bxc™7*e”2 + 256*%a"3*%b"bxc74*xd"2 - 2048*a”"4xb"3xc”5*xd"2 + 256*%a"2*%b"b5*xc"5xe”
2 - 2048%a”3*xb"3*%c"6*%e"2 - 16384*xa"b*xc 7*d*xe — 1024*xa”3*xb"4*c b*d*xe + 8192x%
a~4xb~2*%c”6xd*e))/c + (16%(-(b"9*%d"4 + b~ 4*xd~4*(-(4*a*c - b"2)75)7(1/2) + b
“BxcT4%e”4 + cT4dxe"4x(-(4*axc - b"2)75)7(1/2) + 80%a~4xb*c”4*d”"4 - 8*xaxb~3x
c~bxe"4 + 16*xa”"2xb*c”6%e”4 + 128%xa"3xc”6*d*e”3 - 128*xa"4xc”5*xd"3*e - 4*xb”6x%
c"3*%d*e”3 + 61*xa”2xb"5*xc"2x%d"4 - 120*%a~3*b"3*c”3*d"4 + a"2xc”2xd"4x* (- (4*axc
- b72)75)"(1/2) + 6*%b"7Txc"2xd"2*%e”2 - 13*%axb”7*xcxd"4 - 4xb"8*xc*xd"3xe + 240
*a"2*b"3*kcT4*d"2%e"2 + 6x%b " 2*%c"2*%d"2xe" 2% (- (4*axc - b"2)75)7(1/2) - 3*ax*b”2
*cxd"4* (- (d*xaxc — b72)75)7(1/2) + 40*axb”™4*xc~4xdxe”3 + 48*a*b”~6xc”2xd"3*xe -
4xbxc”3xd*xe" 3% (- (4*a*c - b72)75)7(1/2) - 4*b~3*c*d"3*kex(-(4d*xaxc - b~2)75)"
(1/2) - 66*a*xb~5*xc~3*%d"2*%e”2 - 128*a”2*xb"2*xc 5*xd*e”3 - 200*a”2*b~4*c”3*d "3
e - 288%a”3xb*c”bxd"2*%e”2 + 320%a"3*b"2%c"4xd"3ke - 6Gkaxc 3kd"2xe 2% (- (4xax
c - b72)75)7(1/2) + 8*axbxc~2xd"3*ex(-(4*axc - b~2)75)"(1/2))/(512%(256*a"4
*C"9 + b78%c”5 - 16*axb”6%c”6 + 96*a~2xb~4xc”7 - 256%a”3*%b"2*c”8))) " (1/4)*(
16384*%a~bxc”8xe — 256*a”2xb"6xc"bxe + 3072xa"3*%b"4*c " 6*xe - 12288%a"4*b"2*c”
7*xe)) /c)*(=(b79*%d"4 + b~ 4*d"4*(-(4d*axc — b~2)75)7(1/2) + b~ b*kc ™4*e”™4 + c™4x
e~ 4x(-(4*axc - b72)75)7(1/2) + 80*a~4*b*c~4*d~4 - 8*axb~3*c”5*e"4 + 16*%a”~2x*
bxc”6*%e”4 + 128*a”3*%c " 6xd*e”3 - 128*%a"4xc”5xd"3*%e — 4*b76*c”3*d*e”3 + 61%a”
2xb~5xc”"2%d"4 - 120%a”3%b"3*c”3*d"4 + a~2xc”~2*xd"4x*(-(4*xaxc - b~2)75)"(1/2)
+ 6*%b77*xcT2xd"2%xe”2 - 13%axb”7*c*kd"4 - 4*xb"8xcxd"3%e + 240*a”2xb"3xcT4*xd"2*
e”2 + 6*xb72xc”T2xd"2xe"2x (- (4*a*xc - b72)75)7(1/2) - 3*axb”2*c*kd”"4x* (- (4d*xaxc -
b~2)75)7(1/2) + 40*a*xb”4*xc~4d*xd*e”3 + 48*a*xb”6*c”2*d"3*e — 4xbxc”3xd*e”3* (-
(4xa*xc - b"2)75)"(1/2) - 4*xb~3xc*d"3*e*x(-(4*axc - b~2)75)"(1/2) - 66*a*b”5x*
cT3*%d"2xe”2 - 128%a”2*xb72*%c b*d*xe”3 - 200*%a"2*b"4*c"3*%d"3xe - 288%*a”3*b*c”5
*d"2%e”2 + 320*%a”3*b"2xc"4*xd"3%e - 6*axc”3kd"2xe"2x(-(4*axc - b"2)75)7(1/2)
+ 8*axbxc~2xd"3xex (- (4*a*xc - b"2)75)7(1/2))/(512%(256*a"4*c”™9 + b~ 8*c"5 -
16*a*b"6xc™6 + 96*a”~2xb"4*xc”7 - 256%a”3*xb"2%c”8))) " (3/4) + (16%(a”~3*%b"6xd"5
- 4%xa”6*%c”3*%d"5 - 7*xa"4*xb"4*cxd”5 + 4*a”~3xb*c"5*%e”5 - a"2xb"7*xd"4*xe + 12*a
“4xc”b*xd*e”4 + 13*%a"5xb"2%c"2%d"5 - a"2%b"3*c"4*e”5 + 8*a~bkc"4*xd"3*e”2 - 6
*¥a”"2*%b7hxcT2xd"2%e”3 + 32%a”3*%b " 3*%c"3*xd"2%xe”3 - 22*%a”3xb74*cT2*d"3*%e”2 + 22
*a"4*b"2*%c”3*d"3*%e"2 + 4%a~3*b 5*kckd"4*xe — 20*a"5xb*c”3*xd"4*e + 4*a”~2xb"4xc
“3kd*e"4 + 4xa”2%bT6*ckd"3*%e”2 - 19*%a"3xb"2xc"4*d*e”4 - 32%a"4*bkxcT4*xd"2*xe”
3 + 5*%a”4xb"3*xc"2%d"4x*xe)) /c)* (- (b"9*%d"4 + b~4*xd"4x(-(4xaxc - b~2)75)"(1/2)
+ b75*c”4*xe"4 + c"4*xe”4x(-(4d*xaxc - b72)75)7(1/2) + 80*a~4xbxc”4*d"4 - 8*axb
“3%cThb*xe"4 + 16*%a”2xbxc”6%e”4 + 128*%a”3xc 6xd*e”3 - 128*%a”"4*xc”5xd"3*%e - 4x*b
“6xcT3*%d*e”3 + 61*a”2*b"5*xc”T2x%d"4 - 120%a”3%b"3*c"3*%d"4 + a”2xc”2*d"4x (- (4x*
axc - b72)75)7(1/2) + 6xb"T*c”2%d"2*%e”2 - 13*axb~7Txc*d"4 - 4*b"8*c*xd"3*xe +
240%a"2*%b"3*c"4*xd"2*xe"2 + 6*¥b"2*%c”2xd"2*e”" 2% (- (4*xaxc - b"2)75)"(1/2) - 3*ax
b~ 2*xcxd~4* (- (4*a*xc - b"2)75)7(1/2) + 40*a*xb~4*c”4*d*e”3 + 48*axb~6xc”2*xd"3*
e - 4xb*xc”3*xd*e”3x(-(4xa*xc - b"2)75)7(1/2) - 4xb~3*c*d"3*e*x(-(4d*axc - b~2)~
5)7(1/2) - 66*axb~5%xc”3*xd"2*%e”2 - 128%a”2*b"2*c " 5xd*e”3 - 200*a~2*b”4*xc”3*d
“3%e — 288*%a”3*bxc”5*d"2*xe”2 + 320%a”3*%b"2%xc 4*d"3%e - 6xaxc”3xd"2*xe"2x (- (4
xaxc — b72)75)7(1/2) + 8xaxb*c”2*xd"3*kex(-(4*axc - b~2)75)7(1/2))/(512x(256%
a~4*xc”9 + b~8%c”5 - 16*axb”6*xc”6 + 96%xa~2*xb"4xc”7 - 256%a~3*%b"2xc"8))) "~ (1/4
) + (Axx*x(a”4xb~4*xd"6 + 2*xa~6*c”2%d”"6 - 2*a”~3xc”5*e”6 - 4*xa~5xb"2%c*d"6 - 2
*a”"3*%b"5xd"bxe + aT2*b"2*%cT4*%xe"6 + a"2%b"6*d"4*e”2 - 2xa"4*xcT4*d"2*%e”"4 + 2%
a~bxcT3*%d"4*e”2 + 6*xa"2xbT4*xcT2*%d"2*%e"4 - 16*%a”"3*xb"2xc”3*%d"2*%e"4 + 8*%xa~3xb”
3*%cT2%d"3%e”3 - 17*a"4xb"2xc”2xd"4*e”2 + 10*a"3*bxcT4*xdxe”5 + 6%a~4*xb”~3xc*d
“bxe + 2%a " b5xb*cT2xd"5*xe — 4xa”2*%xb"3%c”3*%d*e”5 - 4xa”2xb"hb*kcxd"3%xe”3 + 2%a”
3*xb~4*xcxd"4*xe”2 + 12%a”4xb*xc”3*%d"3*e”3))/c)* (- (b79*%d"4 + b~4*d”4x* (- (4*xaxc -
b~2)75)7(1/2) + b~5*c"4*e”™4 + c 4xe"4x(-(4*axc - b"2)75)7(1/2) + 80*a~4xb*
cT4xd"4 - 8*a*b"3*%c"5*xe"4 + 16*a"2xbxc”6%e”4 + 128*%a"3xc”6*d*e”3 - 128*%a”"4x
c~5*xd"3xe — 4*%b"6*c"3*kd*xe”3 + 61*%a"2xb"bxc”2%d"4 - 120*%a"3*b"3*c”3*%d"4 + a”
2%c72%d74* (- (d*axc — b72)75)7(1/2) + 6*xb"7*xc"2xd"2*xe"2 - 13*axb”7*cxd"4 - 4
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*b7"8*c*kd"3*ke + 240*%a"2xb"3*%c"4*d"2%e”2 + 6xbT2xc"2%d"2%e” 2% (- (4*axc - b"2)”
5)7(1/2) - 3*axb™2xcxd~4x(-(4*a*xc - b"2)75)7(1/2) + 40*a*xb~4*c 4*d*e”3 + 48
*a*xb”"6*c”"2*%d"3*%e — 4xbxc”3*d*e”3*(-(4*axc - b72)75)7(1/2) - 4*b”3*kckd"3*kex*(
-(4*xaxc - b~2)75)7(1/2) - 66*axb”5xc"3*d"2*xe"2 - 128*a”2*%b"2*c~5*d*e”3 - 20
0*%a”2*%b"4*xc~3*xd"3xe - 288*a”3*xbxc 5xd"2%e”2 + 320*%a"3*xb"2xc”4*d"3*e - 6*axc
~3*%d"2%e” 2% (= (d*axc — b~2)75)7(1/2) + 8*axbxc~2xd"3*ex(-(4*a*c - b"2)75)" (1
/2))/(512%(256%a~4*c™9 + b~8%c”5 - 16%a*xb~6xc”™6 + 96%a”~2%b~4*xc"7 - 256%a 3%
b"2%xc”8))) " (1/4)))*(-(b"9*d"4 + b~ 4*xd~4*(-(4*a*xc - b~2)75)"(1/2) + b~ 5*xc 4x*
e”4 + cT4*xe"4x(-(dxaxc - b72)75)7(1/2) + 80*a~4*xbxc~4*%d"4 - 8*a*b”~3xc 5*xe”4
+ 16*%xa”2xbxc”6%e”4 + 128*%a”3xc”6*d*e”3 - 128*%a"4xc”5*xd"3*e - 4*xb"6*xc”3xd*e
“3 + 61%a”2xb"5xc"2%d"4 - 120*%a~3*b”"3%c"3*d"4 + a~2%c”2xd"4* (—(4*axc - b"2)
“5)7(1/2) + 6*b77*xcT2xd"2%e”2 - 13*axb”"7*xcxd"4 - 4*%b"8*c*d"3*e + 240*%a”"2xb”
3*CcT4*d"2%e"2 + 6%b"2xc"2*xd"2xe 2% (—(4*axc - b"2)75)"(1/2) - 3xaxb”2xc*d”4x*
(-(4*a*xc - b"2)75)7(1/2) + 40*a*xb~4*c”4*d*e”3 + 48*axb~6xc~2+%d"3*e - 4*b*xc”
3*xd*e 3k (- (4d*xaxc - b72)75)7(1/2) - 4*xb~3*xcxd"3xex(-(4*a*xc - b~2)75)7(1/2) -
66*%axb~bxc”3*%d"2%e”"2 — 128%xa”2xb"2*%c " 5*d*e”3 - 200%a"2%b"4*c"3*xd"3xe - 288
*a " 3xb*c"5xd"2%e”2 + 320%a”3*b"2%c”"4*xd"3*ke — 6G*axc”3kxd"2xe” 2% (- (4*axc - b2
)7"5)7(1/2) + 8xaxb*xc™2%xd"3xex(-(4*a*xc - b~2)75)7(1/2))/(512%(256%a~4*xc”9 +
b~8%c”5 - 16*%a*xb~6xc”6 + 96%a”~2%b"4xc”7 - 256%a”3%b"2%c~8))) " (1/4)*2i + ata
n((((((4xx*(4096*a"5xb*xc™6xd~2 + 4096*a~4*b*c”~7*e”2 + 256*a”~3*%b " 5xc 4*d"2 -
2048*%a”"4xb"3*%c”5*%d"2 + 256*%a"2xb"5*c”5*e”2 - 2048*a”"3*b"3xc"6xe”2 - 16384%*
a~b*xc 7*xd*e - 1024*a~3*b"4*c"5*xd*e + 8192*%a”4*xb"2xc"6*d*e))/c - (16x(-(b~9*
d"4 - b74*xd"4*x(-(4*a*xc - b"2)75)"(1/2) + b~5xc"4*e”4 - c 4*xe”4*x(-(4*xaxc - b
"2)75)7(1/2) + 80*a~4xbxc~4*%d"4 - 8*axb"3xc"bxe"4 + 16*a"2*b*c”6*e”4 + 128
a~3*xcT6*d*e”3 - 128%a"4xc”5*d"3*e - 4*xb76xc”3*d*e”3 + 61%a”2*b " 5*xc"2xd"4 -
120%a"3*b"3*%c”3%d"4 - a”2*xc”2xd"4*x(-(4*xaxc - b~2)75)7(1/2) + 6*b"TxcT2xd" 2%
e”2 - 13xa*b”7*c*xd"4 - 4xb " 8xc*kd"3xe + 240*%a"2%b"3*xc"4xd"2*e"2 — 6%¥bT2%cT2x*
d"2*xe" 2% (- (4*axc - b~2)75)"(1/2) + 3*axb~2xcxd~4*(-(4*a*c - b~2)75)"(1/2) +
40*a*xb”4*xc"4*xd*e”3 + 48*axb"6*xc”2xd"3*e + 4*bxc”3*d*e"3*(-(4*xaxc - b~2)75)
~(1/2) + 4xb73*cxd”"3xex(-(4*xa*xc - b"2)75)7(1/2) - 66%a*b~5xc~3xd"2%e"2 - 12
8*a"2*%b"2xc bxd*xe”3 - 200*a”2*xb"4*xc”3xd"3%e — 288*a”~3*xbxc”b5xd"2%e”2 + 320%*a
“3%b72%c"4*xd"3*%e + 6xaxc”3*%d"2%e” 2% (- (4d*axc - b"2)75)7(1/2) - 8*axbkxcT2*xd"3
xex (—(4*axc - b72)75)7(1/2))/(512%(256*a"~4*c™9 + b~8*c”5 - 16*a*xb”6*c”™6 + 9
6*a~2%b"4*c”7 - 256*a~3xb"2%c”8))) " (1/4)*(16384*xa~5*xc"8*e - 256*a”2*xb"6xc”5
xe + 3072*a"3*%b"4*xc"6*e - 12288*a"4xb"2xc"7*xe))/c)*(—(b79*d"4 - b~4*xd"4x* (-(
dxaxc - b72)75)7(1/2) + b"bxc"4*e"4 - cT4xe"4x(-(4*axc - b"2)75)"(1/2) + 80
*a"4*xbxcT4xd"4 - 8*a*b”~3*xc"5*xe”4 + 16*%a"2xbxc”6%e”4 + 128*%a"3xc 6xd*e”3 - 1
28%a"4*xc”5*%d"3%e - 4*b"6%c " 3xd*e”3 + 61*%a"2*%b"5xc72xd"4 - 120*%a”3*b"3*c”3*d
"4 - a"2*%cT2%d"4x(-(4*axc - bT2)75)7(1/2) + 6*%b77xc”2xd"2%e”2 - 13*axb”T7*xcx*
d™4 - 4*xb”8*c*kd"3%e + 240%a”2%b " 3*c"4*d"2%e”2 — 6%b T 2xc”2*xd"2xe” 2% (- (4*axc
- b72)75)7(1/2) + 3*axb"2xckxd"4*x(-(4d*xaxc - b~2)75)7(1/2) + 40*xaxb”4d*xc 4*xd*e
3 + 48*axb”6xc"2xd"3%e + 4xbxc”3*kd*e”3*(-(4d*xaxc - b72)75)"(1/2) + 4*xb"3*cx
d"3*xex(-(4d*xaxc — b~2)75)7(1/2) - 66*a*xb~bxc~3*xd"2%e”2 - 128*a”2*b”"2*c 5*xd*e
“3 - 200%a”2xb74*c”3*%d"3%e - 288*%a”3*bxc”5*xd"2*%e”2 + 320*%a”3xb"2xc”4*d"3*e
+ 6*axc”3xd"2xe"2x (- (4*a*xc - b"2)75)7(1/2) - 8xaxb*c”2*d"3*ex(-(4*xaxc - b~2
)75)7(1/2))/(512%(256*a"4*xc”9 + b~8*c”5 - 16*%axb”6xc”6 + 96%a”2xb"4*c”7 - 2
56*%a~3*%b"2*xc"8))) " (3/4) - (16x(a"3*b"6*%d"5 — 4*a”~6%c”3*xd~5 - 7xa~4xb~4xcxd”
5 + 4xa”3%xb*c”bxe”5 - a"2xb"7*xd"4*e + 12%a"4xc”bkxdxe”4 + 13*%a"bxb"2xc”2*d”5
- a"2xb"3xc74*xe”5 + 8*%a"bxcT4xd"3*%e”2 - 6%a”2xb"5kxcT2*d"2%e”3 + 32*%a~3%b”3
*CcT3*%d"2xe”3 - 22%a”"3xb74xcT2*xd"3%e”2 + 22*%a"4*b"2xc”"3*xd"3*%e”2 + 4%a”~3xb"5x*
cxd"4xe — 20*%a"bxb*c”3*%d"4*e + 4xa"2xb74*c”3*kd*e"4 + 4xa”2%b"6*ckd"3*%xe”2 -
19%a~3*b"2%c"4*d*e”4 - 32*%a”4xbxc"4xd"2%e”3 + B*a"4*xb"3xc"2xd"4xe))/c)*(-(b
“9xd~4 - b~4xd"4*x(-(4*axc — b"2)75)7(1/2) + b"5xcT4*xe”4d - cT4dxe"4*x(—(4xaxc
- b72)75)7(1/2) + 80*a~4xb*c~4*d"4 - 8*axb~3*xc"5xe"4 + 16*a”2%b*c"6*e”4 + 1
28%a”3*%xcT6*kd*xe”3 - 128*%a"4*c 5*d"3xe - 4xb"6xc”3*d*e”3 + 61*a"2xb " 5xc”2xd"4
- 120*%a”3*b"3*c"3*%d"4 - a"2*c”2*d"4*x(-(d*xaxc - b72)75)7(1/2) + 6*b”7*xc”2*d
T2%e”2 - 13*%axb”"7*xcxd"4 - 4xb78*c*kd"3*xe + 240%a”2*%b"3*cT4*xd"2xe”2 - 6%b"2*c
~2%d72%e” 2% (= (d*xaxc — b72)75)7(1/2) + 3*axb"2xcxd"4*(-(4*a*c - b"2)75)"(1/2
) + 40*axb~4*c”4*xd*e”3 + 48*axb"6*c”2*%d"3*e + 4*xbxc”3xd*xe”3* (- (4*a*c - b"2)



235

“5)7(1/2) + 4%b~3xc*d"3xex(-(4xaxc — b"2)75)"(1/2) - 66*xaxb " 5xc”3kd"2%e"2 -
128%a”2xb"2*%c"b*d*e”3 - 200*%a"2*%b"4xc”3*xd"3*e — 288%a”3xb*c 5xd"2*xe”2 + 32
0*a~3*b~2*c"4*d"3xe + 6G*a*xc”3*d"2*xe 2% (-(4*xaxc - b~2)75)"(1/2) - 8*axbxc 2x
d"3*ex (- (4*a*xc - b72)75)7(1/2))/(512%(256*a"~4*c”9 + b~8*c”5 - 16*a*xb~6*xc”6
+ 96*a”2%b"4*xc”7 - 256%a”3*%b”2*%c”8))) " (1/4) + (4xx*(a"4*¥b"4*d”6 + 2*%a~6*xc”2
*d"6 — 2%a”3xc"hb*e"6 — 4%a " bxbT2xcxd”6 - 2*%a"3*%b"b5xd"bxe + a"2*b"2%c”"4*e”6
+ a"2%b"6xd"4*xe”2 - 2*%a"4xc 4xd"2*%xe”4 + 2%a”"bxcT3xd"4*e”2 + 6%xa”2xb"4*xcT2*d
T2xe74 - 16%a”3*xb72*%cT3*%d"2%e”4 + 8*%xa~3*b"3*%c"2xd"3*%e”3 - 17*xa"4*xbT2*kcT2*d”
4xe”2 + 10*a"3*xbxc 4xd*xe”5 + 6*%a " 4*xb"3kcxd"b*xe + 2*%a"5*xbxcT2xd"b¥xe - 4*a”2x%
b~3*c"3*d*xe”5 - 4*a”2*%b " 5kckd"3*e”3 + 2*a~3*b 4*c*kd"4*e 2 + 12*a"4xb*xc”3*4”
3*xe”3))/c)*(—(b"9%d"4 - b~ 4*xd"4x(-(4xa*xc — b"2)75)"(1/2) + b bxc"4*xe”4 - ¢~
4xe”4x(—(4*xa*xc - b~"2)75)"(1/2) + 80*a~4xb*c~4*d"4 - 8*axb~3xc"5xe~4 + 16%*a”
2%b*xc"6%e"4 + 128*%a”"3*%c”6kxd*e”3 - 128*%a"4xc”5xd"3*%e - 4*xbT6*c 3*%d*e”3 + 61x%
a~2%b7b*cT2xd"4 - 120%a~3%b"3*%c”3*d"4 - a"2xc"2xd"4* (- (4*a*xc - b72)75)7(1/2
) + 6xb7T7*cT2x%d"2*%e”2 - 13%axb”7xc*d"4 - 4*xb"8*ckd"3xe + 240%a”2xb"3*c"4*xd”
2%e”2 - 6*xb72*xcT2xd"2xe" 2% (- (4*a*c - b72)75)7(1/2) + 3*axb”2*ckd"4x* (- (4*axc
- b72)75)7(1/2) + 40*a*xb~4*c”4*d*e”3 + 48*axb~6xc”2+%d"3*e + 4xbkxc”3kd*e”3*
(-(4*a*xc - b"2)75)7(1/2) + 4xb~3*c*d"3*e*x(-(4d*xaxc - b~2)75)"(1/2) - 66*a*xb”
BxcT3%d"2%e"2 - 128*%a"2xb"2*c”b*kd*e”3 - 200*a”2*¥b"4*c”"3*d"3*e - 288%*a”3*b*c
“Bxd"2%e”2 + 320*%a”3*b"2x%c”4*d"3*e + 6xaxc”3*%d"2xe 2% (—(4*axc - b"2)75)"(1/
2) - 8*axbxc~2xd"3xex(-(4*a*xc - b"2)75)7(1/2))/(512%x(256*a"4*c”9 + b~8*c”5
- 16*a*b™6*c”6 + 96*a~2xb"4*c”7 - 256*a”"3*b"2*xc”8))) "~ (1/4)*1i + ((((4*x*(40
96*xa"5*xbxc”6xd"2 + 4096*a " 4x*bxc 7T*e”2 + 256*%a"3xb"5xc”4*xd"2 - 2048*a”"4xb”3x*
c~bxd"2 + 256*%a”2xb"5xc"bxe”2 - 2048%a”3*%b"3*%c"6*%e”2 - 16384*a”5*c”7*xd*xe -
1024*a~3xb~4*c"5*d*e + 8192*%a”4*xb"2xc"6xd*e))/c + (16*(-(b"9*d~4 - b~4xd~4x*
(-(4xaxc - b~2)75)7(1/2) + b~5*xc™4*e”4 - c 4xe"4x(-(4*axc - b"2)75)"(1/2) +
80*xa"4xb*xc"4*xd"4 - 8*xaxb”3kxc b5*e"4 + 16*%a"2*bxc”6*%e”4 + 128*a”3*%c”6xd*e”3
- 128%a"4*xc”5*%d"3%e - 4*b"6*c”"3xd*e”3 + 61*%a"2%b"5xc”72xd"4 - 120*%a”3*b"3*c”
3xd~4 - a"2%c”2xd"4*x(—-(4*axc - b"2)75)7(1/2) + 6%¥b"T*c"2*%d"2*e"2 - 13*axb”7
xckd~4 - 4xb"8*cxd"3*e + 240*%a"2%b " 3*xcT4*xd"2%e”2 — 6*%bT2x%c”2xd"2%e” 2% (- (4*a
*c - b72)75)7(1/2) + 3xaxb”2*c*d"4*(-(4d*xaxc - b~2)75)7(1/2) + 40*axb~4*xc"4x
d*e”3 + 48*axb~6xc”2*%d"3*e + 4xbkxc 3kd*e"3x(-(4*axc - b"2)75)7(1/2) + 4%b~3
*cxd " 3*ke*x (- (d*xaxc — b~2)75)7(1/2) - 66*axb"bxc”3*xd"2%e”2 - 128*a”2xb"2*%c 5%
d*e”3 - 200*a”"2xb " 4xc”3*xd"3*%e — 288*xa”3*xb*c 5xd"2*%xe”2 + 320*%a"3*b"2*%c”"4xd”3
*e + 6*axc”3kd"2xe"2x (- (4xa*xc - b"2)75)"(1/2) - 8*xaxbxc”2*%d"3*ex* (- (4*axc -
b~2)75)"(1/2))/(512%(256*a~4*c”9 + b~8*c”5 - 16*a*xb”~6xc”6 + 96*a”2xb~4x*xc”7
- 256%a"3*b"2%c”8))) " (1/4)*(16384*a"bxc " 8*e — 256%a”2*b"6*c " 5xe + 3072%a” 3%
b~4xc”6xe - 12288*a”4xb"2xc"T*e))/c)*(—(b~9*%d"4 - b~4xd"4x(-(4*axc - b"2)75
)7(1/2) + b7bxc"4*e”4 - cT4*e”4dx(-(4d*xaxc - b~2)75)7(1/2) + 80*a~4*b*xc~4*xd"4
- 8%a*b”3*%c"b*xe"4 + 16*%a”2xbxc”6*%e”4 + 128*%a”"3xc 6xd*e”3 - 128*%a"4*xc”5*xd”3
*e — 4xDb76xc”3*%d*e”3 + 61%a”2*%b"5*xc"2xd"4 - 120*%a"3*b"3*%xc"3xd"4 - a"2*c”2*d
“4x(-(4*axc - b72)75)7(1/2) + 6*%b7T7*kcT2xd"2*xe"2 - 13*axb”T*c*kd"4 - 4*xb"8*cx
d"3%e + 240%a"2*b"3*c"4xd"2*%e"2 - 6xb"2xc"2%d"2%xe" 2% (- (4*axc - b"2)75)"(1/2
) + 3%axb"2*ckd"4*x(-(4d*xaxc — b"2)75)7(1/2) + 40*a*xb~4*xc"4xd*e”3 + 48*axb 6%
cT2xd"3%e + 4xb*xc”3*kd*e"3x(-(4xaxc - b"2)75)7(1/2) + 4xb~3xc*xd"3*ex* (- (4d*axc
- b72)75)7(1/2) - 66*axb~5xc”3x%d"2*e"2 - 128*a”2*xb"2*c 5xd*e”3 - 200*a”2x*b
T4xc”3xd"3xe — 288*a”3*bxc”5xd"2xe”2 + 320*%a”3*b"2xc"4xd"3%e + 6*axc”3xd"2x
e 2x(—(4*%axc - b~2)75)7(1/2) - 8xaxbxc~2xd"3xex(-(4*axc - b"2)75)"(1/2))/(5
12% (256*%a~4*c™9 + b~8*c”5 - 16*axb~6*c”6 + 96%xa~2%b " 4*xc”7 - 256%a”~3%b"2%c"8
)))"(3/4) + (16%x(a~3*%b"6xd"5 - 4*a~6xc”3%d"5 - T*a~4*xb~4*xc*d”5 + 4*xa 3*b*c”
5xe”h5 - a"2*%b"7*xd"4*xe + 12*%xa"4xc”b*xd*e”4 + 13%a"5*b"2%c"2*xd"5 - a"2%b"3*c"4
*¥e”5 + 8%xa"bxcT4*xd"3%e”2 - 6*xa"2xb"5h*cT2*%d"2*%e”3 + 32*%a”"3*xb"3xc”3*%d"2*%e”3 -
22%a"3%b74*xcT2*%d"3%e”2 + 22*%a " 4xb"2xc”3*d"3*%e”2 + 4*%xa”3xb"bkckxd"4*xe - 20%*a
“B5xb*cT3x%d"4*xe + 4xa”2%xb74*kc"3*%d*e"4 + 4*a”2xb"6*xckd"3%xe”2 - 19%a"3xb"2*c"4
*d*e~4 - 32xa"4xbxc”4*xd"2%e”3 + 5*a”4xb"3*c"2*%d"4x*e)) /c)* (- (b79*%d"4 - b~4x*d
“4x(-(4*axc - b"2)75)7(1/2) + b~ b*c"4*xe”4 - c"4xe”4x(-(4*axc - b"2)75)"(1/2
) + 80*xa~4xbxc”4*xd"4 - 8*xaxb " 3kc"5*e”4 + 16*%a~2*bxc"6*e”4 + 128*%a”3*xc”6xd*e
“3 - 128%a”4xc”5*%d"3%e — 4*xb76*xc”3*d*e”3 + 61*%a”2%b"5*xc"2*xd"4 - 120*%a"3*b"3
*c"3*%d"4 - a”"2*xc”2xd"4x (- (4*axc - b72)75)7(1/2) + 6%b"T*c”2%d"2*%e”2 - 13*ax
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b~ T*c*d~4 - 4xb~8xcxd"3kxe + 240%a~2*%b " 3kc"4*d"2%xe"2 — 6%b " 2xc 2*xd"2%e” 2% (—(
dxaxc — b~2)75)7(1/2) + 3*axb"2xckxd"4x(-(4*axc - b"2)75)"(1/2) + 40*axb~4*c
“4xd*e”3 + 48*axb"6xc”2xd"3%e + 4*bkxc”3kd*e”3x(-(4*axc - b"2)75)7(1/2) + 4x
b~ 3*cxd"3xex (- (4*a*xc - b72)75)7(1/2) - 66*a*xb~5*xc”3*d"2*e”2 - 128*a”2%b"2*cC
“5kd*e”3 - 200%a”2*%b"4*c"3*d"3xe - 288*a”3*bxc 5xd"2xe”2 + 320*a”3*b"2xcT4x
d"3*e + 6*xaxc”3xd"2xe” 2% (- (4*a*xc - b72)75)7(1/2) - 8xaxb*c”2*xd"3*xex (- (4*axc
- b72)75)7(1/2))/(512%x(256*%a"~4*%c”9 + b"8*%c~5 - 16%a*b~6xc”6 + 96%a~2xb " 4x*c
7 - 256*%a”3*b"2%xc”8))) " (1/4) + (4*x*(a"4*xb"4*d"6 + 2*¥a"6*c”2*d"6 - 2*%a”~3*c
“Bxe”6 - 4*a~bxb"2xc*kd"6 - 2*xa”~3*b"5*xd"5xe + a”2%b"2xc"4*e”6 + a~2xb"6xd"4x
e”2 — 2%a"4*xc”4*xd"2xe"4 + 2%a"bkcT3xd"4*xe”2 + 6%a”2*%b"4*xcT2xd"2xe”4 - 16*a”
3*%b72%c"3xd"2%xe"4 + 8*a"3xb"3xcT2*xd"3*%e”3 - 17*xa"4*b"2*%c"2xd"4*xe”2 + 10%a”3
*bxc"4xd*xe”5 + 6*%a~4*b"3%c*kd"b*e + 2*%a~bxbkxcT2*%d"5*e - 4*a”2xb"3xc”3*xd*xe”5
- 4%a~2%b"5xckd"3%e”3 + 2%a~3%b 4xc*d 4*e”2 + 12xa”4*bxc”~3xd"3*e”~3))/c)*(-(
b~9*d~4 - b~4*d"4*(-(4*a*xc - b72)75)7(1/2) + b~b*c"4*e”4 - cT4xe"4x(-(4*axc
- b72)75)7(1/2) + 80*a~4*b*c”4*d"4 - 8*axb~3xc"5xe”4 + 16*a”2*b*c"6xe”4 +
128*%a”~3*xc"6xd*e”3 — 128*a”~4*xc”5xd"3%e — 4*b"6*xc"3xdxe”3 + 61xa”2%b"5*xc”T2*xd”
4 - 120*%a~3*%b"3%c"3*xd"4 - a~2*xc”2xd"4*x(-(4*axc - b"2)75)"(1/2) + 6xb"T*xc 2%
d"2xe”2 - 13%a*b”7*c*xd"4 - 4xb " 8xc*d"3xe + 240*%a"2*%b"3*%cT4xd"2*%e”2 - 6%b”2x%
cT2*xd"2%e"2x (- (4*a*c - b72)75)"(1/2) + 3*xaxb”2xcxd"4*(-(4*a*xc - b~2)75)"(1/
2) + 40*axb”4*xc 4xd*xe”3 + 48*a*b”6*c”2xd"3*e + 4xbxc”3*xd*e”3*(-(4*axc - b"2
)75)7(1/2) + 4xb"3xc*xd"3*xex (—(4d*xaxc - b~2)75)7(1/2) - 66*xa*xb " 5xc~3*d"2xe"2
- 128%a”2xb"2*%c"b*d*xe”3 - 200*%a"2*%b"4*xc”3xd"3*%e — 288%a”3xb*c bxd"2*xe”2 + 3
20%a"3*%b"2*c"4*d"3%e + Bxaxc”3*d"2*%e”2x(-(4*axc - b~2)75)"(1/2) - 8*axbxc~2
*d"3*xex (- (4*axc - b™2)75)7(1/2))/(512x(256*a~4*c~9 + b~8*c~5 - 16*a*xb~6*c”6
+ 96%a”2*b~4*c”7 - 256*%a~3*b"2%c”8))) " (1/4)*11)/ (((((4*x* (4096*a~5*xbxc~6*d
T2 + 4096*a"4*xbxc"T7xe”2 + 256*%a”3*b"5*xcT4xd"2 - 2048*a"4xb"3*c”5%d"2 + 256%
a"2xb7b*c"bxe”2 - 2048*%a”3*%b"3*%c"6xe”2 - 16384*xa”"bxc " 7*xd*e - 1024*a”3%b"4x*c
“Bxd*e + 8192*%a”4*xb"2xc"6*d*e))/c - (16*x(-(b"9*d"4 - b~ 4*d"4*(-(4*axc — b2
)75)7(1/2) + b~b*cT4xe”4 - cT4d*xe"4*x(—(4*a*xc - b"2)75)7(1/2) + 80xa~4dxbxc”4x*
d”4 - 8*xaxb"3xc"bxe”4 + 16*xa"2%b*c”6*e”"4 + 128%a"3*%c”6*d*e”3 - 128%a"4xc”b*
d"3%e - 4*xb76*xc”3xd*e”3 + 61%a”2%b"5*kc"2xd"4 - 120%a”3*b"3*c"3*xd"4 - a~2%c”
2%d"4x (- (4dxaxc — b~2)75)7(1/2) + 6*b"7T*c " 2xd"2%e”2 - 13*xaxb”7*xcxd"4 - 4xb”8
*cxd"3*e + 240*%a”2*xb"3*%c"4*d"2%e”2 - 6*xbT2xc"2xd"2*xe" 2% (- (4*a*c - b72)75) " (
1/2) + 3xaxb”™2xc*d”"4*x(-(4*axc - b~2)75)7(1/2) + 40*axb~4*xc~4*d*e”3 + 48*axb
“6*cT2*%d"3*%e + 4dxbxc”3xd*e”3*(-(4*axc - bT2)75)7(1/2) + 4xb"3*kckd"3kex (- (4x
axc - b72)75)7(1/2) - 66%a*xb~5*xc”3*d"2*e”2 — 128*a”2*%b"2*c”5*d*e”3 - 200*a”
2xp74*c”3*%d"3*%e - 288xa”3*b*c”"h*kd"2*%xe”2 + 320%a”3*b"2*%c"4*xd"3xe + 6kakxc”3*d
~2%e" 2% (- (4*axc - b~2)75)7(1/2) - 8*axbkxc"2xd"3*ex(-(4*axc - b"2)75)"(1/2))
/(512% (256*%a~4*c”™9 + b~8*c”5 - 16*a*b~6*c”6 + 96*a~2%b " 4xc”7 - 256*a”3%b”2x*
c™8))) " (1/4)*(16384*a"~5*c 8*%e - 256%a”~2*%b~6*xc 5xe + 3072%a”3*b~4*c 6xe - 12
288*%a~4*xb”2xc"7*xe) ) /c)*(-(b"9*%d"4 - b~ 4*d"4x(-(4d*xa*xc - b~2)75)"(1/2) + b~ bx*
cT4xe”4 - cT4*xe”4x(-(dxaxc - b72)75)7(1/2) + 80*a"~4*xbxc~4*d"4 - 8*a*b”3*c”5
*e"4 + 16*%a”2*%bxc”6*%e”4 + 128*%a~3*%c 6xd*e”3 - 128*a"4*c” 5xd"3*%e — 4*xb"6*c”3
*d*e”3 + 61%xa”2xb~5*xc"2%d"4 - 120%a”3*%b"3*c"3*d"4 - a”2xc”2*xd"4* (- (4xaxc -
b~2)75)7(1/2) + 6%b77*c”2xd"2*%e”2 - 13xaxb~7*c*d"4 - 4*xb"8*cxd"3xe + 240%*a”
2*%b7"3%c”4*xd"2%e”2 - 6*bT2%cT2xd"2*%e” 2% (- (4d*xaxc - b72)75)7(1/2) + 3*axb " 2*xcx*
d"4*x(-(d*xaxc — b~2)75)7(1/2) + 40*axb”4*xc~4xd*xe”3 + 48*a*b”6*xc”2xd"3*xe + 4x
b*c"3xd*xe" 3% (- (4*a*xc - b72)75)7(1/2) + 4*b~3*c*d"3*kex(-(4d*xaxc — b~2)75)"(1/
2) - 66*axb~5*xc”3xd"2*%e”2 - 128%a”2%b~2*c"bxd*e”3 - 200*%a”2*b"4*c”3*xd"3*e -
288*a~3*bxc”5*xd"2%e”2 + 320*%a"3*%b”"2*xc"4*d"3%e + 6xaxc”3%d"2*xe" 2% (—(4xaxc -
b~2)75)"(1/2) - 8*axb*xc”™2xd"3*ex(-(4*axc - b~2)75)7(1/2))/(512x(256*a~4*xc”
9 + b78*c”5 - 16*%a*xb"6xc”6 + 96*a”2*%b"4*c”7 - 256*a~3*%b"2%c~8)))"(3/4) - (1
6% (a"3*%b"6xd"5 — 4%a"6xc”3*d"5 - T*a"4xb"4*xc*xd"5 + 4*a " 3xb*c"bxe”5 - a~2*b”
T*d"4%e + 12%a"4*xc”b*xdxe™4 + 13*%a " bxb™2xc™2*d"5 - a"2*%b"3*%c"4xe”5 + 8*a~b*c
T4xd"3*%eT2 - 6%a”2xb7hkcT2*%d"2%e”3 + 32*%a”3%b"3xc”3xd"2*e”3 - 22*%a”3*b"4x*c”
2xd"3*%e”2 + 22*xa”"4xb"2%c”3*%d"3*%e”2 + 4xa”~3*b"5*xc*d"4*e - 20*a"5xbxc”3*d"4xe
+ 4%a"2*%b"4*xc"3xd*xe"4 + 4*a”2*%b"6*xcxd"3xe”2 - 19%xa”3%b"2*c 4*xd*xe"4 - 32*a”
4xbxc"4*xd"2%e”3 + B*a 4*xb"3*c"2xd"4*e) ) /c)* (- (b79*d"4 - bT4*xd"4x (- (4*axc -
b~2)75)"(1/2) + b"5*xc"4*xe”4 - cT4dxe"4x(—(4*xaxc - b"2)75)"(1/2) + 80*a"4dx*xb*c
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“4xd"4 - 8*axb"3*kc"b*e"4 + 16*%a"2%bkxcT6*%e”4 + 128*%a"3*%c”6kxd*e”3 - 128%a"4x*c
“B5xd"3*%e — 4xbT6*cT3*%d*e”3 + 61%a"2%b"5*kc"2%d"4 - 120%a"3*xb"3*%c”3*%d"4 - a2
*Cc72%d74* (- (dxaxc — b72)75)7(1/2) + 6xb77*xcT2xd"2xe”2 - 13*a*b”7*xcxd"4 - 4x
b~8*cxd"3xe + 240%a”2*b”3*kc”T4*xd"2*xe"2 - 6%b72%c”2*xd"2*%e” 2% (-~ (4*axc - b~2)75
)7 (1/2) + 3*axb”2*xckd"4*x(-(4*xaxc - b~"2)75)"(1/2) + 40*axb~4*c”4*d*e”3 + 48%
axb”6*xc”"2*xd"3*%e + 4xbxc”3*%d*e”3*%(-(4*axc - b72)75)7(1/2) + 4*b " 3*xc*kxd"3kex (-
(4*xaxc - b"2)75)"(1/2) - 66*a*xb~b*xc~3*xd"2%e”2 - 128%a~2xb~2*c”5xd*e”~3 - 200
*a " 2%b"4*xc"3xd"3%e — 288*a~3*b*c " 5xd"2*e”2 + 320%a~3*b"2%c”4*d"3*e + Bxaxc”
3*%d"2xe”" 2% (= (4*axc - b72)75)7(1/2) - 8xaxbxc”2xd"3*ex(-(4*axc - b~2)75)"(1/
2))/(512*%(256*%a~4*c™9 + b~8*c”5 - 16*a*b”™6*xc”6 + 96*a~2xb"4*c”7 - 256*a”3*b
"2%c78))) " (1/4) + (4xxx(a~4*b~4*d"6 + 2*%a”~6xc”2*xd"6 - 2*a~3*c”"5*e”6 - 4*3”5
*b"2%ckd"6 - 2%a”"3*xb"5*xd"b*ke + a"2xb"2xc"4*e”6 + a"2*b"6*xd"4*xe”2 - 2*ka~4xc”
Axd"2*%e"4 + 2%a”bxcT3*xd"4*e”2 + 6*xa”2%b74*cT2%d"2xe”4 - 16%a”3xb"2*xcT3*%d"2%
e”4 + 8*%a"3*%b"3*%xcT2xd"3%e”3 - 17*a"4*b"2*c"2xd"4*xe”2 + 10*%a"3xbxc”4*d*e”5 +
6*%a”4*b"3*%ckd " bxe + 2%a”b*bkcT2xd"bkxe - 4%xa”2%b " 3*%c"3*xd*e”5 - 4*xa”2%b 5*xcx*
d"3*e”3 + 2*xa"3*b"4xc*xd"4*e”2 + 12*%a"4*xbxc”3*%d"3%e73))/c)*(-(b"9*d"4 - b~4x*
d~4x(-(4xaxc - b~2)75)"(1/2) + b"5xc"4*e”4 - c 4xe"4x(-(4*xaxc - b"2)75)"(1/
2) + 80%a”4xb*c”4*xd"4 - 8*axb~3%c”5xe”4 + 16%a"2*xbxc”"6%xe”4 + 128*a”3kc”6xdx*
e”3 - 128*%a"4*xc"5xd"3xe - 4*b"6*c " 3*d*xe”3 + 61*%a"2xb"5xc”2*%d"4 - 120*%a”"3*b”
3*c"3*%d"4 - a"2xc”2xd"4x(-(4xaxc - b72)75)7(1/2) + 6xb"T*cT2xd"2*e"2 - 13%a
*b”"7xcxd"4 — 4*xb”"8%c*kd"3xe + 240%a”2xb"3kc"4*d"2%e”2 - B6¥b " 2%xc 2%d"2xe " 2x (-
(4xaxc - b"2)75)7(1/2) + 3*xaxb~2*xc*d"4*(-(4*axc — b~2)75)7(1/2) + 40*axb™4x*
c"4xd*e”3 + 48*axb”6xc”2*xd"3xe + 4xb*c”3*kd*e”"3*x(-(4*xaxc - b"2)75)"(1/2) + 4
*b"3*xc*d"3*kex (- (d*xaxc - b72)75)7(1/2) - 66*xaxb~5xc”3*%d"2%e”2 - 128*a”2xb"2x%
c~bxd*xe”3 - 200*%a”2*%b"4*xc”3xd"3%e — 288*a”~3xbxc”bxd"2*%e”2 + 320*%a"3*xb"2*c"4
*d"3%e + 6B*xaxc”3xd"2xe" 2% (- (4*a*xc - b72)75)7(1/2) - 8*axb*c”2*xd"3kex (- (4*xax
c - b"2)75)7(1/2))/(512%(256*a"4*xc”9 + b~8*c”5 - 16*%a*xb " 6*xc”6 + 96*a”2xb~4x
c”7 - 256%a~3*xb"2%c"8))) " (1/4) - ((((4*xx*x(4096*a~5xbxc~6*xd"2 + 4096*a"4*b*c
TTxe”2 + 256*%xa”3*%b"b*xcT4xd"2 - 2048*%a"4*b"3*%c"5xd"2 + 256*%xa”2*b"b*c"5%xe”2 -
2048*%a"3*xb"3*%c”6*e”"2 - 16384*xa"b*c”7*d*e - 1024*a”3*xb"4*xc bxd*e + 8192%xa"4
*b72%c”6*d*e)) /c + (16x(-(b~9*%d"4 - b 4*xd"4*x(-(4*xaxc - b~2)75)7(1/2) + b~bx*
c"4%xe”4 - c4xe"4x(—(4*xaxc - b"2)75)7(1/2) + 80%a"4xb*c”4*xd"4 - 8*axb~3%c”5
*e"4 + 16*%a”2*%bxc”6*%e”4 + 128*%a~3*%c 6xd*e”3 - 128*a"4*c 5xd"3*%e - 4*xb"6*c”3
*d*xe”~3 + 61*%a"2*b"5*xc”2*xd"4 - 120*a”3*b"3*xc"3*%d"4 - a"2*xc”2xd"4* (- (4*xaxc -
b~2)75)7(1/2) + 6%b7T7*c”2xd"2*%e”2 - 13*axb”7*c*d"4 - 4*xb"8*cxd"3xe + 240%*a”
2%b73*%cT4*d72*%e”2 — 6xbT2%cT2xd"2*%e 2% (- (d*xaxc - b72)75) 7 (1/2) + 3*xaxbT2xcx
d"4*x(-(d*xaxc — b~2)75)7(1/2) + 40*a*xb~4*xc~4xd*e”3 + 48*a*b”~6xc"2xd"3xe + 4%
b*c~3xd*xe~ 3% (- (4*a*xc - b"2)75)"(1/2) + 4*b~3*c*d"3*xex(-(4d*axc — b~2)75)"(1/
2) - 66*axb”5xc”3*%d"2%e”2 - 128%a”2x%b"2*c"5kd*e”3 - 200*a”2*xb~4xc”"3*%d"3*e -
288*a”~3*b*c”"5*%d"2*xe”2 + 320%a"3*b"2*c"4*d"3*%e + 6*axc”3xd"2*e 2% (- (4*axc -
b"2)75)"(1/2) - 8*axbxc~2xd"3*ex(-(4*axc - b~2)75)"(1/2))/(512x(256%a~4*xc™
9 + b~8%c”b5 - 16*%a*b”6*xc”6 + 96%a”2%xb~4*xc”7 - 256%a”3*b"2%c”8))) " (1/4)*(163
84*xa~bxc"8kxe — 2b6%a”2xb"6kxc b*e + 3072*%a"3*%b"4*c"6xe — 12288%a"4*xb"2*c”7T*e
))/c)*(=(b"9%d"4 - b~4*xd"4*x(-(4*a*xc - b"2)75)7(1/2) + b~5*xc"4*xe”4 - c"4*e”4
*(-(4*a*xc - b72)75)7(1/2) + 80*a~4*b*c”™4*xd~4 - 8xaxb~3*c”5*e”4 + 16%a”2xbxc
“6*xe”4 + 128%a”3*%cT6*d*e”3 - 128%xa"4*c”5*d"3*%e - 4xbT6xc”3*d*e”3 + 61*a”2*b
“BxcT2%d"4 - 120*%a”3*%b"3%c”3*d"4 - a"2xc”2xd"4*x(—(4*axc - b"2)75)7(1/2) + 6
*¥b7T7*cT2xd"2%xe”2 - 13%a*b”7*c*kd"4 - 4xb " 8xc*kd"3xe + 240%a"2*%b"3xc"4xd"2*e”2
- 6*b72xc”"2xd"2xe"2x (- (4*axc - b"2)75)"(1/2) + 3*axb"2*c*d"4*x(-(4*axc - b~
2)75)7(1/2) + 40*axb~4*xc~4*d*e”3 + 48*a*b”6xc”2*d"3*e + 4¥bkxc 3*d*e” 3% (-(4x*
axc - b72)75)7(1/2) + 4xb~3*xc*d"3*xex (-(4*axc - b~2)75)7(1/2) - 66*a*xb"5*c”3
*d72%e"2 - 128%a”2%b"2*%c"5*xd*xe”3 - 200*%a"2*b"4*xc"3*xd"3xe - 288*a”3*xbxc~5xd”
2%e”2 + 320*%a”3*b"2*xc"4*xd"3*e + 6*a*c”3kd"2xe"2x(—(4*xaxc - b"2)75)"(1/2) -
8xaxbxc~2xd " 3*ex (- (4d*a*xc - b~2)75)7(1/2))/(512%(256%a~4*c”™9 + b~8xc”5 - 16%
axb”6*xc”6 + 96*a”~2xb"4*c”7 - 256*a”3*%b"2*c”8))) "~ (3/4) + (16%(a"3*b”"6*d"5 -
4*a~6%c”3*xd"5 - T*a~4xb"4xc*d”5 + 4*a”3*b*c”5xe”5 - a"2%b"7*xd"4*e + 12xa”~4x*
c"bxd*e”4 + 13*a”5*xb"2%c”2*xd”5 - a"2*%b"3*c"4*e”5 + 8*a”"5*xc 4*d"3*e”2 - 6%a”
2%b7hbxcT2xd"2*%e”3 + 32*%a”3*%b73*%c"3xd"2*%xe”3 - 22%a”3*xb74*xc"2*%d"3xe”2 + 22%a”
4xD"2%c"3*%d"3%e”2 + 4*xa”3*%b"5xckd"4*e - 20%a"5xb*c”3xd"4*xe + 4xa”2xb"4*xcT3%
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d*e”4 + 4xa”2xb76*kckd"3*%xe”2 - 19%a”3*xb72*kc"4*xd*e”4 - 32%xa"4*xbxc”4xd"2*%e”3 +
5%a”4*xb"3*c"2xd"4*e) ) /c)* (- (b"9*d"4 - b~4*xd"4x(-(4*a*xc - b"2)75)"(1/2) + b
“bxc"4%e”4 - cT4xe"4x(-(4*axc - b"2)75)7(1/2) + 80*a~4xb*c”4*d"4 - 8*xaxb~3x
c~bxe"4 + 16*xa”2xb*c”6%e”4 + 128*%a”3xc”6*d*e”3 - 128%a"4xc”5*d"3*e - 4*xb”6x%
Cc"3xd*e”3 + 61*%a”2*b"5xcT2*xd"4 - 120%a”3*b"3*c”3*d"4 - a~2xc”2*%d"4x* (- (4*axc
- b72)75)"(1/2) + 6*%b"7Txc"2xd"2%e”2 — 13*%axb”7*xcxd"4 — 4xb”8*xc*xd”"3xe + 240
*a " 2%b"3*kcT4xd"2%e"2 — 6%b72%cT2%d"2%e”" 2% (—(4d*axc - b"2)75)"(1/2) + 3*axb~2
xcxd"4* (- (4d*xa*xc - b~2)75)7(1/2) + 40*axb”4*xc~4*d*e”3 + 48xa*b”6xc”2xd"3*e +
4xbxc~3xd*xe" 3% (- (4*a*c - b~2)75)7(1/2) + 4%b~3*c*d"3*kex(-(d*xaxc - b~2)75)"
(1/2) - 66*a*b™b*xc™3*d"2*xe"2 - 128%a”2*b~2*xc”5xd*e”3 — 200*a~2%b~4*c”3*d"3*
e — 288%a”3xb*c”bxd"2*e”2 + 320%a”3*b"2%c"4xd"3*ke + 6Gxaxc 3kd"2xe” 2% (- (4xax
c - b72)75)7(1/2) - 8xaxbxc”2xd"3*ex(-(4*axc - b~2)75)"(1/2))/(512%(256*a"4
*C"9 + b78%c”5 - 16*a*xb”6%c”6 + 96*a"2xb"4*xc”7 - 256*%a”3*b"2%c"8))) " (1/4) +
(4*x*x(a~4%b~4*d"6 + 2*¥a”6xc™2*d"6 - 2*a~3*c b*xe”6 — 4*a”bxb " 2*xc*xd"6 - 2%a”
3*%b75*%d"5*%e + a"2xb72*%c"4*e”"6 + a"2xb"6*xd"4*e”2 - 2*xa"4xcT4*xd"2*%e"4 + 2*%a”h
*CcT3%d"4*xeT2 + 6%a”2*%b74*xcT2xd"2xe”4 - 16*xa”3%b72*%c”3*d"2*%e"4 + 8*a~3%b"3*c
T2xd73*%e”3 - 17*%a"4*xb72*c”2*%d"4*xe”2 + 10*%a”3*xb*c"4xd*e”5 + 6*%xa”4*xb"3*kckd " hx*
e + 2xa”5xb*xcT2xd"5*xe — 4*xa”2*%b"3%c"3*d*e”5 - 4xa"2xb"5*kxcxd"3*xe”3 + 2%a”~3xb
“4xcxd"4*e”2 + 12*%a”4xb*xc”3*xd"3*%e”3))/c)* (- (b79*%d"4 - bT4*d"4x(-(4*a*xc - b~
2)75)7(1/2) + b7bxc"4*e”4 - c4xe"4x(-(4*axc - b"2)75)7(1/2) + 80*a~4xb*c”4
*d"4 - 8xaxb”3xc”b5*e”4 + 16%a"2*bkc 6*%xe”4 + 128%a”3*c " 6*xd*e”3 - 128*a"4*c”5
*d"3%e - 4*b"6*%c”3xd*e”3 + 61*%a"2%b"bxc72xd"4 - 120*%a"3*%b"3*%c"3*xd"4 - a"2%c
~2%d74* (- (4d*xaxc — b~2)75)7(1/2) + 6*xb"7*xc"2xd"2*xe"2 - 13*a*xb”7*xckxd"4 - 4xb”
8*cxd"3*e + 240*a”2*b”"3xc”4*xd"2%e”2 - 6*bT2%c”2xd"2*%e”2x (- (4*axc - b~2)75)"
(1/2) + 3*axb”2*xcxd"4*x(-(4*xaxc - b~2)75)7(1/2) + 40*axb~4xc~4*d*e”3 + 48*ax
bT6xc"2xd"3%e + 4xb*xc”3*kd*e”3*(—(4d*xaxc - b"2)75)"(1/2) + 4*xb~3xcxd"3*ex(-(4
xaxc — b72)75)7(1/2) - 66%axb”bxc " 3xd"2%e”2 - 128*%a”2*b"2%c”5xd*e”3 - 200*a
T2%xb74xcT3*%d"3%e - 288*%a”3*bxcT5*xd"2*%e”2 + 320*%a”"3xb"2xc”4*d"3%e + 6*axc”3x*
d"2xe" 2% (- (4*axc - ©72)75)7(1/2) - 8xax*bxc~2*d"3xe*(-(4*a*c - b~2)75)"(1/2)
)/ (512%x(256*%a~4*c™9 + b~8*c”5 - 16*a*b”6*xc”6 + 96*a"2%¥b"4*xc”7 - 256*a”3*b"2
*c78))) " (1/4)))*(=(b"9%d"4 - b~ 4*xd"4*(-(4*axc — b~2)75)7(1/2) + b~ b*xc 4*e”4
- c74*xe"4x(-(d*xaxc - b~2)75)7(1/2) + 80*a~4*xbxc~4*xd~4 - 8*a*xb”~3*kc"5*xe”"4 +
16*a”~2xb*c"6*%e”4 + 128%a”3xc”6*xd*e”3 - 128%a"4*xc”5*xd"3%e - 4*b"6%c”3xd*e”3
+ 61%a"2*b"5*%c”2xd"4 - 120*a”3%b"3*c"3*d"4 - a”"2xc”2*xd"4*(-(4xaxc - b~2)75)
“(1/2) + 6*b77*xcT2xd"2xe”2 - 13*a*b”7*xckd"4 - 4xb"8*c*d"3*e + 240*a”2xb"3*c
“4%d72%e”2 - 6%bT2xcT2xd"2%e” 2% (- (4*axc - bT2)75)7(1/2) + 3*axb”2*xcxd"4x*x (= (
dxaxc — b72)75)7(1/2) + 40*a*b”4*xc"4xd*xe”3 + 48*axb”6*xc”2xd"3*e + 4xbxc”3*d
*e" 3% (- (4*axc — b72)75)7(1/2) + 4*b~3*c*xd"3*ex(-(4*a*xc - b"2)75)"(1/2) - 66
*axb"hkxcT3*%d"2%e”2 — 128%a”2xb72*%c b*kd*xe”3 - 200*%a"2*b"4*c"3xd"3*%e - 288%a”
3*xb*c"5xd"2%xe"2 + 320%a”3*b"2*c”4*d"3*%e + B6xaxc”3*%d"2%e 2% (-(4*axc - b72)75
)7 (1/2) - 8*axb*c”2xd"3*xex(-(4*xaxc - b~2)75)7(1/2))/(512*x(256*a~4*c”9 + b~8
*Cc75 - 16*a*b”6*xc”6 + 96*xa~2%b"4*c”7 - 256*%a"3*b"2xc”8))) " (1/4)*2i + 2*atan
(CC(((4%x*(4096*a"5xb*xc~6*xd"2 + 4096*a"4*b*xc ™ 7*e"2 + 256%a~3*b~5*xc”4*d"2 -
2048*a"4xb"3xc”5*d"2 + 256*a"2*%b"5xc"5xe”2 - 2048*a"3*%b"3xc"6*xe”2 - 16384*a
“Bkc Txdke - 1024*a”3*b"4*xc 5kxd*e + 8192%a~4xb"2xc”6*d*e))/c - ((-(b"9*xd"4
+ b74*d"4x (- (4*axc - b~2)75)7(1/2) + b~ 5*xc"4*xe”4 + c 4xe"4*x(-(4*axc - b"2)"
5)7(1/2) + 80*a~4*xbxc~4*xd~4 - 8*a*b ™ 3*c 5*e"4 + 16%a~2%b*c”6*e”4 + 128*%a”~ 3%
cT6*d*xe”3 - 128*%a"4*c”5*%d"3xe — 4xb"6xc”3kd*e”3 + 61*%a"2xb " 5xc”2xd"4 - 120%*
a"3%xb~3*%c”3*%d"4 + a~2xc"2*%d"4x*x(-(4*xaxc - b~2)75)"(1/2) + 6*%b"Txc"2xd"2%e”2
- 13%a*xb"7*c*xd"4 - 4*xb~8xc*kd"3%e + 240*%a"2*%b"3*%c"4xd"2*xe”2 + 6*%b"2%c”T2xd" 2%
e” 2% (- (4*xaxc - b72)75)7(1/2) - 3*xaxb~2kc*d~4x*x(-(4*xa*xc - b~2)"5)"(1/2) + 40x%
axb~4*xc”4xd*e”3 + 48*axb"6*c”2%d"3*e - 4xbxc 3xdxe”3*(-(4*a*c - b72)75)"(1/
2) — 4xb"3xc*xd"3xex (—(4xaxc — b~2)75)"(1/2) - 66*xa*xb " 5xc”3*d"2xe"2 - 128%a”
2%b"2xc”5*xd*e”3 - 200%a”2*xb"4*xc”3*%d"3%e - 288*%a”3*bxc”5*xd"2*%e”2 + 320%a”3xb
“2*%cT4%d"3*%e - 6*xaxc”3xd"2%e 2% (—(4*axc - b72)75)7(1/2) + 8*axbxcT2xd " 3*ex*(
—(4xa*xc - b72)75)7(1/2))/(512%(256%a~4*c™9 + b~8*c~5 - 16%a*b~6xc”6 + 96%*a”
2%b~4*c”7 - 256*%a”~3*b"2xc"8))) " (1/4) *(16384*a"5xc"8xe - 256%a”2*%b"6*c " 5*xe +
3072*%a"3*b"4*xc"6xe — 12288*a”4*b"2*xc”7*e)*161i)/c)*(-(b~9*%d"4 + b 4*xd"4x*x (- (
dxaxc — b"2)75)7(1/2) + b"bxc"4*e"4 + c"4xe"4x(-(4*xaxc - b~2)75)"(1/2) + 80
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*a"4*bxc”4*d"4 - 8xa*b"3*%c"bxe"4 + 16%a”2xb*c 6%e”"4 + 128%a”3xc”6*d*xe”3 - 1
28%xa”4*xc”5*d"3%e - 4*b"6*c”"3xd*e”3 + 61*%a"2*%b"5xc72xd"4 - 120*%a”3*b"3*c”3*d
"4 + a"2*xcT2%d"4x(-(4*axc - bT2)75)7(1/2) + 6*%b77Txc”2xd"2%e”2 - 13*axb”T*xcx*
d™4 - 4*b”8*ckd"3%e + 240*a”2x%b " 3*c"4*d"2*e”2 + 6x¥b”2xcT2*xd"2%e” 2% (- (4*axc
- b72)75)7(1/2) - 3*axb"2*c*d"4*(-(4*axc - b72)75)7(1/2) + 40*axb”4*xc~4*xd*e
3 + 48*axb”6xc"2xd"3*e - 4xb*xc”3*kd*e 3k (- (4d*axc - b72)75)7(1/2) - 4*xb"3*cx*
d"3*xex(-(4d*xaxc — b~2)75)7(1/2) - 66*a*xb~bxc~3*xd"2%e”2 - 128*a”2*b"2*c b*xd*e
“3 - 200%a"2xb74*xc”3*%d"3%e - 288*a”3*bxc”5*xd"2*%e”2 + 320%a”3xb"2xc”4*d"3*e
- Bxaxc”3*d"2*xe"2x (- (4xa*xc - b~2)75)7(1/2) + 8xaxbxc”2+xd"3*e*(-(4*xaxc - b~2
)75)7(1/2))/(512%(256*%a~4*c™9 + b~8*c”5 - 16*a*b™6xc”6 + 96*xa~2%b"4*c”7 - 2
56*%a”~3*%b"2%xc~8))) " (3/4)*1i + (16%(a”~3*%b"6xd~5 - 4*xa~6*xc~3*%d"5 — 7*a~4xb"4dx*c
*d"5 + 4xa”3xb*c”bxe”5 - a"2xb"7*xd"4*e + 12%a"4xc 5kxd*e”"4 + 13*%a"b5xb"2xcT2x*
d"5 - a"2*b"3*c"4xe”5 + 8*a"bkcT4*xd"3*e”2 - 6xa”2*%b"5*xc”2%d"2*%e”3 + 32*%a”~ 3%
b73*%c"3*xd"2%xe”3 - 22%a”3%b74*c"2xd"3*%e”2 + 22*%xa"4xb"2*c”3*d"3*%e”2 + 4xa~3%b
“Bxc*xd"4*e - 20*%a"bxbxcT3*%d"4*e + 4*a”2%xbT4xc"3xdxe”4 + 4*a”2*b"6*xcxd"3*e”2
- 19*%a"3*b"2*c"4*xd*xe"4 - 32*a"4*bkcT4*xd"2*xe”3 + 5xa~4xb"3*xc”2*xd"4*e) ) /c) *(
-(b79%d"4 + b~4xd~4x(-(4xaxc — b"2)75)"(1/2) + b~bxc 4*xe”4 + c 4xe”4x(-(4x*a
*c - b72)75)7(1/2) + 80*a~4xb*c”4*d"4 - 8*axb~3xc"5*e"4 + 16%a”2*b*xc"6xe”4
+ 128*a”3*%c"6*xd*xe”3 - 128*a”4*xc"5xd"3xe - 4*b"6*c”3*kd*xe”3 + 61*%a"2xb"b5xcT2%
d"4 - 120*a”3*b"3%c”3*d"4 + a~2*xc " 2xd"4*x(-(4*axc - b"2)75)7(1/2) + 6%b"T7*xc”
2xd"2%e”2 — 13%a*xb”7*c*kd"4 - 4xb78*c*kd"3*e + 240*%a"2xb"3*c”4*d"2*e”2 + 6%xb”
2%c7 247 2%e” 2% (- (4d*axc — b72)75) " (1/2) - 3*axb"2xcxd~4* (- (4*a*c - b72)75) " (
1/2) + 40xa*xb~4*c”4*d*e”3 + 48*a*xb~6xc”2+%d"3*e - 4*xbxc 3*xd*e"3x(-(4*axc - b
“2)75)7(1/2) - 4xb"3xcxd"3*ex(-(4*axc - b72)75)7(1/2) - 66*a*b”~5xc”3xd"2*xe”
2 - 128*%a"2*%b"2*xc bxd*xe”3 - 200*a”2*xb"4*xc”3xd"3%e — 288*%a”"3xbxc”5*xd"2*e"2 +
320*a"3*b"2*c"4*xd"3xe - Bkaxc”3*d"2*e " 2x(—(4*xaxc - b"2)75)"(1/2) + 8*axbxc
~2xd"3*ex (—(4*axc - b72)75)7(1/2))/(512%(256*a"4*xc~9 + b~8*c”5 - 16*xa*xb”6*c
"6 + 96%a”2*%b”4*c”7 - 256*%a”3*%b”2*%c”"8))) " (1/4)*1i - (4*x*(a"4*b"4*d"6 + 2*a
“6*xcT2%d"6 - 2*%a"3*xc"bxe”6 - 4*a”5*xb"2*xckxd"6 — 2*xa~3*b"5*xd"5*xe + a~2xb"2*c”
4*xe”6 + a"2xb76*xd"4*e”2 - 2*%xa"4xcT4*xd"2*e"4 + 2*%xa"bxc”3*%d"4*e”2 + 6*%xa"2xb"4
*CcT2xd"2%xe"4 - 16*%a”3xbT2*%c”3*%d"2*%e"4 + 8xa~3*%b"3*%c”2*d"3*%e”3 - 17*a"4xb"2x
c"2*%d"4%xe”2 + 10*a”3xb*c"4*xd*e”5 + 6%a " 4xb " 3kcxd"5kxe + 2%xa " bxb*xc"2xd"b*xe -
4xa”2*%b"3%c"3xd*e”5 - 4xa”2xb"b*kckxd"3*%e”3 + 2%a”"3xb"4kxckxd"4xe”2 + 12%a”4xb*
c”3*%d"3*%e”3)) /c)* (- (b79*d"4 + b~4*d"4*x(-(4d*xaxc - b~2)75)7(1/2) + b~ b*xc"4xe”
4 + c"4xe"4x(-(4*a*xc - b"2)75)7(1/2) + 80*a~4*b*c”4*d"4 - 8*xaxb~3*c"5*xe”4 +
16*xa~2xb*c”6*%e”"4 + 128%xa~3*c”6*d*e”3 - 128xa"4*c”5*d"3*%e - 4xbT6xc”3*d*e” 3
+ 61xa"2xb"5*xc”2xd"4 — 120*%a”3%b"3*c"3*d"4 + a"2xc”2xd"4*(-(4xaxc - b"2)75
)7 (1/2) + 6%b7T7*xcT2xd"2%xe”2 — 13%axb”T7*c*kd"4 - 4*xb"8*cxd"3xe + 240%a”2*b"3*
CcT4*d"2%e”2 + 6*%b72xcT2xd"2%e” 2% (- (4d*axc - bT2)75)7(1/2) - 3*axb"2xcxd"4* (-
(4xa*xc - b~"2)75)7(1/2) + 40*axb~4*c”4*d*e”3 + 48*axb~6xc~2xd"3*e - 4*b*xc”3x*
d*e” 3% (-(d*xaxc - b72)75)7(1/2) - 4*b~3*xcxd"3xex(-(4*a*xc - b"2)75)7(1/2) - 6
6xaxb"5*c”3*d"2*%xe”2 - 128%a”2*%b"2*%c 5xd*xe”3 - 200*%a”2*xb"4*xc”3*%d"3*%e - 288x*a
“3*b*c”Ekd"2*%e”2 + 320%a”3*%b"2%c"4*d"3*e — B6xaxc”3*%d"2%e” 2% (-(4*axc - b"2)”
5)~(1/2) + 8xaxbxc”~2%d"3*ex(-(4*axc - b~2)75)"(1/2))/(512%x(256%a"4*c~9 + b~
8*%c™5 - 16%a*b”6%c”6 + 96*a~2xb~4*xc”7 - 256*%a”3*%b"2%c~8))) " (1/4) + ((((4*xx*
(4096*xa~5*bxc~6*%d"2 + 4096%a"4d*xbxc”7T*e"2 + 256%a”3*b~5xc"4*%d"2 - 2048*a~4x*b
T3%cT5*xd"2 + 256%a”2*%b " 5*%c"5*xe”2 - 2048*%a"3xb"3*%c”6*%e”2 - 16384xa”b*xc”7*d*e
- 1024*a"3*b"4*xc"5xd*xe + 8192*a”4*b”2xc”6xd*e))/c + ((-(b79*d"4 + b 4*xd"4x*
(-(4xaxc - b~2)75)"(1/2) + b"5xc™4*e”4 + c 4xe"4x(-(4*axc - b~2)°5)"(1/2) +
80*xa~4xb*xc"4xd"4 - 8*xaxb~3*kxc"b*e"4 + 16*%a"2*bxc”6*e”4 + 128*a”3*%c " 6xd*e”3
- 128%a”4*c"5*%d"3*xe - 4xbT6*c”3*kd*e”3 + 61*%a"2xb"5xc”2xd"4 - 120*a”"3*xb"3*xc”
3*d"4 + a”2xc"2xd"4* (- (4*a*xc - b72)75)7(1/2) + 6%b7T*c”2*xd"2*%e”2 — 13*axb”7
xcxd~4 - 4xb"8kcxd"3ke + 240*%a"2xb"3xc"4*xd"2%e”2 + 6*%bT2xc”2xd"2%e” 2% (- (4*a
*c - b72)75)7(1/2) - 3xaxb"2*c*d"4*(-(4d*axc — b~2)75)"(1/2) + 40*axb~4*xc~4x
d*e~3 + 48xa*b”6xc”2*d"3%e - 4xb*c”3%d*e 3% (-(4*axc - b~2)75)7(1/2) - 4*b~3
*cxd"3*e* (- (d*xaxc — b72)75)7(1/2) - 66*axb™5xc”3xd"2*xe”2 - 128*a”2*b~2xc 5%
d*¥e”3 - 200*%a”"2xb"4*c”3*%d"3*e - 288xa~3%b*c”5*d"2*%xe”2 + 320%a”3*b"2*c"4*xd"3
*e — 6B*axc”3xd"2xe"2x (—(4*xa*xc - b"2)75)7(1/2) + 8*xaxbxc”2+%d"3*e* (- (4*axc -
b~2)75)"(1/2))/(512%x(256*%a~4*%c”9 + b~ 8*c~5 - 16*%a*xb”~6xc”6 + 96*a " 2xb"4x*xc”7
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- 256%a"3*b"2%c”8))) " (1/4)*(16384*a"bxc " 8*e - 256*%a~2*b"6%c " 5xe + 3072%a” 3%
b"4*xc"6xe - 12288*a"4*b"2*xc " 7*e)*161i)/c)*(-(b"9*%d"4 + b 4*xd"4*x(-(4*a*xc - b~
2)75)7(1/2) + b7bxcT4*xe”4 + cT4*xe”4x(-(4xaxc - b~2)75)7(1/2) + 80xa~4x*b*c~4
*d"4 - 8xaxb”3xc”5*e”4 + 16%a"2*kb*c 6*xe”4 + 128*%a”3*c " 6*xd*e”3 - 128*%a"4*c”5
*d"3*%e - 4xbT6xc”3*d*e”3 + 61*%a"2xb"5xcT2xd"4 - 120*%a”3*b"3*xc"3xd"4 + a"2*c
~2%d"4x (- (4xaxc — b"2)75)7(1/2) + 6xb~T*c"2xd"2*%e"2 - 13%axb”"7xc*d"4 - 4xb”
8xckxd"3*ke + 240*%a”2%b"3*c"4*d"2%e”2 + 6xb"2xc"2x%d"2%e" 2% (- (4*axc - b"2)75)"
(1/2) - 3*axb~2*cxd~4*(-(4*a*c - b~2)75)7(1/2) + 40xa*xb”4*xc”4*xd*e”3 + 48*ax
b~6xc"2xd"3%e - 4xb*c”3*kd*e " 3*(-(4*xaxc - b"2)75)7(1/2) - 4*xb"3xcxd"3*ex(-(4
xaxc - b72)75)7(1/2) - 66%a*xb”5*xc”3*d"2*%e”2 — 128*a”2%b"2*c " 5*xd*e”3 - 200*a
T2%xb74xcT3*%d"3%e - 288*%a”3*%bxcThxd"2*%e”2 + 320%a”"3xb"2xc"4*d"3%e - 6kakxc”3x*
d"2*xe" 2% (- (4*xaxc - b~2)75)"(1/2) + 8*axbxc~2*%d"3*e*x(-(4*axc - b~2)75)"(1/2)
)/ (512%(256*a"4*c”™9 + b~8*c”5 - 16*a*xb”6%c”6 + 96*%a"2xb~4*xc”7 - 256%a”3*b"2
*c78))) " (3/4)*1i - (16%(a”3*b~6*d~5 - 4*a~6xc~3*d~5 - 7*a~4*xb~4xc*d"5 + 4*a
“3xbxc”"5*%e”5 - a"2%b"7*d"4xe + 12*a"4xc”bkxd*e”4 + 13*a”5xb"2%c”2xd”5 - a"2x
b~3*%cT4*xe”5 + 8*%a"b*kcT4*xd"3*xe”2 - 6%a”2*%b " 5*cT2xd"2xe”3 + 32xa”3%b"3*c”3*xd”
2%e”3 - 22*%a”3%b74xcT2*xd"3*%e"2 + 22*%a"4*b"2%c"3xd"3*%xe”2 + 4*a”~3xb " 5kxc*xd"4x*e
- 20%a"b*b*c"3*d"4*e + 4*a”2%b 4*xc " 3kd*e"4 + 4*xa"2%b"6*c*d"3*%e”2 - 19*%a”~ 3%
b~"2%c"4xd*xe”"4 - 32%a~4xbxc”4*d"2xe”3 + 5*xa~4xb"3*c”"2+¢d"4xe) ) /c)* (- (b"9*d"4
+ b74*d"4*x (- (4*axc - b~2)75)7(1/2) + b~ 5*xc"4*e”4 + c 4xe"4*x(—(4*axc - b"2)"
5)7(1/2) + 80*a~4*xbxc~4*xd~4 - 8*a*b ™ 3*c 5*e"4 + 16%a~2%b*c”6*e”4 + 128*%a”" 3%
cT6*d*xe”3 - 128*%a"4*c”5*%d"3xe — 4xb"6xc”3*kd*e”3 + 61*%a"2xb " 5xc72xd"4 - 120%*
a~3*%b"3*%c"3*d"4 + a"2xc”2%d"4* (- (4*axc - b72)75)"(1/2) + 6%b"T7*c"2xd"2*e”2
- 13*%axb”7xcxd"4 - 4*b " 8*xcxd"3ke + 240*a”2*b"3*xc"4*xd"2%xe”2 + 6*%b”T2%xcT2xd"2x%
e”2x (- (4*axc - b72)75)"(1/2) - 3*a*xb™2xcxd"4*(-(4*xaxc - b"2)75)7(1/2) + 40%
axb~4*xc”4xd*e”3 + 48*axb"6*c”2%d"3*e - 4xbxc 3xdxe”3*(-(4*a*xc - b72)75)"(1/
2) — 4xb"3xc*xd"3xex (—(4dxaxc — b~2)75)"(1/2) - 66*a*xb " 5xc”3*d"2xe"2 - 128%a”
2%b"2xc"5*xd*e”3 - 200%a”2*xb"4*xc"3*%d"3%e - 288*%a”3*bxc”5xd"2*%e”2 + 320%a”3xb
“2%cT4%d"3*%e - 6*xaxc”3xd"2*xe 2% (- (4*axc - b72)75)7(1/2) + 8*axbxcT2xd " 3*ex*(
—(4xa*xc - b"2)75)7(1/2))/(512%(256%a~4*c™9 + b~8*c~5 - 16%a*xb~6xc”6 + 96%a”
2%b74*c”7 - 256*%a"3*b"2xc78))) " (1/4)*1i - (4*xx*x(a~4*b~4*d"6 + 2*a”~6xc”2*xd”"6
- 2*%a”3*%c"b*%e”6 - 4*xa"b*b"2*%cxd”6 - 2*%a"3xb " 5xd"b*e + a"2%b"2xc"4*xe”6 + a”
2%b"6xd"4*%xe"2 - 2%a"4xcT4xd"2*%e"4 + 2%a”bxcT3*d"4*e”2 + 6*xa”2%xbT4*cT2%d " 2%e
T4 - 16*%a”"3%b72xc”3*d"2*%e"4 + 8xa”3*b"3*%c"2%d"3xe”3 - 17*a"4xb"2*xcT2*xd " 4*e”
2 + 10*%a”"3xbxc”4*d*e”5 + 6*%a~4*xb"3*xc*kd"5*e + 2*%a~bxbxcT2*%d"b*e - 4*xa”2*xb"3x%
c"3*xd*e”5 - 4*xa”2*b 5*xcxd"3*%e”3 + 2*a~3xb "4kxc*d"4xe”2 + 12%a"4xbxc”3*d"3*e”
3))/c)*(=(b79%d"4 + b 4*d"4*(-(4*axc - b~2)75)"(1/2) + b~5*xc 4*e”4 + c 4x*xe”
4x(—(4*xaxc - b~2)75)"(1/2) + 80*a~4*xbxc~4*d"4 - 8*axb~3*c"5*xe"4 + 16%a~2xb*
cT6*%e”4 + 128*%a”"3xc”6*xd*e”3 - 128%a"4xc”5*d"3*%e - 4*bT6%c”3*d*e”3 + 61*%xa"2%*
b75*cT2xd"4 - 120%a”3*b"3*c”3*d"4 + a~2xc"2*%d"4*(-(4*axc - bT2)75)7(1/2) +
6xb7T7*cT2%d"2%e”2 - 13*%axb”~7*xcxd"4 - 4xb"8*ckd"3xe + 240%a”2*b"3*c"4*xd"2*xe”
2 + 6*%b72*xc”2xd"2xe"2x (- (4*a*xc - b~2)75)7(1/2) - 3*axb"2*c*d"4*(-(4*axc - b
~2)75)7(1/2) + 40*axb~4xc”4*d*e”3 + 48*axb"6xc"2xd"3xe - 4xb*c”3*kd*e”3x(-(4
xaxc — b72)75)7(1/2) - 4%b~3*c*d"3*kex(-(4d*xaxc — b"2)75)"(1/2) - 66*axb~bxc”
3*%d"2*%e”2 - 128%a”2%b72*c " 5*xd*xe”3 - 200*a"2*b"4*xc"3*xd"3xe - 288*a”3*xb*xc”5*d
“2%e”2 + 320%a”3*%b"2%c”4*xd"3*e - 6*axc”3kd"2xe"2*x(-(4*axc - b"2)75)7(1/2) +
8xaxb*xc"2xd " 3kex (- (4*axc - b~2)75)"(1/2))/(512*(256*%a"4*%c”9 + b~8*c”5 - 16
*a*xb”"6*%c”6 + 96*%a”"2xb"4*xc”7 - 256*a”3*b"2*c”8))) " (1/4))/(((((4*x*(4096*a"5*
bxc”6*%d"2 + 4096%a”4xb*c " 7Txe”2 + 256%a”3*xb"5*kc"4*d"2 - 2048*%a"4*xb"3*%c”5*%d"2
+ 256*%a”2xb"5*%xc b*e"2 - 2048%a”3*xb"3*%c"6*%e”2 - 16384*a"b*kc 7*d*xe - 1024*a”
3xb~4*xc bkdxe + 8192%a”4xb"2xc”6*xdxe))/c - ((-(b79%d"4 + b~4*xd”"4* (- (4*axc -
b~2)75)7(1/2) + b~b*c"4*e”4 + cT4xe"4x(-(4*axc - b72)75)7(1/2) + 80*a~4xb*
c”4*%d"4 - 8xa*b"3xc”bxe"4 + 16%a”2xb*c"6xe”4 + 128%a”3*xcT6*d*e”3 - 128*%a"4x*
c~b*d"3%e - 4*xb"6xc"3xd*e”3 + 61*%a"2%b"5xc"2xd"4 - 120*%a"3*b"3*%c"3*%d"4 + a”
2%c”2xd"4x (- (4*axc - b72)75)7(1/2) + 6%b"7T*xc"2*d"2*xe"2 - 13*axb~T7*cxd"4 - 4
*b"8*cxd"3*e + 240*a”2%b"3*c"4*xd"2%e”2 + 6*b T 2%xc”2xd"2%e” 2% (- (4*axc - b"2)"
5)7(1/2) - 3*axb™2xcxd~4x(-(4*a*xc - b"2)75)7(1/2) + 40*a*xb~4*c”4*d*e”3 + 48
*axb”"6*xc”"2*xd"3*%e — 4xbxc”3*d*e”3*(-(4*axc - b72)75)7(1/2) - 4*b"3*kckd"3*kex*(
-(4xaxc - b~2)75)"(1/2) - 66*axb”5xc”3*%d"2%xe"2 - 128%a”~2*%b"2*xc 5*d*e~3 - 20
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O*a~2%b"4xc”3xd " 3*%e — 288%a”3xb*c”bxd"2*%xe”2 + 320*%a"3*b"2*c"4*xd"3*%e - 6*a*c
~3*%d"2%e” 2% (- (d*axc — b~2)75)7(1/2) + 8*axbkxc~2*xd"3*ex(-(4*a*c - b"2)75)" (1
/2))/(512%(256*a"~4*c™9 + b~8*c”5 - 16*a*xb”6*xc”™6 + 96*a”~2xb"4*c”7 - 256*a”3*
b~2%c”8))) " (1/4)*(16384*a"5*xc " 8*e — 256*%a~2*%b~6xc 5*xe + 3072xa”3*b~4*c”6*e
- 12288*a"4*xb”"2xc"7*xe)*161)/c)*(-(b"9*d"4 + b~4*xd~4*(-(4*a*c - b~2)75)"(1/2
) + b75*cT4*e”4 + cT4*xe”4x(—(4xaxc - b”2)75)7(1/2) + 80*xa~4xb*xc”4*d"4 - 8*a
*b"3*%c"bxe"4 + 16*%a " 2xb*c"6%e”4 + 128%a”3xc”6*xdxe”3 - 128%a"4*xc"5*d"3%e - 4
*b"6*xc"3kd*e”3 + 61*a"2xb"5xcT2x%d"4 - 120*%a”3*b"3%c”3*%d"4 + a"2xc”"2%d"4* (—(
dxaxc — b72)75)7(1/2) + 6*b77T*xcT2xd"2xe”2 - 13*a*b”7*xc*xd"4 - 4xb"8*c*d"3*e
+ 240*%a”2*b"3%c"4xd"2%e”2 + 6*b72*xc”T2xd"2xe"2x (- (4*axc - b"2)75)7(1/2) - 3%
axb”2*xcxd"4*x (- (d*xaxc — b72)75)7(1/2) + 40*axb~4xc~4*d*e”3 + 48*axb~6xc”2xd”
3*ke - 4*xbxc”3xd*xe” 3% (- (4*a*xc - b"2)75)"(1/2) - 4*b~3*c*d"3*ke*x(-(4d*axc — b~2
)75)7(1/2) - 66*axb”5*%c”3xd"2*%e”2 - 128%a”2*b"2*c"5xd*e”3 - 200*a"2*b"4%c”3
*d"3%e - 288*a”3*bxc”"5xd"2%e”2 + 320*%a"3*b"2%c”4*xd"3*ke — B*axc 3*d"2xe”2* (-
(4xa*xc - b~™2)75)"(1/2) + 8*xaxb*xc™2+%d"3*e*x(-(4*axc - b~2)75)7(1/2))/(512*x(25
6*%a~4*xc”9 + b"8*c”5 - 16%a*xb”6xc”6 + 96*a”"2xb"4*xc”7 - 256*a”3*b~2%c”8))) (3
/4)*11 + (16%(a”"3*b"6*xd~5 - 4*a”6*%c”3*d"5 — 7*a~4*xb~4*c*d”5 + 4*a”~3*xbxc 5*e
5 - a”2*%b"7*xd"4d*e + 12%xa~4*c”5*xd*e”4 + 13*%a"b5xb"2%c”2+%d"5 - a"2*b"3kxc"4*e”
5 + 8%a”b*cT4*xd"3*%xe”2 - 6%a”2%b " 5*xcT2xd"2%xe”3 + 32*%a"3xb"3*c”3*d"2*%e”3 - 22
*¥a"3*%b74xcT2xd"3%e”2 + 22%a"4*b"2%c"3*xd"3%xe”2 + 4*a”3*b"5*xcxd"4xe - 20*%a”bx
b*c™3*d"4xe + 4*xa”2*%b"4*xc"3xd*xe"4 + 4*xa”2*%b"6*xcxd"3xe”2 — 19%xa”3xbT2*c T 4*xdx*
e”4 - 32*%a"4xbxc"4*xd"2xe”3 + 5*a”4*xb”"3xc"2xd"4*e) ) /c)* (- (b79*%d"4 + b"4*xd"4x
(-(4*a*xc - b"2)75)7(1/2) + b~5*c"4*e”4 + c 4*xe”4*x(—(4*xaxc - b~2)75)"(1/2) +
80*xa~4xbxc”4*d"4 - 8*xaxb~3kxc"b*xe"4 + 16xa"2%b*c”6*e”4 + 128%xa”3*c”6*d*e” 3
- 128%a"4*c"5*%d"3*xe - 4xb76*c”3*kd*e”3 + 61*%a"2xb"5xcT2xd"4 - 120*a”"3*xb"3*xc”
3*d"4 + a”"2xc"2xd"4* (- (4*a*xc - b72)75)7(1/2) + 6%b"T*cT2*xd"2*%e”2 — 13*axb”7
xckd~4 - 4xb"8*cxd"3ke + 240%a"2%b"3*xc"4*xd"2%e”2 + 6*b"2xc”2xd"2%e” 2% (- (4*a
*c - b72)75)7(1/2) - 3xaxb"2*c*d"4*(-(4d*axc — b~2)75)"(1/2) + 40*axb~4*xc"4x
d*e~3 + 48xa*b”~6xc”2*d"3%e - 4xb*c”3%d*e 3% (-(4*axc - b~2)75)"(1/2) - 4*b~3
*cxd"3*e*x (- (d*xaxc — b72)75)7(1/2) - 66*axb™5xc 3xd"2%e”2 - 128*a”2*b~2xc 5%
d*¥e”3 - 200*%a”"2xb"4*c”3*%d"3*%e - 288xa”3*b*c”5*d"2*%xe”2 + 320%a”3*b"2*c"4*xd"3
xe — 6*axc”3xd"2xe"2x (—(4*xaxc - b”"2)75)7(1/2) + 8*xaxbxc”2+%d"3*e* (- (4*axc -
b~2)75)"(1/2))/(512%(256*%a"~4*%c™9 + b~8*c~5 - 16%a*xb”~6xc”6 + 96*a " 2xb"4x*xc”7
- 256%a”3*b"2*%c”8))) " (1/4)*1i - (4*x*x(a"4*b"4*d~6 + 2*¥a~6*c”2*d"6 - 2*a”~3*c
“Bxe”6 - 4*a~bxb"2xc*d"6 - 2*xa”~3*b"5*xd"5xe + a”2%b"2xc"4*e”6 + a~2xb"6xd"4x
e”2 — 2%a"4*xcT4xd"2xe"4 + 2%a"bkcT3xd"4*xe”2 + 6%a”2*%b"4*xcT2xd"2xe”4 - 16*a”
3*%b72*%c"3%d"2xe"4 + 8*a”3*b"3*%cT2xd"3%e”3 - 17xa"4*b"2*c"2%d"4*xe”2 + 10*%a”3
*bxc"4*xd*e”5 + 6*%a~4*b"3*c*kd"b*e + 2*%a~b¥xbkxcT2*%d"b*e - 4*a”2xb"3xc”3*xdxe” 5
- 4%a~2%b"5xckd"3%e”3 + 2%a~3%b 4xc*d 4*e”2 + 12%xa”4xbxc”~3%d"3*e”~3))/c)*(-(
b~9*d~4 + b~4*d"4*(-(4*a*xc - b72)75)7(1/2) + b~5*c"4*e”4 + cT4xe"4x(-(4*axc
- b72)75)7(1/2) + 80*a~4xb*c~4*%d"4 - 8*axb~3*c"bxe"4 + 16*a”2xb*c 6xe”4 +
128*%a”~3*xc"6xd*e”3 — 128*a”4*xc”5xd"3%e — 4*b”"6*xc"3xd*xe”3 + 61*%xa”2xb"5*c”2*xd”
4 - 120*%a~3*%b"3%c"3*xd"4 + a~2*xc”2xd"4*x(-(4*xaxc - b"2)75)"(1/2) + 6xb"T*xc 2%
d"2xe”2 - 13%a*b”~7*c*xd"4 - 4xb " 8xc*kd"3xe + 240*%a"2*%b"3*%c"4xd"2*%e"2 + 6%xb”2x%
c72*xd"2%e"2x (- (4*a*xc - b72)75)"(1/2) - 3*axb”2xcxd"4*(-(4*a*xc - b~2)75)"(1/
2) + 40*axb~4xc”4*xd*e”3 + 48*axb " 6*xc”2xd"3*e - 4xbxc”3*kd*e 3% (-(4*axc - b~2
)75)7(1/2) - 4xb"3*xc*xd"3*xex (—(4d*xaxc - b~2)75)7(1/2) - 66*xa*xb”5xc~3*d"2xe"2
- 128%a”2xb"2*%c"b*d*xe”3 - 200*%a"2*%b"4*xc”3xd"3*%e — 288%a”3xb*c bxd"2*xe”2 + 3
20%a"3*%b"2*c"4*d"3%e - Bxaxc”3*d"2*%e”2x(—(4*axc - b"2)75)"(1/2) + 8*axbxc~2
*d"3*ex* (- (d*xaxc - b~2)75)7(1/2))/(512%(256*a~4*xc~9 + b~8*c”5 - 16*a*xb~6xc”6
+ 96%a”2%b~4*c”7 - 256%a”3%b"2%c78))) " (1/4)*1i - ((((4*x*(4096*a~b*xb*xc~6*d
T2 + 4096*a"4*xbxc"T7xe”2 + 256*%a”3*b"5*%xcT4xd"2 - 2048*%a"4xb"3*c”5%d"2 + 256%
a"2xb"b*c"bxe”2 - 2048*%a”3*%b"3*%c"6xe”2 - 16384*xa”"bxc " 7*xd*e - 1024*a”3*b"4x*c
“Bxd*e + 8192*%a”4*xb"2xc"6*d*e))/c + ((-(b"9*d"4 + b~ 4*d"4*(-(4*axc - b~2)75
)7(1/2) + b7bxc"4*e"4 + cT4*e”4x(-(4*xaxc - b~2)75)7(1/2) + 80*a~4xb*xc~4*xd"4
- 8%a*b”3*%c"b*xe"4 + 16*%a”"2xbxc”6%e”4 + 128*%a"3xc 6xd*e”3 - 128*%a"4*xc”5xd”3
*e — 4xDb76xc”3*%d*e”3 + 61%a”2*%b " 5*kc"2xd"4 - 120*%a"3*%b"3*%xc"3xd"4 + a"2*c”2*d
“4x (- (4*axc - b72)75)7(1/2) + 6*%b7T*cT2xd"2%e”2 — 13%axb”T*c*d"4 - 4*xb"8*cx*
d"3%e + 240%a"2*b"3*c"4xd"2*%e"2 + 6xb"2xc"2%d"2%xe" 2% (- (4*axc - b"2)75)"(1/2
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) — 3*axb”2*c*kd"4x (- (d*xaxc — b72)75)7(1/2) + 40*axb~4*xc"4xd*e”3 + 48*axb 6%
c"2*%d"3*e - 4*bkxc " 3*kd*e"3x(—(4xaxc - b"2)75)"(1/2) - 4xb"3*c*kd"3*e* (- (4d*axc
- b72)75)7(1/2) - 66*a*xb~5*c”3*d"2*e”"2 — 128*a”2*%b"2*c”5*d*e”3 - 200*a~2xDb
T4xc”3xd"3xe — 288*a”3*xbxc”5xd"2xe”2 + 320*%a”3*%b"2*xc"4xd"3%e — 6*xaxc”3xd"2x
e 2+ (-(4*axc - b72)75)7(1/2) + 8*axb*xc™2xd"3*xex(-(4*a*xc - b~2)75)"(1/2))/(5
12% (256*%a~4*c™9 + b~8xc”5 — 16*a*xb~6*c”6 + 96%xa~2%b"4*xc”7 - 256%a”~3*%b"2*c”8
1))~ (1/4)%(16384*a"~b*xc " 8%e - 256%a”2%b~6*c bxe + 3072*a”3xb"4*xc 6*xe - 12288
*a"4*xb"2xc"T*e) *161) /c) * (- (b79*%d"4 + b~ 4*xd"4*x(-(4*xa*xc - b~2)75)"(1/2) + b”5
*c"4%e”4 + cT4xe4x(-(4xaxc - b"2)75)7(1/2) + 80xa~4xb*xc”4*d"4 - 8*xaxb"3xc”
bxeT4 + 16*xa”2xb*c”6*e”"4 + 128%xa”3*xc”6*d*e”3 - 128%a"4xc”5*xd"3*e - 4*xbT6*c”
3xd*e”3 + 61*%a”"2xb"5xc"2*%d"4 - 120*%a~3*b"3xc"3*d"4 + a~2%c”2xd"4* (- (4*axc -
b~2)75)7(1/2) + 6%b"T7*xc"2xd"2%e”2 — 13%axb”7*c*d"4 - 4*xb"8*cxd"3xe + 240%*a
T2*%bT3%cT4*dT2%e”T2 + 6xbT2*xcT2xd"2*%e" 2% (—(4xaxc - b"2)75)7(1/2) - 3*axb”2x*c
*d"4x* (- (4*xaxc - b72)75)7(1/2) + 40*a*xb”4*xc 4*xd*xe”3 + 48*a*xb~6%xc”2*d"3*e - 4
*b*c”3*d*e " 3* (- (d*axc - b72)75)7(1/2) - 4*xb~3*xcxd"3*ex(-(4*a*xc - b~2)75)" (1
/2) — 66*axb~5*xc"3x%d"2*%e”2 - 128*a”2*b"2*c"5*xd*e”3 - 200*a”2*xb~4*c”3*d"3*e
- 288%a”3*xbxc”5xd"2%e”2 + 320*%a~3*%b"2xc"4*xd"3*e — 6*axc”3*xd"2xe 2% (—(4*axc
- b72)75)7(1/2) + 8*axb*xc”2xd"3*ex(-(4*xaxc - b~2)75)7(1/2))/(512x(256*a~4*c
"9 + b78*c”5 - 16*%axb"6*xc”6 + 96%a”2%b"4xc”7 - 256*a~3*b"2*xc”8))) " (3/4)*1i
- (16*%(a"3*b~"6*xd"5 - 4*a~6*c~3*d"5 - T*a"4*xb~4xcxd”5 + 4*a”3*b*c"5*e”5 - a”
2xb77*d"4*e + 12%a"4*c " 5*xd*xe”4 + 13*%xa"bxb72*%c”2*%d"5 - a"2xb"3*%c"4*e”5 + 8xa
TExcT4xdT3%e”2 — 6*%a”2%xb7hkcT2*%d"2xe”3 + 32%a”3xb"3xc”3*d"2%e”3 - 22*%a”~3%b”
4xc”2xd"3%e”2 + 22%a"4*b"2*xc”3*d"3*e”2 + 4*a~3*b " 5kckd"4*e - 20*a~5xbxc”3*d
“4xe + 4xa”2xb74*c”3*d*e”4 + 4xa”2%b76*c*kd"3*%e”2 - 19*%a”"3*xb"2xc"4*d*e”4 - 3
2%a~4*bxc”4*xd"2%xe”3 + 5xa~4xb"3*xc”2*xd"4x*e) ) /c)*(—(b79*%d"4 + bT4*xd"4x*x (- (4*xax
c - b"2)75)7(1/2) + b~5*c"4*xe”4 + c 4dxe"4x(—(4*xaxc - b"2)75)7(1/2) + 80xa"4
*bxc"4*xd"4 - 8*axb~3*%c"b*¥e"4 + 16*a”"2%bkxc 6*%e”4 + 128*%a"3xc 6xd*e”3 - 128%a
“4xcT5*xd"3%e - 4*bT6*c”3*%d*e”3 + 61*%xa"2*%b"5*xc"2x%d"4 - 120%a"3*b"3*%c"3*%d"4 +
a~2xc”2*xd"4x (- (4d*xa*xc - b72)75)7(1/2) + 6*b"T*c”2xd"2*e”2 - 13*axb”7*xcxd"4
- 4xb"8*c*d"3xe + 240*a"2xb"3*c"4*d"2%e”2 + 6*xb 2xc”2xd"2*e 2% (- (4*a*c - b~
2)75)7(1/2) - 3*axb"2xcxd"4*(-(4*a*c - b~2)75)7(1/2) + 40*axb~4*c 4*xd*e”3 +
48*%a*xb"6xc"2xd"3%e - 4*bkc " 3kd*e"3*(—(4*xaxc - b"2)75)7(1/2) - 4*xb"3xc*xd"3*
ex(—(4*axc - b"2)75)7(1/2) - 66%a*xb~bxc " 3xd"2%e”2 - 128*%a~2*b~2*c " 5xd*e”3 -
200*%a"2*%b"4*c"3*%d"3xe — 288*a”3xb*c 5*d"2%e”2 + 320%a”3*xb"2*c"4*d"3%e - 6%
a*xc”3*d"2*xe” 2% (- (4d*xaxc - b~2)75)7(1/2) + 8*axbxc~2xd"3*ex(-(4*a*c - b~2)75)
~(1/2))/(512%(256*a~4*c™9 + b~8%c”5 — 16*a*xb~6*c”6 + 96*%a~2*%b"4xc”7 - 256%*a
“3%b72%c78))) " (1/4)*1i - (4*x*x(a"4*b"4*xd"6 + 2*xa"6xc”2*%d"6 - 2*a”~3*c 5*e”6
- 4*%a"b*b"2%c*kd"6 - 2%a”3*xb"5*d"b*e + a"2xb"2*%c"4*e”6 + a"2*%b"6xd"4*xe”2 - 2
*a"4d*xcT4xd"2xe”4 + 2*%a”"bxc”T3xd"4*e”2 + 6%a”2xb"4*xcT2*%d"2%e”4 - 16*a”3*xb"2%c
T3xd"2*%xe"4 + 8%a”3*%b"3*%c"2xd"3%e”3 - 17*xa"4xb72*c”2*xd"4*e”2 + 10*a”3xbkxcT4x
d*e”5 + 6*%a~4xb"3xc*xd"5*e + 2*%a~bxbxcT2*%d"5%e - 4*xa”2*xb"3xc”3*d*e”5 - 4*xa”2
*b"5*xc*d"3*%e”3 + 2*a"3*b"4*xc*d"4*e”2 + 12*a”4*xbxc"3*d"3%e”3))/c)*(-(b"9*d"4
+ b74*xd"4x (- (4*a*xc - b"2)75)7(1/2) + b"5xc"4*xe”4 + c 4*e”4x(-(d*xaxc - b"2)
~5)7(1/2) + 80*a~4*xbxc~4*d~4 - 8xa*b”3*kc"5*e”4 + 16*a"2*b*xc”6%e”4 + 128*a”3
*CcT6xd*xe”3 - 128%a"4*c”5*d"3*xe - 4xb76*c”3*d*e”3 + 61*%a”"2xb"5bxc"2xd"4 - 120
*a"3%b7"3*%c"3*d"4 + a"2xc”2*%d"4* (- (4*axc - bT2)75)7(1/2) + 6*b7T7*xcT2xd"2xe”2
- 13%axb”7*c*d"4 - 4*xb~8*xcxd"3xe + 240*a”2*xb"3xcT4*xd"2%e”2 + 6*xbT2xcT2xd"2
xe" 2% (- (4*axc — b72)75)7(1/2) - 3*axb™2*xcxd"4*x(-(4*a*xc - b"2)75)"(1/2) + 40
*axb 4*xc " 4xd*e”3 + 48*axb"6*c”2*%d"3*%e - 4*xbkxc~3xd*e” 3% (-(4*a*xc - b"2)75)" (1
/2) — 4%b”3xc*d"3*xex(-(4xa*c - b"2)75)7(1/2) - 66*xa*xb”5xc”3*d"2%e”2 - 128*a
T2%b72%xcTbxd*xe”3 - 200*%a”2*xb"4*xc”3*%d"3%e — 288*%a”3xbxc”5*xd"2*e”2 + 320*%a” 3%
b"2*cT4*xd"3%e - 6B*axc”3*kd"2*xe”"2x(—(4*xaxc - b"2)75)7(1/2) + 8*xaxbxcT2*%d"3*e*
(—(4xaxc - b~2)75)7(1/2))/(512%(256*a~4*%c”™9 + b~ 8*c~5 - 16*axb~6*xc”6 + 96*a
~2%b~4xc”7 - 256%a”3%b"2%c”8))) "~ (1/4)*1i))*(-(b"9%d"4 + b~ 4xd~4x (- (4*axc -
b~2)75)7(1/2) + b~5*xc"4*xe”4 + cT4dxe"4*x(—(4*axc - b"2)75)7(1/2) + 80*a~4x*xbxc
T4xd"4 - Bxaxb”3*%c”hb*e"4 + 16*a”2*xbxcT6*%xe”4 + 128*a”3*xc " 6*xd*xe”3 - 128*a"4*c
“5xd"3*%e - 4xbT6*c”3*d*e”3 + 61*%a"2xb"5xc”2xd"4 - 120*%a”"3*b"3*xc”3*%d"4 + a"2
*c72+%d74* (- (d*xaxc — b72)75)7(1/2) + 6*xb7T*xc"2xd"2*xe”2 - 13*a*xb”7*xcxd"4 - 4%
b~ 8*c*xd"3%e + 240%a”2xb"3*c"4*d"2%e"2 + 6xb " 2xc"2*%d"2xe" 2% (- (4*axc - b"2)75
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)7 (1/2) - 3*a*xb”2*xckd"4*x(—(4*xaxc - b~"2)75)"(1/2) + 40*axb~4*c”4*d*e”3 + 48%
axb”6*c”2*xd"3*e — 4xbxc”3*%d*e”3*%(-(4*axc - b"2)75)"(1/2) - 4*b"3*xc*kd"3kex (-
(4*a*xc - b72)75)7(1/2) - 66*%a*xb~b*xc”3*xd"2*xe”2 - 128%a”2%b~2*c 5xd*e”3 - 200
*a"2*%b74xc"3xd"3%e — 288*%a”3xbxc”bxd"2%e”2 + 320*%a"3xb"2*%c”4*d"3*e - 6*axc”
3*xd"2*xe 2% (= (4*xaxc - b72)75)7(1/2) + 8*axbxc~2xd " 3*ex(-(4*a*xc - b~2)75)~(1/
2))/(512%(256*a"4*xc”9 + b~8*c”5 - 16*%a*xb”6xc”6 + 96%a”2xb~4xc”7 - 256%a~3*b
~2xc”8))) " (1/4) + 2*atan((((((4*xx*(4096*a”5xb*c~6*%d~2 + 4096%a~4*xbxc”~7*e"2
+ 256%a”"3xb"5*xcT4*d"2 - 2048%a"4xb"3*%c”b5*d"2 + 256%a”2xb"5xc”b*e”2 - 2048%a
“3*%b73%xcT6xe”2 - 16384*a”5*xc”T7xdxe — 1024*xa”3%b"4*c”5*xd*e + 8192*%a”"4*xb"2*xc”
6*xd*e))/c - ((=(b79*d"4 - b~ 4*d"4*(-(4*axc - b~2)75)7(1/2) + b~ b*c ™ 4*e”4 -
c"4xe"4x (- (4*a*xc - b"2)75)7(1/2) + 80*a~4*b*c”4*xd"4 - 8*xaxb~3*xc"5*xe”4 + 16%
a~2xbxcT6*xe”4 + 128*%a”3*%c 6*d*e”3 - 128*a"4*xc 5xd"3*%e — 4*xbT6*c"3*%d*e”3 + 6
1*%a~2*b"5%xc”2*%d"4 - 120*%a”3%b"3*c"3*d"4 - a"2*xc”2*xd"4*x(-(4xaxc - b~2)75)" (1
/2) + 6*¥b77xc”2xd"2%e”2 - 13*axb”7*xcxd"4 - 4*b~8*c*xd”"3*e + 240%a”2*b"3*c”4x*
d"2*%e”2 - 6xbT2xc”2xd"2%e" 2% (- (4*axc - b72)75)7(1/2) + 3*axb " 2*kckxd"4x*x(-(4*a
*c - b72)75)7(1/2) + 40*a*xb~4*xc”4*d*e”3 + 48*axb"6xc”2+%d"3*e + 4xbxc”3xdxe”
3k (-(4d*xaxc — b~2)75)7(1/2) + 4*b~3*cxd"3xex(-(4*a*xc - b~2)75)"(1/2) - 66%*a*
b~5*xc™3xd"2*%e"2 - 128*%a"2*b"2*xc"5xd*e”3 - 200*a”"2xb"4*xc”3*d"3*%e - 288*%xa”3*Db
*Cc"5*d"2%e”2 + 320*%a"3xb"2%c"4*d"3*e + 6kxaxc”3xd"2xe” 2% (- (4*a*c - b72)75)7(
1/2) - 8xaxbxc~2*d" 3*xex (-(4dxaxc - b~2)75)7(1/2))/(512x(256*a~4*c”™9 + b~ 8*xc”
5 - 16%a*xb”6*xc”6 + 96*a”~2*%b"4*xc”7 - 256*a”3*b"2*c"8))) " (1/4)*(16384*xa~5*c”8
xe — 256*a”2*b"6*xc"bxe + 3072*a"3*b 4*xc"6xe — 12288*a~4*b"2*c”T*e)*161i)/c)*
(-(0"9%d"4 - b 4*xd"4*x(-(4*axc - b~2)75)"(1/2) + b"b*xc"4*xe~4 - c 4*xe”4*(-(4x*
axc - b72)75)7(1/2) + 80xa~4*b*c”4*d"4 - 8*axb~3xc"5xe”4 + 16*a”2*b*c " 6*xe”4
+ 128*a”3*%c”"6*xd*xe”3 - 128*a"4*c"5xd"3xe - 4*xb"6*c " 3*xd*e”3 + 61*%a"2xb"5xc”2
*d"4 - 120*%a”3*b"3*c"3*%d"4 - a"2*c”2*xd"4x(-(4*xaxc - b~2)75)7(1/2) + 6*xb"T*c
T2xd72%xe”2 - 13k%axb”T7xc*kd"4 - 4xb78xc*xd"3ke + 240*a”"2%b"3kxc 4*xd"2*e”2 - 6%b
"2%cT2%d72%e" 2% (—(4*xaxc - b72)75) " (1/2) + 3*axb"2xc*xd"4*(-(4*axc - b"2)75)"
(1/2) + 40*axb~4*c~4*d*e”3 + 48*a*xb~6xc”2*%d"3xe + 4xb*c”3*xd*e”3*x(-(4*a*xc -
b~2)75)7(1/2) + 4%b~3*c*xd"3*xex(-(4*axc - b~2)75)"(1/2) - 66%axb”~5*xc~3*d"2x*e
T2 - 128%a”2xb72*c”h*kd*e”3 - 200*%a"2%b"4*c”"3*d"3*xe - 288*a”3*b*xc 5xd"2*xe”2
+ 320*%a"3*b"2*xc"4*d"3*e + 6*axc”3kd"2xe"2x (- (4*axc - b72)75)7(1/2) - 8xaxb*
c"2*xd"3*ex (- (4*xaxc - b~2)75)7(1/2))/(512%(256*a~4*c”™9 + b~8*c”5 - 16*a*xb~ 6%
CT6 + 96%a”~2*b~4*c”7 - 256*%a”3*b"2%c”8))) " (3/4)*1i + (16%x(a”3*b"6*d"5 - 4x*a
“6xc"3*d"5 - Txa"4xb"4*c*xd”5 + 4*a”3*bxc”5*e”5 - a"2xb”"7*d"4xe + 12*%a"4*c”5
*dxe"4 + 13%a~5xb"2xc”2+%d"5 - a”2*b"3*c"4*e”5 + 8*a~bxcT4*d"3*e”2 - 6*a”2%Db
ThkcT2xdT2%xe”3 + 32%xa”3%b73*%c”3*%d"2*%e”3 - 22*%a"3xbT4xcT2*%d"3*%e”2 + 22*%a"4x*b
T2xcT3*%d"3%e”2 + 4xa”3xb"bkckxd"4*xe — 20*%a"b¥bkxcT3*%d"4%xe + 4*xa”2xb"4xc”3*kd*e
T4 + 4xa”2*%b76*ckd"3*%e”2 - 19*%a"3*%b"2%c " 4xd*e”4 - 32*%a"4*bxcT4*d"2*%e”3 + 5x
a~4xb”3*xc"2+%d"4*e)) /c) * (- (b"9*%d"4 - b~4*xd"4*x(-(4*axc - b"2)75)7(1/2) + b~bx
c"4%xe”4 - cT4xe"4x(-(4*axc - b"2)75)7(1/2) + 80*a"4xb*c”4*xd"4 - 8*axb~3%c”5
*e"4 + 16*%a”2*xbxc"6*xe”4 + 128*%a”3*%c 6*xd*xe”3 - 128*a"4*c"5%xd"3xe - 4*¥b"6%c”3
*d*e”3 + 61xa”2xb"5*xc”2*%d"4 - 120%a”3%b"3*c"3*d"4 - a"2xc”2*xd"4* (- (4xaxc -
b"2)75)"(1/2) + 6%b"T7*c"2xd"2*e”2 — 13*axb~T*c*d"4 - 4*xb"8*cxd"3*e + 240%a”
2%b73*%c74*d"2%e”2 — 6xbT2%cT2+xd"2*%e 2% (—(d*xaxc - b72)75)7(1/2) + 3*kaxbT2xcx
d~4x(-(d*xaxc — b~2)75)7(1/2) + 40*axb”™4*xc~4xdxe”3 + 48*a*b”6*xc”2xd"3*xe + 4x
bxc~3xd*xe~ 3% (- (4*a*xc - b72)75)7(1/2) + 4*b~3*c*d"3*kex(-(4d*xaxc - b~2)75)"(1/
2) — 66*axb~5*xc”3xd"2*%e”2 - 128%a”2%xb"2%c"bxd*e”3 - 200*%a”2*b"4*c”3*xd"3*e -
288*%a~3*bxc~5*xd"2%e"2 + 320*%a~3*b"2%xc"4*xd"3*e + 6kxakxc”3xd"2*xe” 2% (- (4*axc -
b~2)75)"(1/2) - 8*axbxc~2xd"3*ex(-(4*xaxc - b~2)75)"(1/2))/(512x(256%a~4*xc™
9 + b78%c”5 - 16%a*xb”6*c”6 + 96%a~2%b"4*c”7 - 256%a”~3xb"2xc"8))) " (1/4)*1i -
(Axx* (a~4*b~4*%d"6 + 2*%a~6xc"2xd"6 - 2*¥a~3*c”5*e”6 — 4*a"5xb"2*xc*d"6 - 2*a”
3*b"5*%d"bxe + a"2*%b"2*%c"4%xe”6 + a"2xb"6*xd"4*e”2 — 2%a"4xcT4*xd"2*%e"4 + 2%a”h
*Cc"3*%d"4xe”2 + 6*%a"2%b"4xcT2xd"2*%e"4 - 16*%a”3*%b"2*%c"3*%d"2*xe"4 + 8*a~3*xb~3*c
"2%d"3%e”3 - 17*a"4*xb"2xc"2*%d"4*e”2 + 10*a”~3*bxc"4*d*e”5 + 6%a”4*xb~3kckd"5*
e + 2%a”b*b*xcT2xd"bxe - 4%a”2*b " 3*%c"3xd*xe”5 - 4*a”2*b"5*xcxd"3xe”3 + 2*a”3*b
“4xckxd"4*e”2 + 12*%a"4xbxc”3+%d"3%e73)) /c)*(—(b79*%d"4 - b~4*xd"4* (- (4*xaxc - b~
2)75)7(1/2) + b b*xc"4*xe”4 - c"4xe”4*(-(4*xaxc - b72)75)7(1/2) + 80*a"4x*xb*xc”4
*d"4 - 8xa*b"3*%c"bxe"4 + 16%a”2xb*c 6xe”4 + 128%a”3xc”6*kd*xe”3 - 128*%a"4*c”5
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*d"3%e - 4*b"6*%c”3xd*e”3 + 61*%a"2*%b"bxc"2xd"4 - 120*%a"3*%b"3*%c"3*xd"4 - a"2*c
~2%d74* (- (d*axc — b~2)75)7(1/2) + 6*xb"7*xc"2xd"2*xe"2 - 13*a*b”7*xckxd"4 - 4xb”
8*cxd"3*e + 240*a”2*b"3%c”4*xd"2%e”2 - 6*bT2%c”2xd"2%e” 2% (- (4*axc - b~2)75)"
(1/2) + 3*a*xb™2*xcxd"4*x(-(4*xaxc - b~2)75)7(1/2) + 40*axb~4xc~4*d*e”3 + 48*ax
bT6xc"2xd"3%e + 4xb*c”3*kd*e”"3*(—(4d*xaxc - b~2)75)7(1/2) + 4*xb"3xcxd"3*ex(-(4
xaxc — b72)75)7(1/2) - 66%axb”b*xc " 3xd"2%e”2 - 128*%a”2*b"2%c " 5xd*e”3 — 200*a
T2%xb74xcT3*%d"3%e - 288*%a”3*%bxcT5*xd"2*%e”2 + 320*%a”"3xb"2xc”4*d"3%e + 6*akxc”3x*
d"2xe" 2% (- (4*axc - b~2)75)7(1/2) - 8xaxbxc™2*d"3xe*(-(4*a*c - b~2)75)"(1/2)
)/ (512%x(256*%a~4*c”™9 + b~8*c”5 - 16*a*b”6*xc”6 + 96*a"2%¥b"4*xc”7 - 256*a”3*b"2
*c78))) " (1/4) + ((((4*xx(4096*a~b*b*c™6*d"2 + 4096*a~4*b*c~7*e”2 + 256%a” 3%
b~b5*xc74xd"2 - 2048*a"4*b"3xc”"5xd"2 + 256*%a”2*%b"5*c"bxe”2 - 2048*%a”3*%b"3*c”6
*e72 - 16384*a”bxc 7xd*xe - 1024*a”3*b"4*xc 5xd*e + 8192*a~4*b"2*c”6*d*e))/c
+ ((-(b79*%d"4 - b~ 4*d~4x(-(4d*xa*xc - b~2)75)7(1/2) + b~5*xc"4*e”™4 - c 4xe"4x(-
(4xa*xc - b~"2)75)"(1/2) + 80*a~4*b*c~4*d"4 - 8*axb~3*xc"5xe”4 + 16*a”2*b*xc 6%
e”4 + 128*%a”3*%c " 6xd*xe”3 - 128*a"4*c"5%xd"3xe - 4*xbT6*c " 3*d*e”3 + 61*a"2xb"bx
c”2%d"4 - 120%a"3*b"3*%c”3*d"4 - a~2*xc"2*%d"4x*x (- (4*axc - b"2)75)"(1/2) + 6%b”
T*c™2%d"2xe”2 — 13%axb”7*cxd"4 - 4*b~8*c*xd"3*e + 240*%a”2%b"3*%c"4*d"2%xe”2 -
6*%b"2%c”2xd"2%e" 2% (- (4*xa*xc - b"2)75)"(1/2) + 3*axb"2*c*d"4*(-(4*xaxc - b~2)"
5)7(1/2) + 40*axb™4*xc~4xd*e”3 + 48*a*b”~6xc”2xd"3xe + 4xb*xc”3*kd*e” 3k (- (4*axc
- b72)75)7(1/2) + 4%b~3xc*d”"3xex(-(4*xa*c — b"2)75)7(1/2) - 66xa*xb~bxc”3*xd”
2xe72 — 128*%a”2*xb"2xc"bxd*e”3 - 200*%a”"2xb"4xc”3*%d"3*e - 288*a~3xb*c”5*xd " 2*e
"2 + 320%a”3*b"2*c"4*xd"3%e + 6*a*xc”3kd"2xe"2x(—(4*xaxc - b"2)75)7(1/2) - 8*a
*bxc”2xd"3*xex (- (4*axc - b72)75)7(1/2))/(512%(256%a~4*c”9 + b 8*c~5 - 16*axb
T6xCcT6 + 96%a”2%b"4*c”7 - 256*a~3*b"2xc”8))) " (1/4)*(16384*a"5*xc"8*e - 256%a
“2*%b76*c”5*xe + 3072%a"3*b"4*c"6xe - 12288*a"4xb”2xc T*e)*161)/c)*(-(b"9*xd"4
- b74*xd"4*x (-(4*xaxc - ©72)75)7(1/2) + b bxc"4xe”4 - cT4*xe”4x(-(4d*xaxc - b"2)
~5)7(1/2) + 80*a"4*xbxc~4*d~4 - 8xa*b”3*c"5*e”4 + 16*a"2%b*c”6%e”4 + 128*%a”3
*CcT6*d*e”3 - 128*%a"4*c 5xd"3%e — 4xbT6*xc”3*kd*xe”3 + 61%a”2xb"5*xc”2*%d"4 - 120
*a"3*b"3*c"3%d"4 - a"2*xc"2*%d"4x(-(4d*xaxc - b72)75)7(1/2) + 6*bTT*cT2xd"2*e”2
- 13*%axb”7*c*d"4 - 4*xb"8xcxd"3xe + 240*a”2xb"3kc"4*xd"2%e”2 - 6*xb"2xc"2xd"2
*e” 2% (- (4*axc - b72)75)7(1/2) + 3*axb™2*xcxd"4*x(-(4*a*xc - b~2)75)7(1/2) + 40
*axb 4*xcT4xd*e”3 + 48*axb"6*c”2%d"3*%e + 4xbxc"3xd*xe”3*(-(4*a*xc - b72)75)" (1
/2) + 4*xb"3*xckd"3xex(—(4*axc - b"2)75)7(1/2) - 66xaxb~5*xc”3*d"2*e”2 - 128*a
T2xpT2%xcTh*kd*xe”3 - 200*%a"2*%b"4*c"3xd"3*e — 288%a”3xb*c 5*xd"2xe”2 + 320*%a”3x*
b~2*cT4*xd"3%e + 6*a*xc”3*d"2*xe”"2x(—(4*xaxc - b"2)75)7(1/2) - 8*axbxc~2*%d"3xe*
(=(4*a*xc - b72)75)7(1/2))/(512x(256*a"4*c™9 + b~8*c”™5 - 16*axb~6*c”6 + 96*a
“2%b"4xc”7 — 256*%a~3*%b"2x%c”8)) )~ (3/4)*1i - (16*(a"3*%b"6*xd"5 — 4*xa”6xc”3*d”5
- 7*a"4*xb"4*c*xd”5 + 4*a”3xb*c 5%e”5 - a"2%b"7xd"4*e + 12*%a"4*xc bxd*e”4 + 1
3*%a " 5xb"2*xc"2*%d"5 - a”2%b"3*c"4*e”5 + 8*a~bxc~4*%d"3*e”2 - 6*a”2%b"5kxc"2*xd"2
*¥e”3 + 32*%a"3*%b"3xc"3xd"2%e”3 — 22%a”3*%b"4*xcT2xd"3%e”2 + 22*%xa"4xb"2*c”3*d"3
*e”"2 + 4xa”3xb"5*c*kd"4*e - 20*a”5*xbxc”3xd"4xe + 4*xa”2*%b"4*xc"3xdxe”4 + 4*a”2
*b76kckd"3xe”2 — 19%a”3xbT2*%c"4*d*e”4 - 32*%a"4*xbxcT4xd"2%e”3 + 5*xa~4*xb"3xc”
2%d"4xe)) /c)*(-(b"9%d"4 - b~ 4*xd~4*x(-(4*axc — b"2)75)"(1/2) + b~ 5*xc"4*xe"4 -
c"4xe~4x (- (4*a*xc - b72)75)"(1/2) + 80*a"4*b*c"4*xd"4 - 8S8xaxb~3*kc"5*xe”4 + 16%
a~2xb*c”6*%e"4 + 128%a"3*xc”6*d*e”3 - 128%a"4xc”5*xd"3*e - 4*xb"6xc”3*d*e”3 + 6
1*%a~2*b"5*xc”™2*%d"4 - 120%a”3%b"3*c"3*d"4 - a"2xc”2xd"4*(-(4*xaxc - b"2)75)" (1
/2) + 6*%b77xc”2xd"2%e”2 - 13*axb”7xcxd"4 - 4xb"8*c*xd"3*xe + 240%a”2*b~3*c”4x
d"2*%e”2 - 6xb"2xc"2x%d"2%e" 2% (- (4*axc - b"2)75)7(1/2) + 3*a*xb " 2*xcxd"4x*x (- (4*a
*c - b72)75)7(1/2) + 40*axb~4*c”4*d*e”3 + 48*axb"6xc”2+%d"3*e + 4xbkxc”3kdxe”
3k (=(4*axc - b72)75)7(1/2) + 4%b~3*cxd"3*ex(-(4d*xaxc - b~2)75)7(1/2) - 66*ax
b75*%c"3*xd"2xe”2 - 128*%a”2*xb"2xc b*xd*e”3 - 200*%a"2xb"4*c”3*d"3*e - 288%a”3%*b
*C75*xd72%e”2 + 320*%a"3%b"2%c"4*d"3*e + 6kxaxc”3xd"2xe” 2% (- (4*a*c - b72)75) 7 (
1/2) - 8xaxb*c™2+%d"3*e*x(-(4d*axc — b~2)75)7(1/2))/(512*(256*a"~4*c~9 + b~8*c”
5 - 16%a*b~6%c”6 + 96%a”2%b"4*c”7 - 256%a~3%b"2xc”8))) " (1/4)*1i - (4xx*x(a~4
*b~4%d"6 + 2*%a"6xc”2*%d"6 - 2*a”3*c”5b*e”6 - 4*a~bxb"2xc*d"6 - 2%a " 3*b~5*xd"b*
e + a"2*b"2%cT4*e”6 + a"2xb"6*xd"4*e”2 - 2%a"4*xcT4xd"2%e”4 + 2*a~bkxc " 3*d " 4xe
T2 + 6*%a”2xbT4xcT2*%d"2*%e"4 - 16*%a”3*b"2xc"3xd"2%e"4 + 8*%a~3xb"3xc”2*%d"3*e” 3
= 17*a"4xb"2*%c”2*%d"4*e”"2 + 10*a”~3*xbxc 4xd*e”5 + 6*a”"4*xb"3xcxd"b*xe + 2%a 5%
bxc™2*%d"b*e - 4*a”2%b"3xc”3*xd*e”5 - 4*xa"2*%b"b*c*kd"3*%e”3 + 2*%xa”3*xb"4*kckxd " 4x*e
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“2 + 12%a"4xb*c”3*%d"3*e”"3)) /c)*(—(b"9%d"4 - b~ 4xd"4x(-(4xaxc - b"2)75)"(1/2
) + b75*xc"4*xe”4 - cT4*xe”4x(—(4xaxc - b"2)75)7(1/2) + 80*a~4xb*xc"4*d"4 - 8*a
*¥b"3*%c"hbxe"4 + 16*%a”2xb*xc”6%e”4 + 128*%a"3kxc”6*d*e”3 - 128*%a"4*xc”b*xd"3*%e - 4
*b"6xc 3kd*e”3 + 61*xa”2xb"5*kxcT2x%d"4 - 120*a”"3*%b"3*c”3*d"4 - a"2xc”2*xd"4* (—(
dxaxc — b72)75)7(1/2) + 6*b77T*xcT2xd"2xe”2 - 13*a*b”7*xcxd"4 - 4xb"8*c*d"3*e
+ 240*%a"2*b"3*c"4*xd"2%e”2 - 6*b72*cT2xd"2xe" 2% (- (4*a*c - b72)75)"(1/2) + 3%
axb”2*ckd"4*x (- (4d*xaxc — b72)75)7(1/2) + 40*axb~4*xc~4*d*e”3 + 48*axb~6xc”2xd”
3*e + 4xbxc”3*kd*e"3*k(-(4*axc - b"2)75)7(1/2) + 4*xb~3*kcxd"3*kex(-(4*axc - b2
)75)7(1/2) - 66*a*xb™5xc”3*xd"2xe”2 - 128*a”2*b”"2*c 5xd*e”3 - 200*a”2*b"4*c”3
*d"3%e - 288*a”3xbxc”5xd"2*%e”2 + 320*%a”3*b"2*xc”4*xd"3*ke + Bkaxc 3*xd"2xe”2x (-
(d*xaxc — b72)75)7(1/2) - 8xaxbxc™2*xd"3xex(-(4*a*xc — b"2)75)"(1/2))/(512%(25
6*xa”~4*xc”9 + b~8%c”5 - 16%axb”~6%c”6 + 96%a~2%xb~4xc”7 - 256%a”3%b"2%c"8))) "~ (1
/4))/ (((((4xx*(4096*a~5xb*xc”™6xd~2 + 4096*a”4xb*c”~7xe”2 + 256*a~3*%b~5*xc~4*d™
2 - 2048*%a”4xb"3*%c”5*d"2 + 256*%a"2%b"5*c " 5*e"2 - 2048*a”"3*xb"3xc"6*%e”2 - 163
84*a”5xc” 7xdxe - 1024*a~3*b"4*xc " 5xd*e + 8192%a~4*b"2*xc”6*xd*e))/c - ((-(b~9%
d"4 - b74*xd"4x(-(4*a*xc - b"2)75)7(1/2) + b"5xc"4*e”4 - cT4*xe"4*x(-(4d*xaxc - b
~2)75)7(1/2) + 80*a”~4xbxc~4*%d"4 - 8*axb"3kc"b*e"4 + 16%a"2xb*c”6*e”4 + 128%
a~3*%cT6*d*xe”3 - 128*%a"4*c 5*%d"3xe - 4xb"6xc”3*kd*e”3 + 61*%a"2xb " 5xc”2*xd"4 -
120*%a~3%b"3%c"3*%d"4 - a~2*xc”2xd"4x(-(4xa*xc - b~2)75)7(1/2) + 6*xbTTxcT2*xd"2%
e”2 - 13xaxb”7xc*d"4 - 4*xb"8xcxd"3xe + 240*a”2*xb"3xcT4xd"2%e”2 - 6*%bT2xcT2x%
d"2*xe” 2% (= (4*xaxc - b72)75)"(1/2) + 3*axb"2xcxd~4*(-(4*a*c - b~2)75)"(1/2) +
40*a*xb~4*xc"4xd*xe”3 + 48*a*b”6xc”2xd"3*e + 4xb*xc”3*d*e”3*(-(4*axc - b~2)75)
~(1/2) + 4*b"3*cxd"3xex (- (4*a*xc - b"2)75)"(1/2) - 66*a*xb”5*xc " 3*d"2*e”2 - 12
8*a”"2*%b"2xc"bxd*xe”3 - 200*a”2*xb"4*xc”3xd"3*%e — 288*a”3*xbxc”bxd"2*%e”2 + 320*a
“3*bT2%c”4*xd"3*e + B*axc”3xd"2xe" 2% (—(4*axc - b72)75)7(1/2) - 8xaxb*c”2%d"3
xex (- (4*axc - b72)75)7(1/2))/(512*%(256*%a"4*c™9 + b~8*c”5 - 16*a*b™6*c”6 + 9
6*%a”"2xb"4xc”7 - 256%a”3*xb"2*%c”8))) " (1/4)*(16384*a~5*c"8*xe — 256%a”2*xb~6*c”5
xe + 3072*%a~3*%b"4*xc"6*e — 12288%a”4*xb"2%c " 7*xe)*161i)/c)*x(-(b"9*xd~4 - b~4xd"4
*(-=(4xa*xc - b~2)75)7(1/2) + b bxc"4*e"4 - c"4*e”4x(-(4*axc - b~2)75)7(1/2)
+ 80*a"4xb*c”4*d"4 - 8*xaxb~3*%c”b*e”4 + 16*%a”2*xbxc 6*%xe”4 + 128%a”3*c " 6*xd*xe”3
- 128*%a"4*c"5%xd"3xe - 4*¥b76*c " 3*kd*e”3 + 61*%a"2xb"5xc”2*%d"4 - 120*%a~3*xb"3*c
~3%d"4 - a"2%c”2xd"4*x(—(4*xaxc — b"2)75)7(1/2) + 6xb"T7*xc"2*%d"2%xe"2 - 13*axb”
Txcxd™4 — 4xb~8%c*xd"3xe + 240*%a”2*b~3*c”4*xd"2%e”2 - 6xb"2%c”2xd " 2%e” 2% (- (4x*
a*c - b72)75)7(1/2) + 3*xaxb”2*xcxd"4*x(-(4*axc - b~2)75)7(1/2) + 40*axb~4*c~4
*d*e”3 + 48*a*b"6xc"2xd"3%e + 4xb*c”3kd*e”3x(-(4xaxc - b"2)75)7(1/2) + 4xb”
3kckd"3kex (—(4d*xaxc - b72)75)7(1/2) - 66*xaxb~5xc~3*%d"2%e”2 - 128*%a”2xb"2*c”5
*d*e”3 - 200*%a”2%b"4*c”"3*d"3xe - 288*a”3*b*xc 5xd"2xe”2 + 320*a”3*b"2*xc"4xd”
3*ke + 6*xaxc”3xd"2xe" 2% (- (4*a*xc - b"2)75)"(1/2) - 8xaxb*c”2*%d"3*kex(-(4*axc -
b~2)75)"(1/2)) /(512 (256*%a~4*xc”9 + b~8*c”5 - 16%axb”6xc”™6 + 96*a~2*xb~4x*xc”7
- 256%a”3*%b"2*c”8))) " (3/4)*1i + (16*(a~3*b~6*d"5 - 4*a”~6*c~3*d"5 - T*a~4xDb
T4xckd”h + 4xa”3%b*c”h*e”5 - a"2xb77*d"4*e + 12%a"4*c 5*xd*xe”4 + 13*%a~bxbT2x
c™2xd”5 - a"2*%b"3*%c"4*xe”5 + 8xa"b*cT4*d"3*%e”2 - 6xa”2%b"hb*kcT2xd"2*%xe”3 + 32x%
A" 3*%b73*%cT3*%d"2%xe”3 - 22%a”"3xb74*xcT2*xd"3%e”2 + 22*%a"4*b"2xc”3*xd"3*%e"2 + 4%a
~3*%b"5*ckd"4*xe — 20*a"5xbxc"3*%d"4*e + 4*a”"2%xb"4*xc"3xd*e”4 + 4*a”2*b " 6*xc*xd”3
*e72 - 19*%a”3*b"2xc"4xdxe”4 - 32*a"4xbkxcT4*xd"2xe”3 + 5*xa~4*b”3*kc”2xd"4x*e) )/
c)*(=(b79*%d"4 - b~ 4xd"4x(-(4*axc - b"2)75)7(1/2) + b~5*xc"4*xe”4 - c 4*xe"4x(-
(4*a*xc - b™2)75)7(1/2) + 80*a~4xb*c”4*d"4 - 8*axb~3xc 5*xe~4 + 16*a”2*b*c 6%
e”4 + 128*%a”3*%c 6*d*xe”3 - 128*%a"4*c 5*%d"3xe — 4xb"6xc”3*kd*e”3 + 61*a"2xb " 5x*
c"2%d"4 - 120%a"3*%b"3*c”3*%d"4 - a~2*xc"2*%d"4x*x(-(4*axc - b~2)"5)"(1/2) + 6%b”
T*c™2*%d"2xe”2 - 13%a*xb”7*c*xd™4 - 4*b~8*c*d"3%e + 240*%a~2*%b"3*c 4*xd"2*xe”2 -
6*¥b~2%c”2xd"2%e”" 2% (- (4*xa*xc - b~"2)75)"(1/2) + 3*xaxb”2*c*xd"4*(-(4*axc - b"2)"
5)7(1/2) + 40*a*xb”™4*xc~4xd*e”3 + 48*a*b~6xc”2*xd"3xe + 4xb*xc”3*kd*e”3*x (- (4*axc
- b72)75)7(1/2) + 4%b~3xc*d"3xex(—(4*a*xc — b"2)75)"(1/2) - 66xa*xb~bxc”3*xd”
2%e”2 — 128%a”2xb72*%c”5*d*xe”3 - 200*%a"2*b"4*c"3xd"3*xe — 288%a”3xb*c~5*xd"2*e
"2 + 320*%a”3%b"2*c"4*d"3xe + 6xaxc”3xd"2*xe" 2% (-(4xaxc - b"2)75)7(1/2) - 8*a
xb*c72%d"3xex* (- (4xa*xc - b72)75)7(1/2))/(512%(256%a~4*c™9 + b~8*c”5 - 16%axb
T6xcT6 + 96%a”2xb"4xc”7 - 256*%a~3*%b"2%c”8))) " (1/4)*1i - (4*x*x(a~4xb"4*xd"6 +
2%a”6*%c”2%d"6 - 2*xa~3*%c”5*%e”6 — 4*xa"bxb"2xc*xd”6 - 2*%a~3*xb"5xd"bxe + a"2*b”
2%cT4xe”6 + a"2xb"6*xd"4*e”2 — 2%xa"4*xcT4*d"2%e”4 + 2*%xa"b*kc"3*%d"4xe”2 + 6*%a”2
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*bT4*cT2xd"2%xe"4 - 16%a”3xb72*c"3*%d"2%e"4 + 8*%a"3*b"3*%c”2xd"3*%e”3 - 17*a"4x*
b"2*xc"2xd"4*e”2 + 10*a”3*bkxc"4*xd*e”5 + 6%a~4*b " 3*kckd"5xe + 2%xa~5xbxc”2*%d 5%
e — 4*a”2%b"3xc"3*d*e”5 - 4*a”~2*b " 5*xcxd"3*e”3 + 2*a~3*b"4*c*xd"4xe”2 + 12%a”
4xbxc~3*%d"3%e73)) /c)* (- (b"9*%d"4 - b~4xd"4*(-(4*a*c - b~2)75)7(1/2) + b~5*c”
4dxe”4 - c"4xe"4x(-(4*a*xc - b72)75)7(1/2) + 80*a~4*b*c”4*xd"4 - 8xaxb~3*c”5*e
T4 + 16%a”2%b*xc"6%e”4 + 128%a”"3xc”6*xd*e”3 - 128%a"4xc”5*xd"3%e - 4*bT6%c”3*d
*¥e”3 + 61%a~2%b"bxc"2xd"4 - 120%a"3*b"3*c"3*%d"4 - a~2*xc"2*d"4x*x(-(4*xaxc - b~
2)75)7(1/2) + 6*b7T*c”2*xd"2*e”2 - 13*axb”7*xc*d"4 - 4*b~8%c*d"3xe + 240%a”2x*
b73*cT4*xd"2%e”2 - 6*b72*%cT2xd"2xe 2% (- (4*a*xc - bT2)75)7(1/2) + 3*axb"2xcxd”
4x(=(4*xaxc - b72)75)7(1/2) + 40*a*xb~4xc~4*d*e”3 + 48*a*b~6xc~2xd"3xe + 4xb*
c"3xd*e” 3% (- (4*axc - b72)75)7(1/2) + 4xb~3*c*kd"3*xex(-(4d*axc - b~2)75)"(1/2)
- 66*%axb”hb*xc”3*%d"2%e”2 - 128%a”2xb72*%c"b*kd*xe”3 - 200*%a"2*b"4*c"3*%d"3xe - 2
88%a " 3*b*xc”"5xd"2xe”2 + 320*%a”3*b"2%c”"4*d"3*e + B6xaxc”3xd"2*xe"2x(-(4*axc - b
~2)75)"(1/2) - 8*axbxc”2xd"3kex(-(4*axc - b~2)75)"(1/2))/(512%(256%a"4*c~9
+ b78%c”5 - 16*axb”6*c”6 + 96xa”2*b"4xc”7 - 256*%a~3*b"2%c”8)) )~ (1/4)*1i - (
(((4*x*(4096*a"5*b*xc~6xd"2 + 4096*a~4*b*c”7*e”2 + 256*a~3*b~5*xc”4*d"2 - 204
8*a~4xb"3xc"5xd"2 + 256*%a"2*%b"5*xc"bxe”2 - 2048*a"3*%b"3*xc"6xe”2 - 16384%a”5x*
c"Txd*e - 1024*a”3*b~4*c bxdxe + 8192%a”4*b~2*c"6xd*e))/c + ((-(b"9*d"4 - b
~4xd"4x (- (4xaxc - b"2)75)7(1/2) + b"5*xc"4*e”4 - c 4xe”4x(-(4*axc - b"2)75)"
(1/2) + 80*a~4xb*c~4*%d"4 - 8*axb~3*c”~bxe”4 + 16*a”2xb*c”6xe”4 + 128*a”~3%c”6
*d*e”3 - 128xa"4*c”5*d"3*%e - 4xbT6*c”3*%d*e”3 + 61*%a"2%b"5xc”2xd"4 - 120*a”3
*b"3%c"3%d"4 - a"2xc”2xd"4x (—(4*axc - b"2)75)7(1/2) + 6xb"T7*xc"2%d"2*%e”2 - 1
3*kaxb”7*kcxd"4 - 4*b"8*ckd"3*ke + 240%a”2*xb73*kcT4*d"2%e”2 - 6*%bT2*cT2%d"2%xe”2
*(-(4*a*xc - b72)75)7(1/2) + 3*a*xb~2*c*d”"4*x(-(4d*xaxc - b~2)75)"(1/2) + 40*ax*b
“4xcT4xd*e”3 + 48*axb”6xc”2*xd"3%e + 4xb*xc”3xd*e”3x(-(4*axc - b"2)75)7(1/2)
+ 4xb73*kcxd"3kex (- (4*a*xc - b"2)75)7(1/2) - 66*axb~5xc”3*d"2*%e”2 - 128*a~2%Db
T2xcThbkxd*xe”3 - 200%a”2%xb74*c”3*%d"3xe — 288*a"3*b*xc”5*d"2%e”2 + 320%a”3xb"2x*
c"4xd"3*e + 6*axc”3xd"2xe"2x (- (4*axc - b"2)75)"(1/2) - 8xaxb*c”2*xd " 3*xex(-(4
xaxc - b72)75)7(1/2))/(512%(256*a"4*c”9 + b~8*c”5 - 16%a*xb~6*%c”6 + 96*a”2x*b
“4xc”T7 - 256%a”3*%b"2%c”8))) " (1/4)*(16384*a~5*xc 8*%e - 256%a~2*b~6xc " 5xe + 30
72*%a"3*b"4*xc"6xe — 12288*a~4*b"2*xc”7*e)*161i)/c)*(-(b~9*%d"4 - b 4*xd"4x*x(-(4*a
*¥c — b72)75)7(1/2) + b"bxc"4*xe”4 - c"4xe"4x(-(4xaxc - b~2)75)"(1/2) + 80*a~
4xb*xc”"4xd"4 - 8*axb”3*kc"b*e”4 + 16*%a"2*b*xcT6*%e”4 + 128*a”3*%c " 6kxd*e”3 - 128%
a~4*xc”b*d"3%e - 4*b"6%c”3*xd*e”3 + 61*%a"2*%b"5xc”"2xd"4 - 120*%a"3*b"3*c"3*xd"4
- a”2*c”2*xd"4*x (- (d*xaxc - b72)75)7(1/2) + 6*bTT*cT2xd"2%xe”2 - 13*a*b”7*xc*xd”"4
- 4xb78*cxd"3*ke + 240*%a”"2%b”3*xc"4*d"2%e”2 — 6*%bT2xc”2xd"2%e” 2% (- (4*axc - b
~2)75)7(1/2) + 3*xaxb"2xcxd"4*(-(4*a*xc - b72)75)7(1/2) + 40*axb”4*xc " 4*xd*e”3
+ 48*axb"6xc"2xd"3%e + 4xb*c 3*kd*e"3*(—(4d*xaxc - b"2)75)7(1/2) + 4*xb"3*c*xd”3
*ex(—(4*axc - b72)75)7(1/2) - 66*a*b~5+xc”™3*xd"2*e”2 - 128%a”2*b~2*c”5xd*e”3
- 200%a"2*%b"4*c"3*xd"3xe - 288*a”3*xb*xc 5xd"2xe”2 + 320*%a”"3*xb"2*xc"4*d"3*%e + 6
*a*xc”3*d"2*xe 2% (= (4*xaxc - b72)75)7(1/2) - 8*axbxc~2*%d"3*e*x(-(4*axc - b"2)75
)7(1/2))/(512%x(256*%a~4*c”™9 + b~8*xc”5 — 16*axb~6*xc”6 + 96*a~2xb"4*xc”7 - 256%
a"3xb~2%c”8))) " (3/4)*1i - (16*x(a"3*b~6*%d"5 - 4*a”~6%c”3*xd~5 - 7xa 4xb~4*xcxd”
5 + 4%a”3*xbxc"b*e”5 - a"2*%b"7*d"4*e + 12*%a~4*xc”5xd*e”4 + 13*a”5xb"2*xc"2*d”"5
- a”2*%b"3*%c"4*xe”5 + 8*%a"b*cT4*xd"3*%xe”2 - 6%a”2*b " 5*xcT2xd"2*xe”3 + 32*%a~3%b”"3
*Cc73%d"2%xe”3 - 22*%a”3xbT4*xcT2*%d"3*%e”2 + 22*%a”4*xb"2xc"3*%d"3%e”2 + 4*xa”~3xb"bx
cxd"4xe — 20*%a"bxb*c”3*%d"4*e + 4xa"2xb74*c”3*kd*e"4 + 4xa"2%bT6*c*kd"3*%e”2 -
19%a"3*b"2%c"4*d*e”4 - 32*%a"4d*xbxc~4*d"2%e”3 + 5*a"4*xb"3*xc"2xd"4xe))/c)*(-(b
~9%d~4 - b~4xd"4x(-(4*axc - b"2)75)7(1/2) + b"5xc"4*e”4d - c 4dxe~4*x (- (4*axc
- b72)75)7(1/2) + 80*a"4xb*c”4*d"4 - 8xax*b~3%c”5*xe”4 + 16%a”2xbxc”"6xe”4 + 1
28*a”~3*xc 6xd*xe”3 - 128*a”4*xc”bxd"3%e - 4*b"6*%c"3xd*xe”3 + 61*%a"2xb"5*xc”2*d"4
- 120*%a”3*b"3*c"3*%d"4 - a"2*c”2*xd"4*x(-(d*xaxc - b72)75)7(1/2) + 6*b”7*xc"2*d
T2%e72 - 13%axb”7*c*kd"4 - 4xb"8xc*kd"3xe + 240*%a"2*b"3*%c”"4xd"2*%xe”2 - 6%b"2%cC
~2%d"2%e” 2% (- (d*axc — b~2)75)7(1/2) + 3*axb"2xcxd"4*(-(4*a*c - b"2)75)"(1/2
) + 40*axb”4*xc”4*xd*e”3 + 48*axb"6*c”2xd"3*e + 4*bxc 3*kd*e”3*(-(4*xa*c - b~2)
“5)7(1/2) + 4*xb~3*kc*d"3*xex (-(4*axc - b72)75)"(1/2) - 66*axb~5*xc”3*d"2*%e”2 -
128*a”"2*xb"2xc"b*xd*e”3 - 200*%a”"2xb"4*c”3*d"3*e - 288*xa”3*b*c”5*d"2*xe”2 + 32
0*a~3*b~2*c"4*d"3xe + Bkaxc”3*d"2*xe 2% (—(4*xaxc - b~2)75)7(1/2) - 8*axbxc~2x
d"3*ex(—(4*xa*xc - b~2)75)"(1/2))/(512*%(256*a~4*xc~9 + b~8*c”5 - 16*a*b~6*xc”6
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+ 96*a”2*b"4*xc”7 - 256%a”3*%b"2*%c”8))) " (1/4)*1i - (4*x*(a"4*b"4*xd"6 + 2*xa~ 6%
cT2*%d"6 - 2*%xa”3*%c"b*e”6 — 4xa"5xb72*xcxd”6 - 2*%a~3*%b"5xd"5*xe + a~2*b"2%c " 4x*e
T6 + a"2xbT6xd"4*e”2 — 2*%a"4xcT4xd"2%e”4 + 2*%a”"bxcT3xd"4*xe”2 + 6*%a”2%xb"4xc”
2xd"2%e”4 - 16%a”3*%b"2*%c"3*xd"2*xe"4 + 8*a”3*b"3*%xc"2*xd"3%e”3 - 17*xa"4xb"2*c”2
*d"4*xe”2 + 10*%a”~3xbxc”4*xd*e”5 + 6*%a~4xb"3xc*kd"5*e + 2*%a~bxbxcT2*%d"5%e - 4x*a
T2%xb73%xcT3*%d*xe”5 - 4*xa”2%b " bkxc*kd"3xe”3 + 2*%a"3*%b"4xckd"4*e”2 + 12*%a"4x*b*xc”3
*d"3%e"3))/c)*(-(b~9%d"4 - b~4xd"4x(-(4*axc - b~2)75)"(1/2) + b~ 5*xc"4*xe"4 -
c"4xe"4* (- (4xa*xc - b~"2)75)7(1/2) + 80*a~4*bxc~4*d~4 - 8*xaxb~3*c"5%e”4 + 16
*a"2*%bxcT6xe”4 + 128*a”3*%c 6xd*xe”3 - 128*a"4*xc 5*xd"3xe - 4*¥b"6*c”3*xd*xe”3 +

61*%a”2*%b"5*xc"2xd"4 - 120%a~3%b"3*c”3*d"4 - a"2xc"2xd"4* (- (4*a*c - b72)75) 7 (
1/2) + 6xb"7*xc™2%d"2%xe"2 — 13*axb~Txcxd~4 - 4*xb~8*xcxd~3*xe + 240*a~2xb"3*c"4
*d"2%e72 - 6*bT2xc"2xd"2%e" 2% (- (4*axc - b72)75)7(1/2) + 3*xaxb”2*xckd"4x*x (- (4x*
axc - b72)75)7(1/2) + 40xaxb”4xc”4*xd*xe”3 + 48*axb"6*c”2*xd"3*e + 4*xbxc”3*d*e
“3%(-(4*axc - b72)75)7(1/2) + 4*b~3*c*kd"3*xex(-(4*xaxc - b~2)75)"(1/2) - 66*a
*b75%xcT3xd"2%xe”2 — 128*%a”2*xb"2xc”bxd*e”3 - 200*%a”"2*xb"4xc”3*%d"3*e - 288*a”3x
b*c"5xd"2*xe”2 + 320*a”3*b”"2*c"4*d"3*e + Bkaxc”3*d"2*e 2% (-(4d*axc - b~2)75)"
(1/2) - 8xaxb*c™2*xd"3*ex(—(4*xa*xc - b~2)75)7(1/2))/(512x(256*a~4*c™9 + b~ 8*c
"5 - 16*a*b”6*xc”6 + 96*a"2*%b"4*c”7 - 256*%a”"3*b"2*xc"8))) "~ (1/4)*11))* (- (b~ 9*d
4 - b74*xd74*x(-(4*xaxc - b"2)75)7(1/2) + b7ExcT4xe”4 - cT4xe”4x(-(4*axc - b~
2)75)7(1/2) + 80*%a~4*b*c~4*d"4 - 8*axb~3kc"5*xe”4 + 16*a”"2%b*c 6xe”4 + 128*a
“3*%cT6xd*xe”3 - 128*%a"4*c"5%d"3xe - 4xbT6*c " 3*kd*e”3 + 61*a"2xb"bxc”2xd"4 - 1
20*%a”~3*%b"3*c"3*%d"4 - a"2xc”2xd"4x(-(4xaxc - b"2)75)7(1/2) + 6xb"T7*xc"2%d"2*e
T2 - 13%axb"7*xcxd"4 - 4*b"8*c*kd"3%e + 240%a”2*%xb"3*kc"4*d"2xe”2 - 6*%b"2*c”2*d
~2%e"2x (- (4xaxc - b"2)75)"(1/2) + 3*axb”™2xckd"4x(-(4*axc - b"2)75)"(1/2) +
40*axb~4xc"4xd*e”3 + 48*ax*b~6xcT2xd"3xe + 4xb*xc”3*d*e”3*(-(4*axc - b"2)75)"
(1/2) + 4%b~3*c*kd"3*ex(—(4*xaxc - b~"2)75)7(1/2) - 66*axb~5*xc~3*d"2*e”2 - 128
*a"2%b"2xc"bxd*e”3 — 200%a”2xb74*xc”3*%d"3%e - 288*%a”3*bxc”bxd"2*%e”2 + 320%a”
3*b72*c"4*d"3%e + Bxaxc”3*xd"2*%e 2% (-(4d*axc — b"2)75)7(1/2) - 8*axbkxc~2xd"3*
ex(-(4*a*xc - b~2)75)7(1/2))/(512%(256*%a"4*c”9 + b~8*c~5 - 16*a*b”™6xc”6 + 96
*¥a"2xb"4*xc”7 - 256%a”3*b"2%c”8))) " (1/4) + (d*x)/c

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e/x**4)/(c+a/x**8+b/x**4) ,%)

[Out] Timed out
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3.42 f (d + ex™) (a + bx" + ch”) dx

Optimal. Leaf size=62

x"*1(ae + bd) x¥*l(be + cd)  cex®t1
— Ctadx+
n+1 2n+1 3n+1

Rubi [A] time = 0.04, antiderivative size = 62, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 22,

number of rules _ ) 045, Rules used = {1407}

integrand size

x"*1(ae + bd) x**(be + cd)  cexd*1
——— +adx+ +
n+1 2n+1 3n+1

Antiderivative was successfully verified.
[In] Int[(d + exx"n)*(a + b*x™n + c*xx~(2%n)),x]

[Out] a*d*x + ((b*d + a*e)*x~(1 + n))/(1 + n) + ((cxd + bxe)*x~(1 + 2*n))/(1 + 2%
n) + (cxexx”(1 + 3%*n))/(1 + 3%*n)

Rule 1407

Int[((d_) + (e_)*(x )" (n_))"(q_)*((a_) + (b_)*(x_)"(n) + (c_.)*x(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + exx"n) g*(a + b*x"n + c*x~(2+n))
, xJ, x] /; FreeQ[{a, b, ¢, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xax*c
, 0] && NeQ[c*d~2 - bxd*xe + axe”2, 0] && IGtQ[q, O]

Rubi steps

f (d + ex™) (a +bx" + cxzn) dx = f (ad + (bd + ae)x™ + (cd + be)x>" + cex3”) dx

(bd + ae)x™"  (cd + be)x*2*  cex!+3n

= adx +
aax 1+n 1+2n 1+3n

Mathematica [A] time = 0.15, size = 57, normalized size = 0.92

x"(ae + bd) .\ x?'(be +cd)  cex3"
n+1 2n+1 3n+1

Antiderivative was successfully verified.

[In] Integrate[(d + exx"n)*(a + b*x"n + c*x”(2*n)),x]

[Out] x*(a*xd + ((b*d + a*e)*x"n)/(1 + n) + ((c*d + bxe)*x~(2*n))/(1 + 2*n) + (c*e
*x~(3*n)) /(1 + 3*n))

IntegrateAlgebraic [F] time = 0.07, size = 0, normalized size = 0.00

f(d + ex™) (a +bx" + ch”) dx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*x"n)*(a + b*x™n + c*x~(2+%n)),x]

[Out] a*xd*x + Defer[IntegrateAlgebraic] [x"n*(b*d + axe + ckxd*x™n + bkexx™n + ckex
x7(2%n)), x]
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fricas [B] time = 0.94, size = 137, normalized size = 2.21

(2 cen? + 3 cen + ce)xx3” + (3 (cd + be)n? + cd + be + 4 (cd + be)n)xxz” + (6 (bd + ae)n? + bd + ae + 5 (bd + ae)n)xx” + (6 adn® + 11 adn? + 6 adn + ad)x
6md+11n2+6n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(a+b*x n+c*x~(2#n)),x, algorithm="fricas")

[Out] ((2%ckxexn™2 + 3xcke*n + c*xe)*x*x~(3*n) + (3%(c*d + b*e)*n~2 + c*xd + bxe + 4
*(c*xd + bxe)*n)*x*x~(2*n) + (6x(bxd + a*e)*n”2 + b*xd + axe + 5x(bxd + axe)x*
n)*x*x"n + (6*axd*n~3 + 11*xaxd*n”~2 + 6*a*xd*n + a*xd)*x)/(6*n"3 + 11*n"2 + 6%

n+ 1)

giac [B] time = 0.35, size = 207, normalized size = 3.34

6 adn®x + 3 cdn®xx®" + 6 bdn?xx" + 2 cn®xx>"e + 3 bn?xx2"e + 6 an?xx"e + 11 adn?x + 4 cdnxx®" + 5bdnxx" + 3 cnxx®'e + 4 bnxx?"e + 5 anxx"e + 6 adnx + cdxx®" + bdxx" + cxx>"e + bxx?"e + axx"e + adx
6n°+11n+6n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x n)*(atb*x n+c*x~(2*n)),x, algorithm="giac")

[Out] (6*a*xd*n~3*x + 3*c*d*n~2*x*x”(2*n) + 6xbxd*n~2*x*x™n + 2*c*n”2*xx*x~ (3*n) *xe
+ 3*xb*n”2xx*x”(2*n)*e + G*a*n”2*kx*kx"nke + 1lkaxd*n"2*x + 4*xckdknkxxkx” (2*n)

+ Bxbkdknkx*x"n + 3kckn*x*x”(3*n)*e + 4dxbxnxxxx” (2#n)*e + Braknkx*x"nxe + 6
*axd*sn*x + ckxdkx*xx”(2*n) + b*d*x*x"n + ckx*x”(3*n)*e + b*x*x”(2*n)*e + axxx
x"n¥e + axd*x)/(6*n"3 + 11*n"2 + 6%n + 1)

maple [A] time = 0.01, size = 66, normalized size = 1.06
cex 31In(x) (ae + bd) x e"®)  (be + cd) x €2 ")

+ adx +
3n+1 n+1 2n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"n+d)*(b*x n+cxx~(2*n)+a),x)

[Out] axd*x+(axe+b*d)/(n+1)*x*exp(n*ln(x))+(b*e+c*d)/(2*n+1)*x*exp (n*ln(x)) " 2+c*e
/ (3*n+1) *x*exp (n*1n(x)) "3

maxima [A] time = 0.55, size = 82, normalized size = 1.32

cex3 n+1 Cdxz n+1 bexz n+1 bdxn+1 aexn+1

+ + + +
3n+1 2n+1 2n+1 n+1 n+1

adx +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(a+b*x n+c*x~(2#n)),x, algorithm="maxima")

[Out] a*d*x + ckxexx~(3*n + 1)/(3*n + 1) + c*xd*x~(2*%n + 1)/(2%n + 1) + b*xexx~(2*n
+ 1)/(2*%n + 1) + bxd*x"(n + 1)/(n + 1) + axexx"(n + 1)/(n + 1)

mupad [B] time = 1.66, size = 59, normalized size = 0.95

xx?" (be+cd) xx"(ae+bd) cexx3"

2n+1 n+1 3n+1

adx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"n)*(a + b*x™n + c*xx~(2%n)),x)

[Out] axd*x + (x*x~(2*n)*(b*xe + c*d))/(2*n + 1) + (x*x"n*x(a*xe + bxd))/(n + 1) + (
ckxexx*x~(3*%n))/(3*%n + 1)
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sympy [A] time = 1.32, size = 656, normalized size = 10.58

ads+ aelog (x) + b log (1) - £ = & - £ forn=-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+exx*xn)* (a+b*x*x*n+cxx**(2*n)),x)

[Out] Piecewise((a*d*x + axexlog(x) + b*dxlog(x) - b*e/x - c*xd/x - c*xe/(2%x**2),
Eq(n, -1)), (a*xd*x + 2*axe*xsqrt(x) + 2xb*d*sqrt(x) + bxexlog(x) + c*d*xlog(x
) - 2xckxe/sqrt(x), Eqn, -1/2)), (a*xd*xx + 3xaxexx*x*x(2/3)/2 + 3xbkxdxx**(2/3)
/2 + 3xbxexx*x(1/3) + 3xcxd*x**(1/3) + cxexlog(x), Eq(n, -1/3)), (6*axd*nk*
3*x/ (6*xn**3 + 11xn**2 + 6%n + 1) + 1l*xa*xd*n*x*2*xx/(6*n**x3 + 11*n**2 + 6*n +
1) + 6*axd*n*xx/(6*n*x*x3 + 11*n**2 + 6*xn + 1) + axd*x/(6%n*x*x3 + 11*n**2 + 6*n
+ 1) + Bxaxexn*xx2xx*xx**xn/ (6*n*x*3 + 11*n*x*x2 + 6*n + 1) + Hkxakxexnkxx*x*x*xn/ (6%
nx*3 + 11*xn*x*2 + 6%n + 1) + axexx*xx**xn/(6*n*x*3 + 11*n*x*2 + 6%n + 1) + 6xb*xd
snxx2xxkxkkn/ (6xn*x*x3 + 11%n**x2 + 6xn + 1) + Sxbkxdsnxx*x*x*n/ (6xn**x3 + 11kxn%*xk
2 4+ 6%n + 1) + bxdkx*kx*k*n/(6*n**3 + 11*n**2 + 6%n + 1) + 3xbkexn*x*kx*kx** (2
*n)/(6*xn*x*3 + 11*n**x2 + 6%n + 1) + 4xbkexn*xx*xx*x*(2*%n)/(6*n**x3 + 11*xn*x*2 + 6
*n + 1) + bkxexxxxx*(2%xn)/(6*n**x3 + 11xn**2 + 6*xn + 1) + 3kckdrnxk2kxkxkk (2%
n)/(6*xnx*x3 + 11*n*x*2 + 6*%n + 1) + 4xcxdxn*xx*xx*x(2%n)/(6*xn**3 + 11%xn**x2 + 6%
n + 1) + ckxdsxxxx*xx(2%n)/(6*xn**3 + 11%n**x2 + 6xn + 1) + 2kckexnkx2kx*xx*x* (3*n
)/ (6%n**x3 + 11%n**2 + 6*%n + 1) + 3kxckexnkxx*x**x(3*xn)/(6*xn**3 + 11*n**x2 + 6%*n
+ 1) + crexx*xxx(3%n)/(6%n**3 + 11*n**x2 + 6%n + 1), True))



251

2
3.43 f (d + ex™) (a + bx" + ch”) dx
Optimal. Leaf size=132

2l (2abe + 2acd + bzd) 3l (Zace + Ve + 2bcd) ax"(ae + 2bd) cx*1(2be + cd) cZex>tl

a’dx+ + + + +
2n+1 n+1 n+1 dn+1 5n+1

Rubi [A] time = 0.10, antiderivative size = 132, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 24,

number of ules _ ) 042, Rules used = {1432}

integrand size

x2n+l (2abe + 2acd + bzd) 3+l (Zace +b%e + 2bcd) ax"(ae +2bd)  cx**1(2be + cd)  cPexl

2
asdx + m+1 * 3n+1 n+1 an+1 5n+1

Antiderivative was successfully verified.
[In] Int[(d + e*x™n)*(a + b*x™n + c*x~(2%n))~2,x]

[Out] a"2xd*x + (a*x(2*xbxd + ax*e)*x~ (1 + n))/(1 + n) + ((b"2%d + 2*a*xcxd + 2%axb*e
Yxx~ (1 + 2xn)) /(1 + 2xn) + ((2%b*cxd + b"2%e + 2*a*cxe)*x~ (1 + 3*n))/(1 + 3

*n) + (cx(c*xd + 2%b*xe)*x~ (1 + 4xn))/(1 + 4*n) + (c™2xe*xx~(1 + 5%n))/(1 + 5%

n)

Rule 1432

Int[((d_) + (e_.)*(x_)"(n_))*((a_) + (b_)*(x_)"(n_) + (c_)*(x_)"(m2_))"(p
_), x_Symbol] :> Int[ExpandIntegrand[(d + exx"n)*(a + b*x"n + c*x~(2*n)) p,
x], x] /; FreeQ[{a, b, c, d, e, n}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,
0]

Rubi steps

2
f (d + ex™) (a +bx" + ch”) dx = f (azd + a(2bd + ae)x™ + (bzd + 2acd + Zabe) " + (Zbcd + b%e + Zace)

a(2bd + ae)x+" (bzd + 2acd + 2abe) x1+2n (Zbcd + b%e + 2a
= a%dx + + +
1+n 1+2n 1+ 3n

Mathematica [A] time = 0.25, size = 123, normalized size = 0.93

x2" (Zabe + 2acd + bzd) x3 (Zace +bPe + 2bcd) ax"(ae + 2bd)  cx*"(2be + cd)  cZex"
+

x| a?d + +
2n+1 In+1 n+1 dn+1 5n+1

Antiderivative was successfully verified.

[In] Integrate[(d + exx"n)*(a + b*x™n + c*x~(2%n))~2,x]

[Out] x*(a~2%d + (ax(2*%b*d + axe)*x"n)/(1 + n) + ((b™2%d + 2%axc*xd + 2*axbkxe)*x™(
2xn)) /(1 + 2%n) + ((2xb*xckxd + b™2xe + 2*a*xc*e)*x~(3*n))/(1 + 3*n) + (c*x(c*xd
+ 2xb*xe)*x~(4*n)) /(1 + 4*n) + (c"2*xexx”(5*xn))/(1 + 5%n))

IntegrateAlgebraic [F] time = 0.66, size = 0, normalized size = 0.00

f(d + ex™) (a +bx" + ch”)z dx

Verification is not applicable to the result.

[In] IntegrateAlgebraic[(d + e*xx"n)*(a + b*x"n + c*x~(2*n))~2,x]
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[Out] a~2*d*x + Defer[IntegrateAlgebraic] [x"n*(2*a*xbxd + a”2%e + b~2xd*x"n + 2%ax
ckd*x"n + 2%axbkexx"n + 2%bkxckdxx”(2%n) + b " 2%e*xx”(2%n) + 2kakxckxexx” (2%n) +
c~2xd*xx~ (3%n) + 2%bkckexx~(3*%n) + c " 2xexx”(4*n)), x]

fricas [B] time = 0.77, size = 495, normalized size = 3.75

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(a+b*x n+c*x~(2%n))~2,x, algorithm="fricas")

[Out] ((24*c™2%exn”4 + 50*c”2xe*xn”3 + 35%xc™2*e*n”2 + 10*c”™2*e*n + c~2*e)*x*x~ (5*n
) + (30%(c™2*d + 2*bxc*e)*n~4 + 61x(c”2+d + 2*bkcke)*n”~3 + c”2xd + 2xb*c*e
+ 41%(c72*xd + 2xbxc*xe)*n”2 + 11x(c™2*%d + 2xbxcxe)*n)*x*x~ (4*n) + (40*(2xbxc
*d + (b72 + 2*a*xc)*e)*n~4 + 78+ (2*bkckd + (b™2 + 2xaxc)*e)*n”3 + 2*xbkxckxd +
49% (2xbxcxd + (b72 + 2*axc)*e)*n”"2 + (b~2 + 2*a*c)*e + 12x(2xbxcxd + (b™2 +
2*%axc)*e)*n)*x*x~(3*n) + (60*(2*axbxe + (b~2 + 2*xa*c)*d)*n”4 + 107*(2*axbx*
e + (b72 + 2*axc)*d)*n~3 + 2*axb*e + 59*x(2xaxbxe + (b~2 + 2*a*c)*d)*n”2 + (
b~2 + 2xaxc)*d + 13*(2*axbkxe + (b72 + 2%axc)*d)#*n)*x*x~(2*n) + (120* (2*axb*
d + a"2*%e)*n"4 + 154%(2*axb*d + a"2*e)*n"3 + 2*axb*xd + a"2*e + T1x(2xaxbxd
+ a”2*%e)*n"2 + 14x(2*axb*d + a”~2*e)*n)*x*x"n + (120*%a”2*xd*n"5 + 274*a”2*d*n
4 + 225%a”2%d*n"3 + 85*a”2*xd*n"2 + 15%a”2xd¥n + a~2*d)*x)/(120%n"5 + 274x*n
“4 + 225*%n"3 + 85*n"2 + 15%n + 1)

giac [B] time = 0.45, size = 828, normalized size = 6.27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(atb*x"n+c*x~(2%n))~2,x, algorithm="giac")

[Out] (120*%a”2*xd*n~5xx + 30*c”2*d*n"4*x*x~ (4*n) + 80*b*ckd*n~4*x*x” (3*n) + 60*b~2
*d*n"4*xkx” (2*%n) + 120*axc*d*n”4*x*x” (2*n) + 240*axb*xd*n~4*x*x"n + 24*c”2*n
“4xx*x” (5*n) *e + 60*bxcxn~4*x*x” (4*n)*e + 40*b"2xn"4xx*x” (3*n)*e + 80*a*xc*n
“4xxxx” (3*n)*e + 120*axbxn~4d*xxxx” (2*n)*e + 120*a”2¥n"4d*xx*x"nxe + 274xa”2xdx*
n"4*xx + 61xcT2%d*n"3*x*x” (4*n) + 156*bxckxd*n”3*x*x”(3*n) + 107*b"2xd*n"3*x*
x7(2*%n) + 214*axc*xd*n”3*x*kx”(2*n) + 308*axb*d*n~3*x*x"n + 50*c”2*n"3*x*x” (5
*n)*e + 122*bkxckn”3*x*x” (4+*n)*e + 78*b~2*xn"3*x*x” (3*n)*e + 156*axc*kn”3kx*x”
(3*n)*e + 214xa*xb*n~3*x*x~(2*n)*e + 154%a~2*n"3*x*x"n*e + 225%a~2*d*n"3*x +
41xc”2xd*n"2*kx*x” (4*n) + 98*b¥xckd*n~2*x*x”(3*n) + 59*%b"2*d*n"2*x*x” (2%n) +
118*a*xcxd*n~2*xx*x~ (2*n) + 142*axbxd*n~2*xx*x™n + 35*%c”2*n"2*x*x~ (5*n)*e + 8
2¥b*xc*kn”2xx*x” (4*n)*e + 49%b72+n"2*x*kx” (3*n) *e + 98*akckn”2*x*x” (3*n)*e + 1
18*axbxn~2*x*xx~ (2*n)*e + 71xa~2*xn~2*x*x " n*e + 85%a”~2xd*n"2*x + 11xc™2*xd*n*x
*x” (4xn) + 24¥bxcxd*nxx*xx” (3*%n) + 13*b~2kd*n*x*x” (2%n) + 26*axckxd*rnxx*x” (2%
n) + 28*axbkxd*n*x*x"n + 10*c™2*n*x*x” (5*%n)*e + 22*bkxckxn*x*x” (4*n)*e + 12xb~
2+kn*x*x” (3*n) *e + 24xaxcHn*x*x”(3*n)*e + 26*axbxnxx*x”(2*n)*e + 14*a”2xnxx*
x"n*e + 15%a”2*d*n*x + cT2xd*kx*x” (4*n) + 2¥bkxckd*x*x”(3*n) + bT2xdxx*x” (2*n
)+ 2%axckd*x*kx”(2*%n) + 2xaxbxd¥x*xn + cT2*kx*kx”(5*n)*e + 2¥bkxckx*x” (4*n)*e
+ bT2*x*x” (3%n) *e + 2*xaxc*x*x” (3*n)*e + 2*xaxbkxxx”(2*n)*e + a~2*x*x " n¥e +
a~2*xdxx)/(120*%n"5 + 274*n"4 + 225%n"3 + 85*n"2 + 15%n + 1)

maple [A] time = 0.02, size = 138, normalized size = 1.05

Pexen® (ae + 2bd) ax e"™®  (2be + cd) cx 40 (Zabe + 2acd + bzd) x e2In(x) (Zace + b2 + Zde) x 31In()

dx + + + +
Sne1 O n+1 an+l 1 3+l

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"n+d)*(b*x " n+c*xx” (2*n)+a)”~2,x)
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[Out] a~2*d*x+(2*a*xcxe+b™2*e+2xbkxcxd)/(3*n+1)*x*exp(n*1ln(x)) ~3+(2*axb*e+2*a*xc*d+b
~2%d) / (2*n+1) *x*exp (n*1n(x) ) “2+a* (a*e+2xb*xd) / (n+1) *x*exp (n*1n(x) ) +cx (2xb*e+
c*d) / (1+4xn) *x*exp (n*1n(x) ) “4+e*xc”2/ (1+5*n) *x*exp (n*1n(x)) "5

maxima [A] time = 0.70, size = 208, normalized size = 1.58

C28x5n+1 . CZdX4n+1 N 2566‘){4’”1 . 2bcdx3n+1 . bzex3n+l . ZaCL’XS”H . bZdXZHH . 2acdx2n+l . 2abex2n+1 . zahdxnﬂ N LIZEX”H
5n+1 4n+1 dn+1 3n+1 3n+1 3n+1 2n+1 2n+1 2n+1 n+1 n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(a+b*x n+c*x~(2%n))~2,x, algorithm="maxima"

[Out] a~2*xd*x + c™2xe*xx~(5*n + 1)/(56*xn + 1) + c™2%d*x"(4*n + 1)/(4*n + 1) + 2xb*c
*exx~(4*n + 1)/(4*n + 1) + 2%b*c*d*x”~(3*n + 1)/(3*n + 1) + b™2*e*xx"(3*n + 1

)/ (3*n + 1) + 2*axckexx™(3*n + 1)/(3*n + 1) + b™2xd*x~(2%n + 1)/(2*n + 1) +
2%axckdxx~(2*xn + 1)/(2%n + 1) + 2*axbkexx™(2*n + 1)/(2%n + 1) + 2*axbxdxx”
(n+1)/(a+1) +a2*%xexx"(n + 1)/(n + 1)

mupad [B] time = 1.71, size = 131, normalized size = 0.99

xx“’wcz+2bed xx”@a2+2bda) xxb1@b2+2aeb+2acd) xxyi@b2+2cdb+2acﬂ Rexydn

a?dx+ + + + +
4n+1 n+1 2n+1 3n+1 5n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"n)*(a + b*x"n + c*xx~(2*n))~2,x)

[Out] a~2*xd*x + (x*x~(4*n)*x(c”™2%d + 2%xb*xcxe))/(4d*n + 1) + (x*x"n*x(a”2%e + 2*a*xbxd
N/ (n + 1) + (xxx"(2%n) *(b"2*%d + 2*axbxe + 2*axcxd))/(2*xn + 1) + (x*xx~(3*n)
*(b"2%e + 2%axcke + 2xbxcxd))/(3%n + 1) + (c™2%xexx*xx~(5%n))/(5%n + 1)

sympy [A] time = 10.97, size = 3128, normalized size = 23.70

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x**n)* (atbxx**kn+cxx** (2%n))**2,x)

[Out] Piecewise((ax*2xd*x + a**2*xexlog(x) + 2*axb*dxlog(x) - 2%axb*e/x - 2xaxcxd/
X — akxckxe/x**2 — b**2*%d/x - b**2xe/(2xx*%2) - bkckd/x**2 — 2xbxcxe/ (3*x**3)
— c*x2%d/ (3xx*%x3) - cx*k2xe/(4d*xx*x*x4), Eq(n, -1)), (ax*2xd*x + 2*kax*2xe*xsqrt
(x) + 4xaxb*dxsqrt(x) + 2%axbxexlog(x) + 2%akxcxd*log(x) - 4xa*cxe/sqrt(x) +
b*x2*d*xlog(x) - 2%bx*2xe/sqrt(x) - 4xbxckd/sqrt(x) - 2%bxcke/x - cx*2xd/x
- 2xc*k*2%xe/ (3xx*%(3/2)), Eqn, -1/2)), (a**2xd*x + 3*ax*2xexx**(2/3)/2 + 3%
axbxd*xx*x* (2/3) + 6kaxbkexx*x(1/3) + 6xa*xckxd*x**(1/3) + 2%akxcxexlog(x) + 3%*b
*xk2xd*kxk*k (1/3) + b**2kexlog(x) + 2*xbxckdxlog(x) - 6*bxcke/x*x(1/3) — 3xc**2
*d/xx*(1/3) - 3xc*x*2xe/(2*x**(2/3)), Eq(n, -1/3)), (a**2kdkx + dkakx*2xexx**
(3/4)/3 + 8kaxb*d*xx*x(3/4)/3 + 4*axbkexsqrt(x) + 4xakxckxd*sqrt(x) + 8kaxckex
x*¥%x(1/4) + 2%bx*2xd*sqrt(x) + 4*xb*x2kexx**x(1/4) + 8xbkxcxd*xx*x(1/4) + 2xb*c*
exlog(x) + c*x2*dxlog(x) - 4*cx*x2xe/x*x*x(1/4), Eq(n, -1/4)), (a**2*xd*x + bxa
**x2xe*xk* (4/5) /4 + Bxaxbxd*x**(4/5)/2 + 10*axbxexx*x*(3/5)/3 + 10*a*xckdrx*x*(
3/5)/3 + Bxaxckexxx*x(2/5) + Bxb*x*2xd*x**x(3/5)/3 + bxb*x2kexx*x*x(2/5)/2 + 5%b
xckdxx**x (2/5) + 10*%bxckexx*x(1/5) + Bxckx2kd*xx**x(1/5) + cx*2xexlog(x), Eq(n
, —1/5)), (120*a*x*2*xd*n*x*5*xx/(120*n**x5 + 274*n**4 + 225xn**3 + 85xn**x2 + 15
*n + 1) + 274*xaxx2xdxnxx4*x/(120*n**5 + 274*n*xx4 + 225+n**3 + 85 n*x*2 + 15%
n + 1) + 225xa**2+xd*n**3*x/ (120*n**5 + 274*n**4 + 225*xn**3 + 85*n**2 + 15%n
+ 1) + 8bxax*x2xd*n**2*x/(120*n**5 + 274xnxx4 + 225+n**3 + 85*n**2 + 15xn +
1) + 15xax*2xd*n*x/(120*n**5 + 274*n*x*4 + 225xn**3 + 85%n**x2 + 15%n + 1) +
ax*2*xd*xx/ (120*n**x5 + 274*n**4 + 225kn**3 + 85xn**2 + 15%n + 1) + 120*%a*x*x2x
exnxxdxxokxkxn/ (120%n*x5 + 274*n**x4 + 225xn**x3 + 85%n**2 + 15%n + 1) + 154x*a
*xkeknkok3kokxkkn/ (120*n*x*x5 + 274*n**4 + 225*n**3 + 85%n**2 + 15%n + 1) + 7
Ikaxx2xexn**x2kx*kx*x*n/ (120*n**5 + 274*n*x*x4 + 225+n**3 + 85 n**2 + 15%xn + 1)
+ 14xaxx2xe*xn*x*xxxn/ (120*n**5 + 274*n**4 + 225*n**3 + 85*n**2 + 15%n + 1)
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+ axk2kexxkxkkn/ (120%n**x5 + 274*n*x*x4d + 225xn**x3 + 85*n**2 + 15%n + 1) + 240
*axbxd*nkkdxxkxxkn/ (120%n**5 + 274*xn*x*x4 + 225*n*x*3 + 8b5xn**2 + 15%n + 1) +
308*axbxd*nx*x3xxxx**n/ (120*n**5 + 274*xn*x*x4 + 225%n**3 + 85*n**2 + 15%n + 1)
+ 142%axbxd*n*xx2xx*xk*kn/ (120*n**5 + 274*n*x*x4 + 225%n**3 + 85 n**x2 + 15%n +
1) + 28*axbxd*n*x*x**n/(120*n**5 + 274xn*x*x4 + 225*n**3 + 85*xn*x*2 + 15%n +
1) + 2xaxbxd*x*x**n/(120*n**5 + 274xn*x*x4 + 225*n**3 + 85*n**2 + 15%n + 1) +
120*axbxexn*x*x4*x*x** (2+n) / (120*n**5 + 274*n**x4 + 225 n**3 + 8b5*n**x2 + 15%n
+ 1) + 214xaxbrexn**3xx*xx*x*x (2xn) / (120*n**5 + 274xn**4 + 225*xn**3 + 85*n*x*2
+ 15%n + 1) + 118xaxbkexn*x2xx*xk*k (2¥n)/(120*n**5 + 274%n**x4d + 225%n**3 +
85*n**2 + 15%n + 1) + 26*axbrexnxxkxxx(2xn)/(120%n**5 + 274*n*x*4d + 225%n**3
+ 85*knk*2 + 15%n + 1) + 2xaxbkexxkxkkx(2xn)/(120%n**5 + 274*xn*x*4 + 225*xn**3
+ 85*nk*k2 + 15%n + 1) + 120*a*ckdknkkdrxkxxx (2*n)/(120*n**5 + 274*n*x*x4 + 2
25*n*x3 + 85%n**2 + 15%n + 1) + 214*xaxckdrnx*3*xx*xx**(2*n)/(120*n**5 + 274*n
*x4 + 225kn**x3 + 85*nk*2 + 15%n + 1) + 118*axckdrn**2kxxx**(2*xn)/(120%n**5
+ 274*n*x*x4 + 225xn*x%3 + 85*n**2 + 15k%n + 1) + 26%axckd*sn*xkxkk (2*xn) / (120*nx*
*5 + 274*n*x*k4 + 225xn*x3 + 85*n**2 + 15%n + 1) + 2kaxckd*x*xkk(2*xn)/ (120*nx*
*5 + 274*n*x*k4 + 225xn*x3 + 85*n**2 + 15%n + 1) + 80xaxckexn**xdkxkx**(3*n)/(
120*n**5 + 274*n**4 + 225xn**3 + 85xn**2 + 15%n + 1) + 156*akckexn*x*x3*xxkx**
(3*n) / (120*n**5 + 274*xn*x*x4 + 225%n**3 + 85*xn**2 + 15%n + 1) + 98ka*xcke*n**2
*xxx6% (3*n) / (120%n**5 + 274+n**4 + 225xn**3 + 85xn**2 + 15%n + 1) + 24*xaxcx
exn*x*x0kk (3*n) / (120*n*x5 + 274*n**4 + 225*xn**3 + 85%n**2 + 15*xn + 1) + 2*ax
crxexx*x** (3*n) / (120*n**5 + 274*n**4 + 225xn**3 + 85*n**x2 + 15%n + 1) + 60*b
ok kdknkokdokokxokk (2xn) / (120%n**5 + 274*n*xx4d + 225%xn**x3 + 85%n**2 + 15*%n + 1)
+ 107*bk*2xd*nx*x3xx*kxk* (2%n) / (120*n**5 + 274*n**x4 + 225%xn**3 + 85 n*xx2 + 1
5%¢n + 1) + B9*bx*2xd*nkx*x2%xkx*k*x (2*n) / (120*n**5 + 274*n*x*x4 + 225%n**3 + 85*n
*%2 + 15*n + 1) + 13xbx*x2%d*n*x*x*x* (2*n) / (120*n**5 + 274*n**4 + 225*n**3 +
85*n*x*2 + 15%n + 1) + b**x2*xdkxkxkk (2*n)/ (120*n**5 + 274*n*x*x4 + 225*n**3 + 8
5#n**2 + 15*%n + 1) + 40xb**2ke*n**kdkxkx*k*k (3*n)/(120*n**5 + 274*n*x*x4d + 225%n
**%3 + 85*kn**x2 + 15%n + 1) + 78xb¥x*2kexn**3xx*x** (3*n)/(120*n**5 + 274*n**4
+ 225%n**3 + 85%n¥*2 + 15%n + 1) + 49xb*k*2xe*xnx*x2%xkx*x* (3*n) /(120*n**x5 + 27
dxnxxd + 225*xn**3 + 85*knk*k2 + 15%n + 1) + 12¥b**2kxe*xnkxkxkk (3*xn)/ (120*n**5
+ 274*n*x*x4 + 225xn**3 + 85*n*k*2 + 15%n + 1) + b¥*2ke*xx*xk*k (3*n)/(120*n**5 +
274*n*x*x4 + 225xn**x3 + 85*n**2 + 15%n + 1) + 80xbkxckd*n**4*xkx**(3*n)/(120%
nxx5 + 274xnx*x4 + 225%n**3 + 85kn**2 + 15%n + 1) + 156*bkckdknk*3kxkx** (3*n
)/ (120*n**5 + 274*nx*x4 + 225*%n**3 + 85xn**2 + 15%n + 1) + 98*bkckxd*nx*2¥x*x
*% (3#n) / (120*n**5 + 274xn**4 + 225*kn**3 + 85*n**x2 + 15%n + 1) + 24xbxcxdxnx*
xkxx* (3%n) / (120*n**5 + 274*xn*x*x4 + 225xn**3 + 85*n**2 + 15%xn + 1) + 2%bkxc*d*
xkxxx (3%n) / (120*n**5 + 274*xn*x*x4d + 225xn**3 + 85*n**2 + 15%n + 1) + 60*b*cxe
snkkdxxkxokk (4+n) / (120*n*x*5 + 274*n*x*x4 + 225%xn**3 + 85 n**2 + 15%n + 1) + 12
2¥bxcxesnxx3*xxkxkx (4*n) / (120*%n**5 + 274*n*x*x4 + 225%n**3 + 85*n**2 + 15%n +
1) + 82xbxckxexn**2*x*xk* (4*xn) / (120*n**x5 + 274*n**4 + 225xn**3 + 85xn**x2 + 1
5%¥n + 1) + 22*bkxckxexnxxxx** (4+n)/(120*n**5 + 274xnxx4 + 225+n**3 + 85 xn*x*2
+ 15*%n + 1) + 2xbxckexx*x**(4*n)/(120*n**5 + 274+n**4 + 225*n**3 + 85*xn**2
+ 15*%n + 1) + 30xc**2kd*n**xdkxokxkk (4*xn)/(120*n**5 + 274*n*x*x4d + 225*n**3 + 8
5¢n*x*2 + 15%n + 1) + B61lkxck*2kdrn**3kxxx**(4*n)/(120%n*x*5 + 274*n**4 + 225%n
**%3 + 85*kn**x2 + 15%n + 1) + 4dlkck*2kdxn*x2xxkxkk (4xn) /(120*nx*5 + 274xn**4
+ 225*kn**3 + 85xn**2 + 15%n + 1) + 1lkck*x2xd*n*x*x**(4*n)/(120*n**5 + 274%*n
*x4 + 225kn**3 + 85kn*xx2 + 15%n + 1) + cx*2kdrxkx** (4+n)/(120*n**5 + 274*nx*
x4 + 225*n**k3 + 8b5kn**x2 + 15%n + 1) + 24kxckkkexnkkdxxkxk* (5+n)/(120*n**5 +
274%n*x*4 + 225xn*x3 + 85xn*x2 + 15%n + 1) + BOkxck*k2xexnk*x3*xx*x** (5%n)/ (120
*nxx5 + 274xn*x*x4 + 225%xn**x3 + 85*kn*x*x2 + 15%n + 1) + 35kckkkexnkk2kxkxkk (5k
n)/ (120*n*xx5 + 274*n**4 + 225*xn**3 + 85%n**2 + 15*n + 1) + 10*ck*2xe*n*x*x*
*(5%n) /(120*n**5 + 274xn**x4 + 225*n**3 + 85*n**x2 + 15%n + 1) + ckk2kexxkxk*
(5%n)/ (120*n**5 + 274*n**x4 + 225+n**x3 + 85*n**2 + 15%n + 1), True))
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3
3.44 f (d + ex™) (a + bx" + ch”) dx
Optimal. Leaf size=218

xon+l (3a2ce + 3ab%e + 6abcd + b3d) a2x"*(ae + 3bd) 3ax?*1 (abe + acd + bzd) 3cx2+l (ace + 1

asdx+ + + +
3n+1 n+1 2n+1 5n+1

Rubi [A] time = 0.20, antiderivative size = 218, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 1, integrand size = 24,

number of rules _ ) 149 Rules used = {1432}

integrand size

2141 (3a%ce + 3abPe + 6abed + b3d) 24+ (ae + 3bd) . x4+ (6abce + 3ac’d + 312cd + b)  3ax®"*1 (abe + acd + b2d)  3cx™*1 (ace + WPe+bed)  2x 1 (3be +cd)  Pex”
+ +
3n+1 n+1 rax 4n+1 2n+1 5n+1 6n+1 n+1

Antiderivative was successfully verified.
[In] Int[(d + exx"n)*(a + b*x"n + c*x~(2*n))~3,x]

[Out] a”3*xd*x + (a™2%(3xb*d + a*e)*x~ (1 + n))/(1 + n) + (3*xax(b"2xd + axcxd + axb
¥e)*x~(1 + 2*n))/(1 + 2xn) + ((b~3*d + 6*axbkckxd + 3*xaxb~2%e + 3*ka " 2kc*e)*x

(1 + 3*%n))/(1 + 3*n) + ((3*%b"2*c*d + 3*axc™2*xd + b~3xe + Graxbkcke)*x~(1 +
4xn))/(1 + 4xn) + (3*cx(bxc*d + b™2xe + axc*e)*x~ (1 + 5xn))/(1 + 5*n) + (c
“2%(c*d + 3*b*e)*x~ (1 + 6x%n))/(1 + 6*n) + (c"3*exx~(1 + 7+#n))/(1 + 7*n)

Rule 1432

Int[((d_) + (e_)*(x_ )" (@ ))*x((a) + (b_)*(x_)"(n_) + (c_)*(x_)"(n2_))"(p
_), x_Symbol] :> Int[ExpandIntegrand[(d + e*x™n)*(a + b*x™n + c*x~(2*n)) p,
x], x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4x*axc,
0]

Rubi steps

3
f (d + ex™) (a +bx" + cxz”) dx = f (a3d + a%(3bd + ae)x™ + 3a (bzd +acd + abe) X% + (b3d + 6abcd + 3al

a2(3bd + ae)x1*"  3a (bzd + acd + abe) xl+2n (b3d + 6abcd +
+

ey
aax+ 1+ * 1+2n 1

Mathematica [A] time = 0.43, size = 205, normalized size = 0.94

x3" (3{1256 +3ab%e + 6abed + bd)  2x(ae + 3bd)  3ax?" (abe +acd + bzd) 3cx™" (ace + bPe + bcd) x4 (6abcn +3ac?d + be +30%cd) 248" (Bbe +cd)  Sex”
+ + + + +
3n+1 n+1 2n+1 5n+1 4n+1 6n+1 n+1

x|add +

Antiderivative was successfully verified.

[In] Integrate[(d + exx"n)*(a + b*x"n + c*x~(2%n))~3,x]

[Out] x*(a”3*d + (a~2*(3*b*d + a*e)*x"n)/(1 + n) + (3*xa*x(b"2*d + axc*d + axb*xe)*x
“(2*n))/(1 + 2*n) + ((b™3%d + 6xa*bxcxd + 3*xa*xb”™2xe + 3*xa~2*c*xe)*x” (3*n))/(

1 + 3*n) + ((3%b72%c*d + 3*a*xc™2xd + b~ 3*e + 6*axbkcke)*x”(4*n))/(1 + 4%n)

+ (3kcx(bxcxd + b~ 2%e + axc*e)*x”~(5xn))/(1 + 5xn) + (c™2*(c*xd + 3*b*xe)*x~ (6

*n)) /(1 + 6*n) + (c"3*exx~(7*n))/(1 + 7+n))

IntegrateAlgebraic [F] time = 3.40, size = 0, normalized size = 0.00

f(d + ex™) (a +bx" + cxz’“)3 dx

Verification is not applicable to the result.
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[In] IntegrateAlgebraic[(d + e*x"n)*(a + b*x"n + c*x~(2*n))~3,x]

[Out] a~3*d*x + Defer[IntegrateAlgebraic] [3*a”~2*b*xd*x™n + a~3%e*xx™n + 3ka*xb~2*d*x
“(2%n) + 3*a”"2xckxdxx”(2xn) + 3*a”2*bkexx”(2*n) + b73*d*x”(3*n) + 6*xaxbxcxdx
x7(3*n) + 3xa*xb”2%e*x”(3*n) + 3*xa"2xcxexx”(3*n) + 3*bT2xckd*x”(4*n) + 3*axc
“2%d*x” (4*n) + b7 3xexx”(4*n) + 6*axbkckexx”(4*n) + 3¥b*xc”2*d*x”(5*n) + 3*b”
2%ckxe*xx” (5*xn) + 3*kaxc”2xexx”(5*n) + ¢ 3*xd*x”(6*n) + 3xb*xc " 2%e*x”(6*n) + c”3

*exx” (7*n), xJ

fricas [B] time = 0.88, size = 1209, normalized size = 5.55
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(atb*x n+c*x~(2#n))~3,x, algorithm="fricas")

[Out] ((720%c"3*e*n”6 + 1764*c~3*exn~5 + 1624*c”3*e*n”4 + 735*xc " 3*exn”3 + 175%c”3
*e*¥n”2 + 21*c " 3*exn + c"3%e)*x*x”(7*n) + (840*(c”3*d + 3*b*c”2%e)*n”6 + 203
8*%(c”™3*d + 3*bxc"2*e)*n"5 + 1849*%(c”"3*d + 3*xbxc"2%e)*n"4 + c”3*kd + 3kbxc"2x
e + 820*%(c”3*d + 3*bxc™2xe)*n~3 + 190*(c”3*d + 3*b*xc"2xe)*n"2 + 22*%(c”3*d +
3*xb*kc”2%e) *n) *x*xx~ (6*n) + 3*%(1008*(bxc™2xd + (b~2%c + a*c™2)*e)*n”6 + 2412
*(bxc™2*xd + (b™2*%c + axc™2)*e)*n”5 + 2144*x(bxc™2xd + (b™2%c + a*c”2)*e)*n"4
+ bxcT2xd + 925%(bxc”2+xd + (b7 2*c + a*xc™2)*e)*n~3 + 207*(bxc”2*xd + (b~ 2xc
+ axc”2)*e)*n"2 + (b72%c + axc”2)*e + 23x(bxc”2+xd + (b72*c + axc”2)*e)*n)*x
*x7(5%xn) + (1260*%(3*%(b~"2*c + a*xc™2)*d + (b~3 + 6*axb*c)*e)*n”6 + 2952*x(3*(b
“2%c + a*xc”2)*d + (b73 + 6xaxb*c)*e)*n”5 + 2545%(3x(b"2*c + ax*c”2)*d + (b”3
+ 6*axbkxc)*e)*n~4 + 1056% (3% (b~ 2*c + axc™2)*d + (b~3 + 6*axb*c)*e)*n”~3 + 2
26% (3% (b~ 2*%c + axc™2)*d + (b~3 + 6*a*xbkc)*e)*n”2 + 3*x(b72%c + a*xc”™2)*d + (b
"3 + 6*axbkc)*e + 24x(3x(b"2%c + a*xc”2)*d + (b"3 + 6xaxb*c)*e)*n)*x*kx” (4*n)
+ (1680%((b~3 + 6xa*xb*c)*d + 3*(axb™2 + a~2xc)*e)*n"6 + 3796%((b~3 + 6*ax*b
xc)*d + 3*x(axb”2 + a"2xc)*e)*n”5 + 3112x((b~3 + 6xaxb*c)*d + 3*(a*b™2 + a~2
xc)*e)*n”4 + 1219%((b~3 + B*axb*c)*d + 3*x(a*xb™2 + a~2xc)*e)*n~3 + 247x((b~3
+ 6*axbxc)*d + 3x(axb”2 + a”2*c)*e)*n”2 + (b~3 + Bxaxb*c)*d + 3*(a*b”2 + a
“2%c)*e + 26%x((b"3 + 6xaxb*c)*d + 3*k(axb”2 + a~2xc)*e)#*n)*x*kx”(3*n) + 3*(25
20* (a"2*b*e + (a*xb™2 + a~2*c)*d)*n"6 + 5274*(a"2xbxe + (a*xb™2 + a”2*c)*d)*n
“5 + 3929*%(a"2*b*e + (a*xb”2 + a"2*c)*d)*n"4 + a”2xb*e + 1420*(a"2*b*xe + (ax
b"2 + a"2xc)*d)*n"3 + 270*%(a”"2*xbxe + (a*b”2 + a”2*c)*d)*n"2 + (axb”2 + a~2%
c)*d + 26*(a”2*b*e + (a*xb™2 + a~2*c)*d)*n)*x*x”(2*n) + (5040%(3*a~2*b*d + a
“3*e)*n”6 + 8028*%(3*a"2xbxd + a~3*e)*n”5 + 5104*(3*a"2xb*d + a"3*e)*n"4 + 3
*a " 2%b*d + a"3*e + 1665*(3*a”2*b*d + a"3*e)*n"3 + 295%(3*a"2*b*d + a~3*e)*n
"2 + 27*(3*a”2*xbxd + a~3%*e)*n)*x*x"n + (5040*%a~3xd*n~7 + 13068*a”3*d*n"6 +
13132*%a”"3*xd*n"5 + 6769*a~3*d*n"4 + 1960*a”3*xd*n"3 + 322%a”3*d*n"2 + 28%*a” 3%
d*n + a”3*d)*x)/(5040*n"7 + 13068*n"6 + 13132*n"5 + 6769%n"4 + 1960*n~3 + 3
22%n"2 + 28%n + 1)

giac [B] time = 0.78, size = 2134, normalized size = 9.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x"n)*(atb*x n+c*x~(2#n))~3,x, algorithm="giac")

[Out] (5040*a”3*d*n"~7*x + 840*c~3*d*n~6*xx*x”~(6*n) + 3024*b*c”2*xd*n"6*xx*x~(5*n) +
3780*b"2*xcxd*n"6xx*x”~ (4*n) + 3780*a*c”2xd*n~6*x*x~ (4*n) + 1680*b~3*d*n~6*x*
x7(3*%n) + 10080*axbxc*d*n~6*x*x~ (3*n) + 7560*a*xb”2xd*n~6*x*x~(2*n) + 7560%*a
“2kckxd*n”6xx*x” (2*n) + 15120*%a”2%bxd*n"6*x*x"n + 720%c”3%n"6*xx*x” (7*n)*e +
2520%b*c”2*n"6*xx*x” (6*n) *e + 3024*b~2*kckn”6xx*xx” (5*n)*e + 3024*axc”2*n”6*xx*
x7(5*n)*e + 1260%b~3*n"6*x*x” (4*n)*e + 7560*a*xb*c*n”6*x*x” (4*n)*e + 5040*a*
b"2*n"6xx*x” (3*n) *e + 5040*a”2*c*n"6xx*x” (3*n)*e + 7560*a”2xb*n~6xx*x~ (2*n)

*e + 5040*a”3*n"6*x*x"n*xe + 13068*a~3xd*n"6*x + 2038*c”3*d*n"5xx*x” (6*n) +
7236*bxc”~2xd*n"5xx*x~ (5%n) + 8856*%b~2xcxd*n~5*x*x~ (4*n) + 8856*%axc”2xd*n"5%

x*x” (4*n) + 3796%b~3*d*n"5*xx*x~ (3*n) + 22776*axb*c*d*n”5*xx*x~ (3*n) + 15822%
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axb”2*d*n"5*xx*kx” (2*n) + 15822%a”2*ckd*n”5xx*x”(2*n) + 24084*a”2*b*xd*n”5xx*x
“n + 1764*c”3*n"bxx*x” (7*n)*e + 6114*bxc”2*n"5xx*x”~ (6%n)*e + 7236*b"2*c*n”5
*x*x” (5*n) e + 7236*axc”2*n"5*x*x” (5*n)*e + 2952*xb~3*n"5*x*x” (4*n)*e + 1771
2%axbxc*n"bxx*xx” (4*n)*e + 11388*axb”2*xn"bxx*xx~ (3*n)*e + 11388*a~2*c*n”~5kxx*x
~(3*n)*e + 15822*a " 2xbxn"5*x*x” (2*n)*e + 8028*a~3*n"5*x*x"n*e + 13132*a”3*d
*n"5%x + 1849*%c”3xd*n"4xx*x” (6%n) + 6432*%bxc”2xd*n"4*x*x” (5*%n) + 7635*b"2*c
*d*n"4*x*kx” (4*n) + 7635xa*xc”2*d*n"4*x*kx” (4*n) + 3112%b"3*d*n"4*x*kx” (3*n) +

18672*%axb*ckd*xn~4*x*x~ (3*n) + 11787*axb~2*d*n~4*x*x~ (2*n) + 11787*xa”2*c*xd*n
“4xxxx”(2*%n) + 15312%a”2xb*d*n~4*x*x"n + 1624*c”3*xn"4d*xx*xx” (7*n)*e + 5547*bx*
cT2*xn"4¥x*x” (6%n) *e + 6432%b"2*xckxn"4dxxxx” (5%n)*e + 6432*%axc”2*xn"4*x*xx” (5%n)
xe + 2545*xb73*n"4*xx*x” (4*n)*e + 15270*axbxcxn~4*xx*x~ (4+*n)*e + 9336*axb~2*n~
dxxxx” (3*n)*e + 9336*a”2*kckn " 4d*kx*x” (3*n)*e + 11787*a”2*b*n"4*x*xx” (2*n)*e +

5104*a”~3*n"4*xx*x " n*e + 6769*%a”3xd*n"4*x + 820*c”3xd*n"3*xx*x”~(6*n) + 2775*bx*
cT2xd*n"3*x*x” (5*%n) + 3168*b"2xc*xd*n~3*x*x” (4*n) + 3168*axc”2*xd*n"3*x*x” (4x*
n) + 1219%b~3*d*n"3*x*x~ (3*n) + 7314*axbxc*d*n~3*x*x~(3*n) + 4260*a*xb~2*d*n
“3*x*x”(2*%n) + 4260*%a”2xc*d*n”3*x*x” (2*n) + 4995*%a”2xb*d*n"3*x*x"n + 735*%c”
3*kn"3*kx*kx” (7*n)*e + 2460%b*c”2*n " 3*x*x” (6*n)*e + 2775%b " 2*c*n”3*xx*x” (5%n) *e
+ 2775*%a*xc”2*n"3*x*x” (5%n) *e + 1056*b~3*n"3*x*x”~ (4+*n)*e + 6336*a*bkxcxn”3*x
*x~ (4*n) *e + 3657*a*b”2+n"3*xx*x” (3*n)*e + 3657*a~2xcxn”3*x*x~(3*n)*e + 4260
*a " 2xb¥n " 3kx*x” (2*n) *e + 1665*%a~3*n"3xx*x " nxe + 1960*a”3xd*n"3*x + 190%c” 3%
d*n”2*xx*x” (6*n) + 621%b*xc”2*d*n”2*xx*x” (5*%n) + 678%b " 2*c*d*n”2*x*x” (4*n) + 6
T8*axc ™ 2xd*n"2xx*x”~ (4*n) + 247*b”~3*xd*n"2xx*x~ (3*n) + 1482*axb*xcxd*n~2xx*x” (
3*n) + 810*a*xb~2xd*n~2*x*x”(2*n) + 810*a”~2xcxd*n~2*x*x~ (2*n) + 885*a”~2xbxd*
nT2*x*x"n + 175%c”3*n"2*x*x” (7*n)*e + 570%b*xc”™2*%n"2*xx*x~ (6*n)*e + 621*b~2%c
*n”2xx*x” (5*n) ke + 621*axc”2xn"2*x*xx” (5%n) *e + 226*b~3*n"2*x*x” (4*n)*e + 13
56*a*xb*c*kn”2*xx*x” (4*n)*e + T41*xaxb~2*n"2*xx*x~ (3*n)*e + T41*a~2*c*n”2*xx*x~ (3
*n)*e + 810*a " 2xb*n~2xx*x”~ (2*n)*e + 295*%a”3*n"2*x*x " nxe + 322%a”3*xd*n"2*x +
22%c”3kd*nkx*x” (6*n) + 69*b*xc”2kdknkx*kx” (5*n) + 72¥b " 2*ckdknkx*kx”(4*n) + 7
2%axc " 2*xdxnxx*x” (4*n) + 25%b73xd*n*kx*x”(3*n) + 150*axbkckxd*n*x*xx~(3*n) + 78
*axb"2xdknkxkx” (2%n) + 7T8%a”2kckd*n*x*kx”(2*%n) + 81*xa”2xb*xd*n*x*x"n + 21*c”3
*n*x*x” (7*n) *e + 66*xbxc™2*n*x*x” (6*n) *e + 69*b~2xcxn*x*x~ (5*n)*e + 69*a*xc”2
*n*x*x” (5*xn) *e + 24*b"3xn*x*x” (4*n) *e + 144*xaxbxcxn*x*x~ (4*n)*e + 75xaxb~2x
nxx*x” (3*n)*e + 75xa " 2kcknkx*kx” (3*n)*e + 78*a " 2*binkxkx” (2*%n)*e + 27*a”3*n*
x*x"nxe + 28*a”3*d*n*x + c”T3kdxx*x”(6*n) + 3*kb*kc”T2kd*kx*kx”(5*%n) + 3xb"2kckd*
x*x” (4*n) + 3¥a*xc”2*xd*x*kx” (4*n) + b7 3xd*x*x”(3*n) + 6*xaxbkxckxdxxxx~(3%n) + 3
*axb "2k d*kxkx” (2%n) + 3xa”2%ckd*x*x”(2*n) + 3*a"2xbxd*x*x"n + ¢ 3*kx*xx” (7*n)*
e + 3*b*xcT2*xx*kx” (6*n)*e + 3*¥b72kc*kx*x” (5kn)*e + 3kaxcT2*x*x”(5*n)*e + bT3*x
*x7 (4*n) e + 6*xaxbxcxxxx” (4+*n)*e + 3*kaxb"2xx*x”(3*n)*e + 3*ka ~2kckx*kx” (3*n)*
e + 3*a”"2*b*xx*x” (2*n)*e + a~3*x*x"n*e + a”3*xd*xx)/(5040%n"7 + 13068*n"6 + 13
132*n"5 + 6769*n"4 + 1960*n"3 + 322*n"2 + 28%n + 1)

maple [A] time = 0.02, size = 226, normalized size = 1.04

Bex e7nIn@) © iy (@ 300) 2y @ Ine) , Bee+ad) QRxe®n® 3 (abe + acd + b2d) axe2" " 3 (ace + b + bed) cxeS "W (3a2ce + 3abZe + babed + bd) x> M) (6abee +3ac2d + be + 3b2cd) x 1MW)
3dx + + +
7n+1 e n+1 6n+1 2n+1 5n+1 3n+1 4n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"n+d)*(b*x"n+c*x”(2*n)+a)"3,x)

[Out] a™3*d*x+(6*axbxckxe+3kaxc™2+xd+b~3*e+3*xb~2%c*d)/ (4*n+1) *x*exp (n*1ln(x)) ~4+(3*a
T2%c*e+3%axb 2%e+6*kaxbkxckd+b"3*d) / (3*kn+1) *x*kexp (n*ln(x)) ~3+a"2x (ake+3*b*d) /

(n+1) *x*exp (n*1n(x) ) +c~ 2% (3xb*xe+cxd) / (1+6%n) *x*exp (n*1n(x)) “6+c~3*e/(1+7%*n)
xx*xexp (n*¥ln(x)) ~7+3*a* (axbkxe+axc*d+b~2*d) / (2*xn+1) *x*exp (n*x1n(x)) “2+3*c* (a*c
xe+b~2xe+bxc*d) / (5*n+1) *x*exp (n*1n(x)) "5

maxima [A] time = 0.88, size = 386, normalized size = 1.77

o, Cedml il 3peySil  3hddSt  3iZeexS™  3ace™l 3Raddi™l  3addy™  Bertl gabeet™l Bl 6abed™  3abted™  3dced®™l  3alPdil a2l 3ber?™  3albdy™l  gex!
Pdr+ ———— + ¢ + + + + + + + + + + + + + + +
Tn+1 6n+1 6n+1 S5n+1 5n+1 5n+1 4n+1 4n+1 4n+1 4n+1 3n+1 3n+1 3n+1 3n+1 2n+1 2n+1 2n+1 n+1 n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x™n)*(atb*x n+c*x~(2%n))~3,x, algorithm="maxima"
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[Out] a”3*d*x + c"3xe*xx”(7*n + 1)/(7*n + 1) + ¢~ 3*d*x~(6*n + 1)/(6*n + 1) + 3*b*c
“2xexx”(6*%n + 1)/(6*n + 1) + 3xb*c™2%d*x~(5*xn + 1)/(5*%n + 1) + 3xb~2*ckxexx”

(5%n + 1)/(5*%n + 1) + 3*xaxc™2xexx~(5*n + 1)/(5xn + 1) + 3*b"2%c*d*x~(4*n +
1)/(4*n + 1) + 3*axc™2*d*x"(4*n + 1)/(4*n + 1) + b"3xe*x”"(4%n + 1)/(4*n + 1

) + 6xaxbxckxe*xx”(4*xn + 1)/(4*n + 1) + b~ 3*d*x"(3*n + 1)/(3*n + 1) + 6*axb*c
*d*x”(3*%n + 1)/(3*n + 1) + 3*a*xb™2*e*xx"(3*n + 1)/(3*n + 1) + 3*a " 2*c*xexx” (3

*xn + 1)/(3%n + 1) + 3*a*xb™2xd*xx~(2*n + 1)/(2*%n + 1) + 3*%a " 2*c*d*x~(2*n + 1)

/(2%n + 1) + 3*a"2xb*exx~(2*n + 1)/(2%n + 1) + 3*a"2xbxd*x"(n + 1)/(n + 1)

+ a”3%exx"(n + 1)/(n + 1)

mupad [B] time = 1.85, size = 227, normalized size = 1.04

xx”(ea3+3hdaz) xxz"(35‘a2b+3:tla2+3dnb2) X3 (3ebPc+3dbc? +3acc) xx3”(3ccaz+3enbz+6tdnb+db3) X34 (eb® +3dbPc+6aebe+3adc?) xxs”(dc3+3bcf2) Sexxm
+ + +

3 d
wdx+ n+l * 2n+1 Sn+l 3n+1 T+l 6n+1 Tn+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d + exx"n)*(a + b*x"n + c*x~(2*n))~3,x)

[Out] a”3*d*x + (x*¥x"n*x(a"3*e + 3*a"2%bxd))/(n + 1) + (x¥x”(2*n)*(3*xa*xb”™2*xd + 3*a
“2%b*e + 3*ka"2xcxd))/(2*n + 1) + (x*x”(5*n)*(3*xaxc”2*e + 3*bkc”2xd + 3*xb"2x
cxe))/(5*n + 1) + (x*xx~(3*n)*(b~3*d + 3*axb~2%e + 3%a~2kcke + 6Bxaxbkxckd))/(
3kn + 1) + (x*x”(4*n)*(b"3*e + 3*xaxc™2*xd + 3*%b"2*c*d + 6G*axbkckxe))/(4*n + 1
) + (x*x~(6*n)*(c”™3*d + 3xbxc™2*xe))/(6*n + 1) + (c™3*xexx*x”(7*n))/(7*n + 1)

sympy [A] time = 89.55, size = 9190, normalized size = 42.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d+e*x**n)*(atbxx**n+cxx**(2*n))**3,x)

[Out] Piecewise((ax*3*d*x + a**3*xexlog(x) + 3*ax*x2xbkxdxlog(x) - 3*ax*2xbke/x - 3%
axk2kxcxd/x — 3kax*x2kcxe/ (2xx**2) - 3xaxb**x2xd/x — 33*axb**2xe/(2xx**2) - 3*a
xbxckxd/x**2 - 2xaxbkcke/x*x3 — akc*k*2+d/x**3 - 3kxaxcxx2xe/ (4*x*%4) - bk*3*d
/ (2%x*%x2) — b**3%e/(3*xx**3) — b**x2kxckd/x**3 — 3*xb*xx2xcxkxe/(4*xx**4) — 3xbkckx
2xd/ (4xx**4) - 3xbkckx2kxe/(5xx**5) - cx*3*d/(5*x**5) — c**3%xe/(6*x**6), Eq(
n, -1)), (a**3*d*xx + 2*xa*xx3*exsqrt(x) + 6*a*x*2xbxd*sqrt(x) + 3*xa*xx2*bxexlog
(x) + 3*xax*x2xckdxlog(x) - 6*xa*xx2*cke/sqrt(x) + 3*kaxb*x2*xdxlog(x) - 6kaxb**2
xe/sqrt(x) - 12*axb*xckd/sqrt(x) - 6*axbxcke/x — 3*akxcx*2xd/x — 2%kaxc**2*e/x
*x*%(3/2) - 2*%bx*3*d/sqrt(x) - bx*3xe/x - 3*kbx*2xc*kd/x - 2xb**2kcxe/x**(3/2)
— 2xbkxcx*2xd/x*x* (3/2) - 3*bkckx2ke/ (2xx*x2) — cx*3xd/ (2*x**2) - 2*kcx*3xe/ (5
*xx*xx(5/2)), Eq(n, -1/2)), (a**3*xdxx + 3*a*x*3kexx**(2/3)/2 + Okax*2xbkxdrx*x*(
2/3)/2 + 9xaxx2*bxexx*x*(1/3) + 9kax*2xckd*xxx*x(1/3) + 3kax*x2xckexlog(x) + 9%
axbxx2xd*xxx*k (1/3) + 3kaxb**x2*xexlog(x) + 6*axbkckxd*log(x) - 18*axb*ckxe/x**(1
/3) — 9xaxckx*2xd/x**(1/3) - 9xakxcx*2xe/(2xx*x*(2/3)) + b**3*xdxlog(x) - 3*bxx*
3xe/x**(1/3) - 9*b*x*2xc*xd/x*x*(1/3) - Oxbx*2xcke/(2+x**(2/3)) - 9xb*xcx*2xd/ (
2xx*%(2/3)) - 3xbkxc**2xe/x — c**3*%d/x - 3*cx*3xe/(4*x*x*x(4/3)), Eq(n, -1/3))
, (ax*3*xdxx + 4xa*x*3xe*xx*xx(3/4)/3 + 4dxaxx2xb*xdxx**(3/4) + 6*ax*x2*bxe*xsqrt(x
) + 6xax*k2kckd*ksqrt(x) + 12kax*2xckexx*x(1/4) + 6xa*xbx*2xd*sqrt(x) + 12*axb
xkQxexxkk (1/4) + 24xaxbxckdxx*x(1/4) + 6xaxbxcxexlog(x) + 3*akxckx*2xd*xlog(x)
— 12%axcx*2ke/xx* (1/4) + 4*xbx*3*kd*xx**(1/4) + b*x3*e*xlog(x) + 3xb**2xcxdx*lo
g(x) - 12%bx*2kcxe/x*x(1/4) - 12%bkcx*2%xd/x**(1/4) - 6*bkcx*2kxe/sqrt(x) - 2
xcx*x3xd/sqrt (x) - 4xc*kx3xe/(3*x*x(3/4)), Eqn, -1/4)), (ax*3xdxx + H*xax*3*e
*x*x% (4/5) /4 + 15%a*x2xbxd*x**(4/5)/4 + bkxa*xx2xbkxexx*x*(3/5) + bBkax*x2kckdkxx**
(3/5) + 1Bbxaxx2*ckxexx**(2/5)/2 + Bkaxb**x2*xdxx*x(3/5) + 1B5kaxb**2kxexx**(2/5)
/2 + 15xaxbkckxdxx**(2/5) + 30%a*bkckxexx*x(1/5) + 15kakxcx*2xdxxx*(1/5) + 3*a
xckx2kexlog(x) + Bxbxk3xd*xx**(2/5)/2 + Bxb*x3kexx*x(1/5) + 1B5kb*x*k2kckd*x** (
1/5) + 3xb**2kxcxe*xlog(x) + 3*bkcx*2xd*log(x) - 15xbkckx*2xe/x**(1/5) - b*cxx
3xd/x**(1/5) - Bkcx*3xe/(2*x*x*(2/5)), Eq(n, -1/5)), (a**3*d*x + Bka*xx3*e*xx*
*x(5/6)/5 + 18*xax*2kxbxd*xx*x*(5/6)/5 + Okxax*x2xbkxexxx*x(2/3)/2 + 9xa*x*x2kxckd*x*x* (
2/3)/2 + Bxa*xx2*ckexsqrt(x) + Okaxb**x2xdxx*x(2/3)/2 + 6*axb**2%e*xsqrt(x) +
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12xaxbxckxd*sqrt (x) + 18*kaxbkckexx*x*(1/3) + Okakc**2*xd*xx**(1/3) + 18*kaxc**2x*
exxx*(1/6) + 2xb**3*xd*sqrt(x) + 3xb**3kexx*x(1/3) + Oxb*x2kcxd*x**(1/3) + 1
8xb*x2kckexx*k* (1/6) + 18xbkckx*k2xd*x*x*(1/6) + 3*bkck*2xexlog(x) + c**3*dxlog
(x) - B*xcxx3*xe/xxx(1/6), Eq(n, -1/6)), (a*x*3*xd*xx + T*a*x*3kxexx*x*(6/7)/6 + Tx
ax*x2xbxd*xx*xx (6/7) /2 + 21*ax*x2*xbxexx*x(5/7)/5 + 21*ka*xx2xc*xdxx**(5/7)/5 + 21x%
axx2xckexx** (4/7) /4 + 21xaxbx*x2xd*x**(5/7)/5 + 21xaxbx*x2*xexx*x(4/7)/4 + 21x
axbxcxdxx** (4/7) /2 + 1dxaxbxckexx*x* (3/7) + Trxakxckx*2+xdxx**(3/7) + 21%akxc**2x%
exx*x*x (2/7)/2 + T*b*x3xd*xx**x(4/7)/4 + Txb*x3xexx**x(3/7)/3 + T*xb*x*x2*xckd*xx*x* (3
/T) + 21*xb¥x2kckexx**(2/7) /2 + 21kxbkxcx*x2xdxx*x* (2/7) /2 + 21xbkxckx2xexx**x(1/7
) + Txck*k3xdxx*k*(1/7) + c*xx3*xexlog(x), Eq(n, -1/7)), (5040*a*x*3xd*n*x*7*x/ (5
040*xn*x7 + 13068*n**x6 + 13132*%n**x5 + 6769*n**4 + 1960*n*x*3 + 322*%n**x2 + 28x%
n + 1) + 13068*a*x*3xd*n**6*x/(5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n*
*4 + 1960*n**3 + 322*n**2 + 28*%n + 1) + 13132%a*x*3xd*n*x*x5xx/(5040*n**7 + 13
068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 6769
*axk3xd*snxxd*x/ (5040*%n**x7 + 13068*n**6 + 13132*n**x5 + 6769*n**x4 + 1960*n**3
+ 322*kn*k*k2 + 28%n + 1) + 1960*a*x*3*xd*nx*x3*xx/(5040*n**7 + 13068*n**6 + 1313
2+¥n**5 + 6769*n**4 + 1960*n**3 + 322*n*k*k2 + 28*n + 1) + 322%a**3*kd*kn*k*k2*x/ (
5040*n*x*7 + 13068*n**6 + 13132*n*x*5 + 6769*n**x4 + 1960*n**3 + 322*xn**2 + 28
*n + 1) + 28*xax*3xdxnxx/(5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*kn*x*x4 +
1960*n**3 + 322*n**2 + 28*n + 1) + axx3*d*x/(5040*n**7 + 13068*n**x6 + 13132
*¥nkk5 + 6769%n**4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 5040*a*x*x3ke*nk*x6*x*x
**xn/ (5040*xn**x7 + 13068*n**6 + 13132*n**5 + 6769*xn**4 + 1960*n**3 + 322*n**2
+ 28%n + 1) + 8028*ax*3kexnxx5*xxxx*x*n/ (5040*n**7 + 13068*n**6 + 13132*n**5
+ 6769*n**4 + 1960*n**x3 + 322*n**2 + 28*n + 1) + 5104xa**3kxe*xn**d*xx*kx**n/ (
5040*n*x*7 + 13068*n*x*6 + 13132*n*x*5 + 6769*n**x4 + 1960*n**3 + 322*xn**2 + 28
*n + 1) + 1665*%a*x*3xexn*x*x3xx*x**n/(5040*n**7 + 13068*n*x*x6 + 13132*n**5 + 67
69*n**4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 295*%axx3xexn**x2*xx*x*x*n/ (5040%n
*x7 + 13068*n*x*x6 + 13132*n*x*5 + 6769*n**x4 + 1960*n*x*3 + 322*%n*x*2 + 28%n + 1
)+ 2T7*a*x*3kxe*rn*kxkxkkn/ (5040*xn*x*x7 + 13068*n**6 + 13132*n**x5 + 6769*n**4 + 1
960*n**3 + 322*n**2 + 28%n + 1) + a*x*3kexx*kx*x*xn/(5040%n**7 + 13068*n**6 + 1
3132*n**5 + 6769*n**4d + 1960*n**3 + 322*n**x2 + 28%n + 1) + 15120*a*x*x2xbxd*n
*kGrxxxkkn/ (5040*xn**7 + 13068*n**x6 + 13132*n**5 + 6769*n**x4 + 1960*n*x*3 + 3
22*n**2 + 28*n + 1) + 24084*a*x*2xb*xdxnxkx5xx*kx**n/ (5040*n**7 + 13068*n**6 +
13132*n*x5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 15312xa**x2xbxd*
nxxdxxxxxxn/ (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*kn**4d + 1960*n**3 +
322* n**2 + 28%n + 1) + 4995*ax*2xbxdxnx*x3xxxx**n/ (5040*n**7 + 13068*n**6 +
13132*n**5 + 6769*n*x*x4 + 1960*n**x3 + 322*n**2 + 28*%n + 1) + 885*ax*2xbxd*nx
*2xxxxk*n/ (5040xn*x*7 + 13068*n**6 + 13132*n**5 + 6769*n*x4 + 1960*n*x*x3 + 32
2fn**2 + 28*n + 1) + 8lxa*x*2xbkxd*n*x*xx**n/(5040*n*xx7 + 13068*n**6 + 13132*n
*%5 + 6769*kn*k*4 + 1960*n*x*x3 + 322*n**2 + 28*n + 1) + 3xa*x*x2xb*xd*x*x**n/ (504
O*n**x7 + 13068*n**x6 + 13132*n*x*5 + 6769*n**x4 + 1960*n*x*3 + 322*n*x*2 + 28%*n
+ 1) + 7560*ax*x2xbxe*xn*x6*xx*xx*x* (2*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 +
6769xn*x*x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 15822xax*x2xbkxe*xn**x5kxkx** (2
*n) /(5040*n**7 + 13068*n**x6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322%n**2
+ 28%n + 1) + 11787xa*x*2xbke*xn**dxxkxx* (2xn)/(5040%n**7 + 13068*n**6 + 131
32*n**5 + 6769*n*x*x4 + 1960*n**3 + 322¥n**2 + 28*%n + 1) + 4260*a*x*2xbxe*n**3
*x*xx%% (2*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 +
322 n*k*2 + 28%n + 1) + 810*a*x*2kbkexnk*x2xxxx** (2*n)/(5040*n**7 + 13068*n**6
+ 13132 n**5 + 6769*n**4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 78*ax*x2kb*ex
n¥xxxxkk (2xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 +
322*n*k*k2 + 28*%n + 1) + 3kxax*2xbrexxkxkk (2xn)/(5040%n**7 + 13068*n**6 + 131
32*n*x*x5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 7560*a*x*2xcxd*xn**6
*xkx6% (2*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 +
322*n**2 + 28%n + 1) + 15822xax*2xcxd*nxxSkxxx** (2*n) /(5040*n*x*7 + 13068*n*
*6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 11787*a*x*2
xcxdkniokdxxkxkx (2xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n*x*4 + 196
O*n**3 + 322xn**x2 + 28%n + 1) + 4260*ax*x2xcxd*n**3*x*x3x0k* (2*xn) / (5040*n**7 +
13068*n**x6 + 13132*n**5 + 6769*n**x4 + 1960*n**x3 + 322%n**2 + 28*n + 1) + 81
Okax*x2xcxdxn**2*xxxx*x* (2*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4
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+ 1960*n**3 + 322*xn**2 + 28*n + 1) + 78*axx2xckxd*n*x*x**(2*n)/(5040*n**7 +
13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 3
*axok 2k ckdrxxxxokk (2xn) / (5040*n**7 + 13068*n**x6 + 13132*n**5 + 6769*n**x4 + 196
O*n**3 + 322*xn*x*x2 + 28%n + 1) + 5040*ax*2xcxe*n*x*x6*x*xxk* (3*n) / (5040*n**7 +
13068*n**6 + 13132*n**5 + 6769 n**x4 + 1960*n**x3 + 322%n**2 + 28%n + 1) + 11
388*ax*2kckxexnxx5xx*x** (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n*
x4 + 1960*n**3 + 322xn*x2 + 28*n + 1) + 9336k a**2xckexnk*dxxxx*x (3*n) /(5040
*nx*x7 + 13068*n*x*6 + 13132*%n*x*5 + 6769*n**x4 + 1960*n**3 + 322*n*x*2 + 28%n +
1) + 3657*xa*x*2xcrexnx*3xxxx** (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 +
6769*n**4 + 1960*n**3 + 322%n**2 + 28*n + 1) + T4lkxaxx2xckxexn*x*2*x*xx0k* (3*n)
/ (5040*n**7 + 13068*n**x6 + 13132*n*x*x5 + 6769*n**x4 + 1960*n**3 + 322*n**2 +
28*n + 1) + Thxaxx2kxckexn*xxx*x* (3*n)/(5040*n**7 + 13068*n**6 + 13132*n**5 +
B6769xn*x*x4 + 1960*n**3 + 322*n**x2 + 28%n + 1) + 3kxa*xx2xckexx*xx** (3*n) /(5040
*nxx7 + 13068*n*x*6 + 13132*%n*x*5 + 6769*n**x4 + 1960*n*x*3 + 322*n**2 + 28%n +
1) + 7560*axb*x*2+xd*n**6*xkx*k* (2*n) / (5040*n**7 + 13068*n**6 + 13132*n*x*5 +
B6769*%n*x*4 + 1960*n**3 + 322*xn**2 + 28%n + 1) + 15822%axbix2kxd*n**x5xxkxk* (2%
n)/(5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**2
+ 28*n + 1) + 11787*axbx*2*xdxn*x*4xx*xx*x (2*n)/(5040*n**7 + 13068*n**6 + 1313
2xn*xx5 + 6769*n*x*x4d + 1960*n**3 + 322*n**x2 + 28*n + 1) + 4260*a*xbx*x2xd*xn**3*
xkxxx (2xn) / (5040*n**7 + 13068*n**6 + 13132#n**5 + 6769*n**4 + 1960*n*x*3 + 3
22*n**2 + 28*n + 1) + 810%axb**2xd*rnxkx2kxx*kx** (2*n)/ (5040*n**7 + 13068*n**6
+ 13132*n**5 + 6769*n*x*x4 + 1960*n**x3 + 322xn**2 + 28*n + 1) + 78*axb**x2xd*n
*xxxkk (2*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 +
322*n**2 + 28%n + 1) + 3kaxb¥x2xd*xx*kx** (2*n)/(5040*n**7 + 13068*n**6 + 1313
2*kn*x*5 + 6769*n*x*x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 5040*axb**2kexn**x6*
xxx*x*x (3%n) / (5040*n**7 + 13068*n**6 + 13132#n**5 + 6769*n**4 + 1960*n*x*3 + 3
22*n**2 + 28*n + 1) + 11388*axb**2kexnxkx5xxxx**x (3*n)/(5040*n**7 + 13068*n*x*
6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28+n + 1) + 9336*a*xb*x*2
kexnkxxdkokxokk (3xn) / (5040%n**7 + 13068*n**6 + 13132xn**5 + 6769*n**4 + 1960%
n*¥*x3 + 322*n¥*2 + 28*%n + 1) + 3657*xaxb¥x2ke*nk*x3*x*kx** (3*%n)/(5040*n**7 + 13
068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n*x*x2 + 28%n + 1) + 741
axb*x*2kexnkk2kxkx*k* (3%n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769 n*x*x4 +
1960*n**3 + 322*n**2 + 28%n + 1) + 75kaxbkx*x2kexn*xxx** (3xn)/(5040%n**x7 + 1
3068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 3*a
*b**x2ke*xxokxkk (3xn) / (5040*n**7 + 13068*n**6 + 13132xn**5 + 6769*n**4 + 1960%
nx*3 + 322xn**2 + 28*n + 1) + 10080*axb*ckxd*n**6*xx*kxx*x* (3*n)/(5040%n**7 + 13
068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n*x*x2 + 28%n + 1) + 2277
Bxaxbxckdsn*x*x5xxkx*kk (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4
+ 1960*n**3 + 322*xn**2 + 28%n + 1) + 18672xaxbkxckxd*nxxdxx*xx** (3*n)/(5040*n*
*7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322%n**2 + 28*n + 1)
+ 7314*axbxcxdxnx*x3xx*x** (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769
*n**x4 + 1960*n**3 + 322xn**2 + 28*n + 1) + 1482*xaxbkckxd*n**2*x*xx*x* (3*n) /(50
40*nx*7 + 13068*n*x*6 + 13132*n*x*5 + 6769*n*x*x4 + 1960*n**x3 + 322*n*x*2 + 28%*n
+ 1) + 150*axb*cxd*nxx*x** (3*n)/(5040*n**7 + 13068*n**x6 + 13132*n**5 + 676
Oxn*x*x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 6G*axbkxcxdrxxx*k* (3*n)/(5040*n**7
+ 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) +
7560*a*xbxcxexnxxGxxxx** (4+n) / (5040*n**7 + 13068*n**x6 + 13132*n**5 + 6769*n
*x4 + 1960*n**3 + 322*xn**x2 + 28*n + 1) + 17712*axbxcxexn**x5*xx*x** (4*n) /(504
O*xn*x*x7 + 13068*n**x6 + 13132*n*x*5 + 6769*n**x4 + 1960*n*x*3 + 322*n**2 + 28%*n
+ 1) + 15270*axbxcxexnx*4d*x*xx*x (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 +
6769xn**4d + 1960*n**3 + 322*n**2 + 28%n + 1) + 6336*axbxckexnx*x3*xkx*x* (4*n
)/ (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*kn**2 +
28*n + 1) + 1356*axbxckxe*xn**2*x*xk* (4*n)/(5040*n**7 + 13068*n**6 + 13132*n
*%5 + 6769*kn*k*4d + 1960*n**3 + 322*n**2 + 28*%n + 1) + 144*axbkckexnrxkxkk (4*
n) /(5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**2
+ 28%n + 1) + 6*xaxbkxckxexx*x**x(4*n)/(5040*n*x7 + 13068*n**6 + 13132*n**x5 + 6
769*n*x*4 + 1960*n*x*x3 + 322*n**2 + 28*n + 1) + 3780*a*c**2kxd*xn*x*xGxx*xx*x* (4*n)
/ (5040*n**x7 + 13068*n**x6 + 13132*n**x5 + 6769*n**x4 + 1960*n**3 + 322*n**2 +
28*n + 1) + 8856*xaxck*2xd*nxx5xx*xx** (4*n)/(5040*n**7 + 13068*n**6 + 13132*n
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*x5 + 6769*n**x4 + 1960*n**x3 + 322*n**2 + 28*n + 1) + 7635ka*xck*x2xdxn**kd*x*x
**x (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**x5 + 6769*n**4 + 1960*n**3 + 322%
nx*2 + 28%n + 1) + 3168*axc**2xdxnxx3*xx*xx** (4*n)/(5040*n**7 + 13068*n**x6 +
13132*n**x5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*%n + 1) + 678*axc**x2xd*n*
* 2300k (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3
+ 322*%nk*2 + 28xn + 1) + T2kakckk2kdrnkxkxxx (4*n)/(5040*%n**7 + 13068*n**6 +
13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + Ikakxck*2kxd*x*x
*% (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*xn**4 + 1960*n**3 + 322x%
nx*2 + 28%n + 1) + 3024xaxc**2xexnxxG*xx*xx** (5xn)/(5040%n**x7 + 13068*n**x6 +
13132*n**x5 + 6769*n*x*x4 + 1960*n**x3 + 322*xn**2 + 28*n + 1) + 7236*axc**x2xe*n
*x5x30k300k (5%n) / (5040*n**7 + 13068*n**6 + 13132*n**x5 + 6769*n**4 + 1960*n**3
+ 322xn*x*k2 + 28%n + 1) + 6432%axck*2kxexnkxdkxkxk* (5xn)/(5040*n**x7 + 13068*
n¥*6 + 13132*n*x*x5 + 6769*n**4 + 1960*n**3 + 322*n**x2 + 28*%n + 1) + 2775*a*c
*kQkexniok3kxkxkk (5kxn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 19
B60*n**3 + 322*n**2 + 28xn + 1) + 621*akckk2kexnxx2xx*xx** (5%n) / (5040*n**7 +
13068*n**x6 + 13132*n**x5 + 6769*n*x*x4 + 1960*n**3 + 322*xn**2 + 28*n + 1) + 69
*akckkkexnkxkxkk (5xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769 n**4 + 1
960*n**3 + 322*n**2 + 28*n + 1) + 3kxaxck*k2xexx*xx*(5%n)/(5040*n**7 + 13068*
nx*x6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 1680*bx*x*
3xdknkkGxxxxk* (3xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769 n**4 + 1960
*n**x3 + 322*n*k*2 + 28*n + 1) + 3796*bx*k3kdxnk*x5xxxx** (3*n) / (5040*n**7 + 130
68*n*xx6 + 13132*n**x5 + 6769*n*x*x4 + 1960*n**x3 + 322xn**2 + 28*n + 1) + 3112x%
b¥x3kdknxkdkxkxrk (3kn) / (5040%n**7 + 13068*n**6 + 13132%n**5 + 6769 n**x4 + 1
960*n**3 + 322*n**2 + 28*n + 1) + 1219*b**3kd*n**3*xx*x** (3*n) / (5040*n**7 +
13068*n*x*x6 + 13132*n**x5 + 6769*n*x*x4 + 1960*n**3 + 322*xn**2 + 28%n + 1) + 24
Txb*k3kd*knx*x2xx*kx** (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 +
1960*n**3 + 322*n**2 + 28*n + 1) + 25xb*x*3*xd*n*x*x*x* (3*n) /(5040*n**7 + 130
68*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*xn**2 + 28+n + 1) + b**3x%
dxx*kx** (3*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 +
322*n**2 + 28*%n + 1) + 1260xb*x*3xexn**x6*xx*x** (4*n)/(5040*n**7 + 13068*n**6
+ 13132*n**x5 + 6769*n*x*x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 2952*%b**3*xex*
nxx5xxxxxx (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**
3 + 322*n**2 + 28%n + 1) + 2545*xb*k*3kexnkkdxxkx** (4*n)/(5040*n**7 + 13068*n
**%6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**2 + 28xn + 1) + 1056%b**3
*exnx*3*kx0kxokk (4*xn) / (5040%n**7 + 13068*n**6 + 13132xn**5 + 6769*n**4 + 1960%
nx*3 + 322xn**2 + 28*n + 1) + 226%bxx3xexn*x*x2*xkxk*k (4*xn) / (5040*xn**7 + 13068
*nkk6 + 13132*n*x*x5 + 6769*n*x*x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 24xb**3
*exn*xkxokk (4*xn) / (5040*n**7 + 13068*n**6 + 13132*n**x5 + 6769*n**4 + 1960*n*x*
3 + 322k n**2 + 28xn + 1) + b*k*k3kexxkxkx(4*xn)/(5040*n**7 + 13068*n**6 + 1313
2xn*x*5 + 6769*xn**x4 + 1960*n**3 + 322%n**2 + 28*n + 1) + 3780*b**2xckd*xn**6%
xkxxx (4*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*kn**4d + 1960*n*x*3 + 3
22*n**2 + 28*n + 1) + 8856*b**2kckdrnkkSxxxx*x* (4*n)/(5040*n**7 + 13068*n**6
+ 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**x2 + 28%n + 1) + 7635xb*x*2*xc*
d*nxxdxxkxok* (4%n) / (5040*n**7 + 13068*n**6 + 13132%n**x5 + 6769*n**x4 + 1960%*n
*%3 + 322*n*k*k2 + 28*n + 1) + 3168*b*kk2kckdrnk*x3kxkx** (4*n) / (5040*xn**x7 + 130
68*n*x*x6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 678*b
*x 2k ckdknkok 2k xkxkk (4xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n*x*x4 +
1960*n**3 + 322*n**2 + 28*n + 1) + 72xb**2kxckd*n*xkx*k (4*xn)/(5040%n**7 + 13
068*n**6 + 13132*n**5 + 6769*n**4d + 1960*n**3 + 322*n**2 + 28*%n + 1) + 3*b*
*2kckd*xkxokk (4*xn) / (5040xn**7 + 13068*n**6 + 13132xn*xx5 + 6769*n**4 + 1960*n
*%x3 + 322*n**2 + 28%n + 1) + 3024*b**2xckexnk*xGxxxx** (5%n)/ (5040*xn*x*x7 + 130
68*n*x*x6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322xn**2 + 28*n + 1) + 7236%
bx*2xckexnx*x5xx*xx*x* (5*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 +
1960*n**3 + 322*n**x2 + 28%n + 1) + 6432xbx*x2kcke*xnxxdkxxxx*k (5xn) / (5040%n**
7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322%n**2 + 28*%n + 1)
+ 27T75xbx*x2*ckexn*xx3kx*xx*x* (5%n) / (5040*n**7 + 13068*n**x6 + 13132*n**x5 + 6769
*n**x4 + 1960*n**3 + 322xn**2 + 28*n + 1) + 621xbxx2kxcke*xn*x*2*xkx*x* (5*%n) /(50
40xn**x7 + 13068*n**x6 + 13132*n**x5 + 6769*n*x*4 + 1960*n**x3 + 322*%n**x2 + 28*n
+ 1) + 69*b**2xcxexnxx*x** (5xn) / (5040*n**7 + 13068*n*x*6 + 13132*n**5 + 676
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9*n**4 + 1960*n**3 + 322*xn**2 + 28*n + 1) + 3xbx*x2xckexx*x** (5*n)/ (5040*n**
7 + 13068*n**6 + 13132%n**5 + 6769*n**4d + 1960*n**3 + 322*n**2 + 28*n + 1)
+ 3024xbxcx*x2xd*xnx*x6*xx*x** (5%n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769
*n**x4d + 1960*n**3 + 322xn**2 + 28*n + 1) + 7236xbxck*2*xd*n**5*xx*xx*x*x (5*%n) /(5
040*n*x7 + 13068*n**6 + 13132*n*x*5 + 6769*n**x4 + 1960*n*x*3 + 322*n*x*2 + 28%
n + 1) + 6432%b*cx*x2xd*knxkdxxkx*x*x (5xn) / (5040*n**7 + 13068*n**6 + 13132*n**5
+ 6769*n**4 + 1960*n**x3 + 322*n**2 + 28*n + 1) + 2775xbkck*2kd*nkk3kxkxkk (
5xn) / (5040*n**7 + 13068*n**x6 + 13132#n**x5 + 6769*n*x4 + 1960*n**3 + 322*n**
2 + 28%n + 1) + 621%bxcx*x2xdxn**x2*xx*x** (5%n)/(5040*n**7 + 13068*n**6 + 1313
2xnx*5 + 6769*n*x*x4 + 1960*n**3 + 3224n**2 + 28*n + 1) + 69kbkcHk*x2xdknkxkx**
(5%n)/ (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n*
*2 + 28*n + 1) + 3xbkck*k2xdxxxxkk (5%n)/(5040*n**7 + 13068*n**6 + 13132*n**5
+ 6769*n**x4 + 1960%n**3 + 322*n**2 + 28*n + 1) + 2520*%bkck*2kexn**kGxx*x** (
6*n) / (5040*n**7 + 13068*n**x6 + 13132#n**5 + 6769*n**x4 + 1960*n**x3 + 322*n**
2 + 28%n + 1) + 6114xbxcx*2%xe*xn**5*xxkxx* (6*xn)/ (5040*n**7 + 13068*n**6 + 131
32xn**5 + 6769*n*x*x4 + 1960*n**x3 + 322*n**2 + 28*%n + 1) + 5547*xb¥xcx*x2xe*n*x*x4d
*xkx6% (6%n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 +
322* n**2 + 28*n + 1) + 2460*bkxckk2kexnk*x3xx*x** (6*n) / (5040*n**7 + 13068*n**
6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322%n**2 + 28*%n + 1) + 570*%bxc**2x%
exn*x*2*30kx0kk (6%n) / (5040*n**7 + 13068*n**6 + 13132*n*x*x5 + 6769*n**4 + 1960*n
*%3 + 322 kn*k*k2 + 28%n + 1) + 66*bkckkkexnkxkx*xx (6xn)/(5040*n**7 + 13068*nx*
*6 + 13132*n**5 + 6769*n**4 + 1960*n**x3 + 322*n*x*x2 + 28%n + 1) + 3xbkck*2*e
*xkxk% (6*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 +
322*n**2 + 28%n + 1) + 840*ckx3xdxn*x*x6*xx*x** (6*xn)/(5040*n**x7 + 13068*n**x6 +
13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28*n + 1) + 2038*c*x*3*xd*n*
#5300k (6*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3
+ 322*%n*k*2 + 28xn + 1) + 1849*kck*3kdrnkxdxxxx** (6%n)/(5040*n**7 + 13068*n**
6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 820*c*k*3*kdx*
n¥x*3*xxkx**k (6%n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**
3 + 322*%n*x*k2 + 28%n + 1) + 190*xck*3kd*n**x2xx*xx*x* (6%n)/(5040*n**7 + 13068*n*
*¥6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322%n*x*2 + 28*%n + 1) + 22kcx*3*kdx*
nxxxxxx (6xn) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**x4 + 1960*n**3 +
322xn**2 + 28%n + 1) + c**3xdxxxxk* (6%n)/(5040*n**7 + 13068*n**6 + 13132%n
**%5 + 6769*n**4 + 1960*n**3 + 322*n**2 + 28*%n + 1) + T20*cH*3kexn**kGrx*x** (
7+n)/(5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322*n**
2 + 28%n + 1) + 1764xcxx3kxe*xn*x*x5*xxkxk*% (7*n) / (5040*n**7 + 13068*n**6 + 13132
*¥nkkb + 6769%n**x4d + 1960*n**3 + 322*n**2 + 28%n + 1) + 1624*ck*x3ke*xnkkd*x*x
*% (7*n) / (5040*n**7 + 13068*n**6 + 13132*n**5 + 6769*n**4 + 1960*n**3 + 322%
n¥*2 + 28%n + 1) + 73bkxckk3kexnkxx3kxkxkk (7+n)/(5040*n**7 + 13068*n**6 + 131
32 n**5 + 6769*n*x*x4 + 1960*n**3 + 322*n**2 + 28%n + 1) + 175*%ck*3kexnx*x2*x*
xx* (7xn) / (5040%n**7 + 13068*n**6 + 13132*n**5 + 676%*kn**4 + 1960*n**x3 + 322
*n**x2 + 28*n + 1) + 21xck*3kexn*xkxkk (7*n)/(5040*xn**7 + 13068*n**6 + 13132%
nx*x5 + 6769*xn**4 + 1960*n**3 + 322*n**x2 + 28%n + 1) + ck*k3kexxkx*xx(7*n)/ (50
40*n**x7 + 13068*n**x6 + 13132*n**x5 + 6769*n*x*4 + 1960*n**3 + 322*n**2 + 28*n
+ 1), True))
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4.1 Download section

The following zip files contain the raw integrals used in this test.

This is a subset of Rubi test suite thanks to Albert Rich, which includes only the algebraic
integrals with elementray optimal antiderivatives. It also includes a subset of a test file
provided thanks to Sam Blake.

Mathematica format Mathematica_syntax_CAS_integration_elementary_version.zip|

Maple and Mupad format Maple_syntax_CAS_integration_elementary_version.zip|

Sympy format [SYMPY_syntax_CAS_integration_elementary_version.zip|

Sage math format SAGE_syntax_CAS_integration_elementary_version.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx)

(* antiderivativex*)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
"A" s
"B"],
"c"],
If [FreeQ[result,Integrate] && FreeQ[result,Int],
"C",
llFll]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(¥1 = rational functionx)



/my_notes/CAS_integration_tests/reports/sept_2021_algebraic_version/input/Mathematica_syntax_CAS_integration_elementary_version.zip
/my_notes/CAS_integration_tests/reports/sept_2021_algebraic_version/input/Maple_syntax_CAS_integration_elementary_version.zip
/my_notes/CAS_integration_tests/reports/sept_2021_algebraic_version/input/SYMPY_syntax_CAS_integration_elementary_version.zip
/my_notes/CAS_integration_tests/reports/sept_2021_algebraic_version/input/SAGE_syntax_CAS_integration_elementary_version.zip

(¥2 = algebraic functionx*)

(*3 = elementary functionx)

(¥4 = special functionx)

(5 = hyperpergeometric functionx)
(x6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]1]1],3]1]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply [List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply [List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},funcl]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
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MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]
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4.2.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount(optimal) ;

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;
fi;

#
#
# "p"
#
#
#
#
#

#This
#call

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

check below actually is not needed, since I only
this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just

in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;
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if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.2.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
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try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType (op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' “*7')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType (rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,m1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
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def grade_antiderivative(result,optimal):

leaf_count(result)
leaf_count(optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2', 'floor','abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
rll nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
x, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]1==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
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else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi', 'fresnel _sin','fresnel _cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi','exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):

return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):

return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
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return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif 1is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance (expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer
)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.argsl[1i],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(
expn.args[0]))
else:
return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()
[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

leaf _count_result = tree_size(result) #leaf_count(result)
leaf_count_optimal = tree_size(optimal) #leaf_count(optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"




	Introduction
	Listing of CAS systems tested
	Results
	Performance
	list of integrals that has no closed form antiderivative
	list of integrals solved by CAS but has no known antiderivative
	list of integrals solved by CAS but failed verification
	Timing
	Verification
	Important notes about some of the results
	Important note about Maxima results
	Important note about FriCAS and Giac/XCAS results
	Important note about finding leaf size of antiderivative
	Important note about Mupad results

	Design of the test system

	detailed summary tables of results
	List of integrals sorted by grade for each CAS
	Rubi
	Mathematica
	Maple
	Maxima
	FriCAS
	Sympy
	Giac
	Mupad
	IntegrateAlgebraic

	Detailed conclusion table per each integral for all CAS systems
	Detailed conclusion table specific for Rubi results

	Listing of integrals
	report-1.cpt
	report-2.cpt
	report-3.cpt
	report-4.cpt
	report-5.cpt
	report-6.cpt
	report-7.cpt
	report-8.cpt
	report-9.cpt
	report-10.cpt
	report-11.cpt
	report-12.cpt
	report-13.cpt
	report-14.cpt
	report-15.cpt
	report-16.cpt
	report-17.cpt
	report-18.cpt
	report-19.cpt
	report-20.cpt
	report-21.cpt
	report-22.cpt
	report-23.cpt
	report-24.cpt
	report-25.cpt
	report-26.cpt
	report-27.cpt
	report-28.cpt
	report-29.cpt
	report-30.cpt
	report-31.cpt
	report-32.cpt
	report-33.cpt
	report-34.cpt
	report-35.cpt
	report-36.cpt
	report-37.cpt
	report-38.cpt
	report-39.cpt
	report-40.cpt
	report-41.cpt
	report-42.cpt
	report-43.cpt
	report-44.cpt

	Appendix
	Download section
	Listing of Grading functions
	Mathematica and Rubi grading function
	Maple grading function
	Sympy grading function
	SageMath grading function



